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Chapter 1

Overview

The production of hydrogen and oxygen from water through photo-electrochemical
energy conversion is a promising strategy to take advantage of the Earth’s main
energy source, the Sun [1, 2]. For example, upon absorption of sunlight by a semi-
conducting electrode (e.g. a solid oxide) interfaced with liquid water, electron-hole
pairs may be formed, leading to coupled electron-proton transfers at the interface
and eventually to water splitting. One of the challenges in the optimization of this
process is to find Earth abundant and stable materials that are at the same time
efficient absorbers of sunlight (e.g. direct band gap semiconductors absorbing mostly
in the visible), and have band edges appropriately aligned with water reduction and
oxidation potentials to permit efficient proton-coupled electron transfer reactions.
Therefore, from a theoretical standpoint, an essential prerequisite to predict materials

Table 1.1 : Electronic excitations discussed in this thesis (first row), together with
experimental (second row) and theoretical (third row) approaches used to probe them.
The fundamental equations of the theory described here are given in the fourth row
of the table and will be discussed in chapter 2.

for photoelectrochemical energy conversion is the development of efficient methods
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to describe electronic excitation in solids and molecules.
Desirable methods to study electronic excitations should allow one to tackle con-

densed and molecular systems on the same footing, and be applicable to broad classes
of materials with various compositions. Indeed, depending on the desired design of
the photoelectrochemical cell, one may need to describe interfaces between liquid
water and a solid surface with a molecular catalyst attached to it, or between wa-
ter and a complex, possibly disordered and defective solid with a thin film acting
as a catalyst deposited on top. In addition, it is necessary to have a general the-
oretical framework to handle both charged and neutral electronic excitations; the
prediction of band edge alignments between photoelectrodes and water, requires the
ability to describe charge excitations, that is photoemission and inverse photoemis-
sion processes, through which one determines the energy of valence and conduction
bands. The optimization of photoelectrodes for light absorption involves instead the
description of neutral electron hole pair excitations formed upon the interaction of
the material with light, and the description of the subsequent formation of a bound
exciton.

Given the breadth of materials which are interesting to explore for photoelectro-
chemical research, and the complexity of electronic excitations involved, the choice of
theoretical methods naturally falls on first principles approaches. First principles (or
ab initio) calculations do not require any fit to experimental data and are thus not
limited to specific classes of systems nor to predetermined morphologies of materials.
Density Functional Theory [3](DFT) is one of the most successful ab initio theories
adopted in the last thirty years by chemists and physicists alike, to compute ground
state properties of molecules and solids [4]. It is in principle an exact theory which
however requires approximations for the exchange-correlation potential (Vxc) of the
electrons in practical calculations (the exact Vxc is unknown). While used mostly by
condensed matter physicists until the early 1990s, within the so called local density
approximation [5] (LDA) of Vxc, DFT was also adopted by chemists in the last 20
years. The adoption of DFT by the quantum chemistry community came after the
development of generalized gradient corrected approximations [6, 7, 8] (GGA) to Vxc.
Such approximations yield reasonably accurate results for ground state properties of
many solids and molecules, unlike the LDA which overall appears to work better for
condensed than for molecular phases.

Within DFT, a set of self-consistent independent-electron Schrödinger equations
is solved, for a given, approximate Vxc, to obtain the density of interacting electrons
within a solid or a molecule. These equations are named after Kohn and Sham
(KS) [5]. The density uniquely determines all properties of the system. The eigen-
values of the KS equations cannot be interpreted as excitation energies involving
addition (electron affinity) or removal (ionization potential) of an electron, unlike the
eigenvalues of the Hartree Fock Hamiltonian for which the Koopman’s theorem [9]
holds. Therefore KS eigenvalues should not be used to describe photoemission pro-
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cesses, nor, for example, to compute band offsets and band edges in solids. However,
in solids electronic gaps obtained as the difference between the KS energies of the top
of the valence band and the bottom of the conduction band, are often compared to
experimental data, and likewise the difference between HOMO and LUMO energies
in molecules. In many cases it was found that trends within given classes of solids or
molecules are well reproduced by KS electronic gaps; however absolute values often
show large errors compared to experiments (e.g. a factor of approximately two in
the case of the band gap of Si). An alternative method to compute excitation en-
ergies of molecules and clusters, called the ∆ self-consistent approach [10], consists
in performing DFT ground-state calculations for neutral and charged systems (i.e.
with an electron either removed or added to the system) and in obtaining the first
electron affinity or first ionization potential as differences of total energies. Recently
this method was generalized to treat periodic solids [11].

Furthermore, DFT is not suitable for describing electronic excitations probed by
optical absorption experiments. In the simplest linear optical process, an electron
undergoes a transition from the ground to an excited state upon interaction with an
external electromagnetic field; in a semiconductor or insulator, the excited electron
may then bind to the corresponding hole, forming an exciton. In order to describe
such an excitation, an extension of DFT to include time dependent perturbations,
i.e. the electromagnetic field impinging upon a solid or molecule, is required. Such
generalization was developed in the 1980s, and goes by the name of time-dependent
density functional theory (TDDFT) [12]. The performance of TDDFT in describing
absorption processes and exciton binding energies depends again on the choice of
the (time dependent) exchange correlation potential. When using adiabatic local or
GGA-based approximations, the results of TDDFT for semi-conducting solids and
insulators are usually rather poor [13]; they appear to be in better agreement with
experiments for several classes of molecules, although notable failures were observed,
e.g. in the description of charge transfer excitations [14, 15].

An alternative approach to compute electronic excitations of solids and molecules
is based on many-body perturbation theory (MBPT) and the Green’s function for-
malism [16, 17]. In the last two decades single-particle Green’s functions have been
widely used in the calculations of photoemission spectra, band offsets and band edges
of solids [18, 19, 20, 21] and they are now applied to the calculation of ionization po-
tentials and electron affinities of molecules as well [22, 23, 24, 25]. In a similar fashion,
two-particle Green’s functions, obtained through approximate solutions of the Bethe-
Salpeter equation [26, 16] (BSE) have been employed for the calculation of neutral
excitations involved in optical absorption experiments of solids [27, 28, 29, 30]. Re-
cently the BSE has also been used to compute optical excitations in molecules and
clusters [31, 32, 33, 29]. The calculation of Green’s functions requires first the de-
termination of the ground state of the electronic system. This may be accomplished
in different manners. In most of the condensed matter physics literature, Green’s
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functions are built from single-particle states obtained by solving the KS equations.
Computational difficulties have long limited the application of MBPT to realistic

systems of interest for photo-electrochemical energy conversion. However recent al-
gorithmic advances in the computation of quasi-particle energies [23, 24] and in the
solution of the BSE [33, 30] are permitting considerable progress in the application
of MBPT to photoelectrode materials, including complex semi-conducting oxides.
In this thesis we describe MBPT and Green’s function based techniques, for first
principle calculations of electronic excitation processes in solids and molecules (see
Table 1.1); we include a discussion of recent algorithms allowing for the application
of MBPT to realistic materials. One of our goals is to introduce the formalism of
MBPT to the quantum chemistry community and to specify in detail the theoret-
ical and numerical approximations used in ab initio calculations, so as to facilitate
accurate comparisons with experiments.

The rest of the thesis is organized as follows: we summarize the general concepts
and equations of MBPT in Section 2.1, and in Section 2.2 we describe algorithms
to solve, in approximate forms, the key equations of MBPT to obtain electronic ex-
citation energies and spectra. We then give some examples of predictions of band
alignments and absorption spectra of promising photoeletrode materials in Section 3
and Section 4. We focus on silicon based materials (bulk silicon and silicon nanowires)
and oxides (WO3, WO3 clathrates and CuWxMo1−xO4) for photocathode and pho-
toanode materials,respectively. Finally we give our conclusions and outlook in Section
5.
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Chapter 2

Theoretical background

2.1 First-principles methods to compute photoe-

mission and absorption spectra within many

body perturbation theory

In this section we discuss the basic concept of MBPT, that of single-particle many
body Green’s functions [17]. For the purpose of this thesis, the term “particle” refers
to an electron but the Green’s function formalism is not restricted to electrons or
fermions (for example, it can be applied to describe phonons).

2.1.1 Single-particle Green’s functions

Single-particle Green’s functions are useful concepts to compute electronic excitations
involving the addition or the removal of an electron and thus to describe photoemis-
sion experiments (see Table 1.1). The time-ordered single-particle Green’s function
is defined as

G(1)(1, 2) = −i〈ΨN
0 |T̂ ψ̂(1)ψ̂†(2)|ΨN

0 〉, (2.1.1)

where 1 ≡ (r1, t1) and 2 ≡ (r2, t2) are compact notations to indicate space coordinates
r and time t (for simplicity the spin variable is not included in our discussion); Ψ N

0

is the normalized many body ground-state wavefunction of a system containing N
electrons, T̂ is the time-ordering operator, and ψ̂†(r, t) (ψ̂(r, t)) is an operator in the
Heisenberg representation that creates (destroys) an electron at position r at time
t. In Eq. 2.1.1 and hereafter, the hat “ˆ” indicates quantum-mechanical operators.
Atomic units (~ = m = e = 1) are used throughout the thesis. Symbols frequently
used in this thesis are summarized in Table 2.1.

In Eq. 2.1.1 if t1 > t2 the Green’s function G(1) gives the probability amplitude
that a particle added to the system at time t2 in position r2 be detected in position r1

at time t1. Similarly, if t2 > t1 a particle is removed from the system and the Green’s
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Table 2.1 : Summary of symbols frequently used in this thesis.

G(1) Single-particle Green’s function

G
(1)
0 Non-interacting single-particle Green’s function

G(2) Two-particle Green’s function

ψ̂† Creation field operator

ψ̂ Annihilation field operator
ΨN
j , EN

j Wavefunctions and energies of
a interacting N electron system
j = 0 corresponds to the ground-state

ΦN
0 Ground state wavefunctions of

a non-interacting N electron system
ϕj, ε

ind
j Independent-electron Hartree orbitals and energies

φj, ε
KS
j Kohn-Sham orbitals and energies

fj Lehmann amplitudes
ε Dielectric matrix

function describes the time-evolution of the corresponding hole. From the single-
particle Green’s function it is possible to obtain the expectation value of any single-
particle operator (e.g. the density) on the interacting ground-state, and to obtain
the ground-state energy by using the Galitskii-Migdal formula [34]. The physical
interpretation of the Green’s function as propagator of a state with an additional
electron or a hole intuitively suggests that Green’s function theory may be used to
describe experiments that measure electron affinities or ionization potentials.

If the Hamiltonian that describes the time evolution of the field operators ψ̂(1)
and ψ̂†(2) does not explicitly depend on time, the time-ordered Green’s function in
Eq. 2.1.1 depends only on the difference (t1−t2). In this case, by inserting a complete
set of eigenstates of the system {ΨN+1

j } and {ΨN−1
j } with (N+1) and (N-1) particles,

respectively, in Eq. 2.1.1, and by applying a Fourier transform (from time t to energy
ω), one obtains the so-called Lehmann representation of the Green’s function:

G(1)(r1, r2, ω) =
∑
j

fj(r1)f ∗j (r2)

ω − εj + iηsgn(εj − µ)
(2.1.2)

where η is a positive infinitesimal.

fj(r) =〈ΨN
0 |ψ̂(r)|ΨN+1

j 〉
εj =EN+1

j − EN
0

}
for εj > µ, (2.1.3)
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and
fj(r) =〈ΨN−1

j |ψ̂(r)|ΨN
0 〉

εj =EN
0 − EN−1

j

}
for εj < µ. (2.1.4)

In Eqs. 2.1.3-2.1.4 µ is the chemical potential, EN
0 is the ground-state energy of

the N electrons system and EN−1
j and EN+1

j are the energies of the system in which
an electron is removed or added, respectively. Within the Lehmann representation,
the poles of the time-ordered single-particle Green’s function represent the energies
necessary to add or remove an electron. In general the calculation of these energies
is far from trivial, since when an electron is added or removed from the system,
all the other electrons readjust in a correlated manner. The Green’s function G(1)

(Eqs. 2.1.1-2.1.2) accounts for all these correlation effects.

2.1.2 The Dyson’s equation

The calculation of the full single-particle Green’s function is a difficult task for any
system of interacting electrons, in principle as difficult as determining the full many
body wavefunction. Perturbation theory may be used to approximate the many body
Green’s function by considering the Coulomb interaction between electrons, υ, as a
perturbation acting on the non-interacting system. This approach is called Feynman-
Dyson perturbation theory [17]. The perturbation υ is adiabatically “switched on”
from t = −∞ (when the perturbation is absent) to t = 0, when the interacting
Hamiltonian is obtained. The Gell-Mann and Low theorem [17] ensures that the non-
interacting ground-state ΦN

0 of the system at t = −∞ (that can be easily computed)
evolves, upon adiabatic application of υ, to an eigenstate of the fully interacting
Hamiltonian. Similarly, the perturbation can be adiabatically “switched off” from
t = 0 to t = +∞, bringing back the system to the non-interacting ground-state ΦN

0 .
Within this framework the single-particle Green’s function is expressed in terms

of an expectation value on the non interacting ground-state ΦN
0 . By using Wick’s the-

orem [17] the Green’s function can then be expanded in a perturbative series whose

terms depend only on the non-interacting single-particle Green’s function G
(1)
0 and

the Coulomb interaction υ. Feynman diagrams are a convenient way of representing
the integrals involved in this perturbative expansion. The analysis of the diagram-
matic expansion of the Green’s function G(1) leads to the definition of the Dyson’s
equation [35, 17]

G(1)(1, 2) =G
(1)
0 (1, 2)

+

∫
G

(1)
0 (1, 3)Σ(3, 4)G(1)(4, 2)d(34) (2.1.5)

where Σ is the self-energy, whose physical meaning will be discussed in detail in the
next section. The Dyson’s equation is a concise way of expressing the summation
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over an infinite number of diagrams (within the perturbative expansion).
If an accurate approximation of Σ were known, the Dyson’s equation would pro-

vide a way to compute the interacting Green’s function G from the non-interacting
G0. The Green’s function G0 can be obtained by setting ΨN

0 = ΦN
0 in Eq. 2.1.1,

where ΦN
0 is an independent-particle ground-state wavefunction (it corresponds to a

Slater determinant within the first quantization formalism). The non-interacting G0

can be written explicitly as:

G
(1)
0 (1, 2)= −i

∑
j

ϕj(r1)ϕ∗j(r2)e−iε
ind
j (t1−t2)

×
[
θ(t1 − t2)θ(εindj − µ)− θ(t2 − t1)θ(µ− εindj )

]
, (2.1.6)

where θ is the Heaviside function. The independent single-particle orbitals ϕj and
energy levels εindj are obtained from the independent electron equation

Ĥ indϕj =

[
−1

2
∇2 + V̂e−I + V̂H

]
ϕj = εindj ϕj, (2.1.7)

where V̂e−I is the Coulomb potential due to the nuclei, V̂H is the Hartree potential∫
υ(r1, r2)ρ(r2)dr2, and ρ is the electron density. By Fourier transforming Eq. 2.1.6,

the Lehmann representation of the independent electron Green’s function is obtained:

G
(1)
0 (r1, r2, ω) =

∑
j

ϕj(r1)ϕ∗j(r2)

ω − εindj + iηsgn(εindj − µ)
. (2.1.8)

where η is a positive infinitesimal introduced to perform the Fourier transform from
the time to the frequency domain.

By expressing Eq. 2.1.8 as G
(1)
0 = 1/(ω − Ĥ ind) and using Eq. 2.1.2, the Fourier

transform of Eq. 2.1.5 leads to the following eigenvalue equation:

Ĥ ind(r1)fj(r1) +

∫
Σ(r1, r2, εj)fj(r2)dr2 = εjfj(r1) (2.1.9)

If Σ is known, this equation determines the Lehmann amplitudes and energies defined
in Eqs. 2.1.3-2.1.4.

2.1.3 The concepts of self-energy and quasi-particle

Eq. 2.1.9 is an independent-particle Schrödinger-like equation in which the electrons
move in a mean-field determined by the self-energy Σ, which thus plays the role of
an effective potential. However, there are a few differences between Eq. 2.1.9 and
a single-particle Schrödinger equation, (e.g. the KS equations of DFT): The self-
energy Σ depends on the single-particle energy and is a non-local and non-Hermitian
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operator. Hence the functions {fj(r)} are not an orthonormal set and the eigenvalues
of Eq. 2.1.9 are not real; therefore it is not straightforward to interpret them in terms
of single-particle energies. However, when the imaginary part of εj is small (i.e. the
lifetime of the state is long), the corresponding spectral peak is narrow and exhibits a
strong intensity; in this case εj and fj(r) define a quasi-particle state. The condition
of long lifetimes is usually best fulfilled by electronic states near the Fermi energy [36].

As already mentioned, the self-energy in Eq. 2.1.5 and Eq. 2.1.9 may be approxi-
mated through a diagrammatic expansion, within the Feynman-Dyson perturbation
theory. The simplest approximation yields the exchange self-energy [17]:

Σx(1, 2) = iG(1)(1, 2)υ(1+, 2) (2.1.10)

Here υ(1, 2) ≡ υ(r1, r2)δ(t+1 − t2) and 1+ = (r1, t
+
1 ) ≡ (r1, t1 +γ) where γ is a positive

infinitesimal. Since Σx depends explicitly on the Green’s function G, the Dyson’s
equation and Eq. 2.1.9 must be solved self-consistently. By performing a Fourier
transform from t to ω and computing the corresponding integrals in the frequency
domain, Eq. 2.1.10 becomes:

Σx(r1, r2) = −
Nocc∑
j=1

fj(r1)f ∗j (r2)υ(r1 − r2) (2.1.11)

where Nocc is the number of occupied states. By using the definition of the exchange
self-energy (Eq. 2.1.11) in Eq. 2.1.9, one recovers the Hartree-Fock (HF) equations.
Within the HF approximation, the self-energy Σ does not depend on the energy
ω, is Hermitian and the self-consistent solution of Eq. 2.1.9 is straightforward. For
practical purposes the HF approximation may be accurate to treat some excitation
energies in molecules [37] but it is not reliable for solids [38, 39]. In a first quanti-
zation framework the HF ground-state wavefunction is a single Slater determinant,
namely the electrons are independent particles. In Sec. 2.1.6 we will discuss the GW
approximation to the self-energy, which introduces correlation effects. We now turn
to the definition of the two particle Green’s function.

2.1.4 Two-particle Green’s function and the Bethe-Salpeter
equation

As mentioned in 2.1.1, single-particle Green’s functions may be used to model pho-
toemission experiments. However, these Green’s functions cannot describe the exci-
tations involved in optical absorption experiments. Indeed the simplest linear optical
process involves two quasi-particles, an electron and an hole, interacting with each
other to form an exciton. The description of such a bound excitation requires a
Green’s function that represents at the same time the propagation of a hole and of
an electron (see Table 1.1). To describe absorption spectra, we define the two-particle
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Green’s function [17]:

G(2)(1, 2; 1′, 2′) = −〈ΨN
0 |T̂ ψ̂(1)ψ̂(2)ψ̂†(2′)ψ̂†(1′)|ΨN

0 〉. (2.1.12)

Eq. 2.1.12 can be interpreted as a propagator of a state with two additional particles.
Depending on the time ordering, these two particles can be two holes, two electrons
or an electron-hole pair (i.e. the case of interest to this thesis). Within this formalism
it is convenient to introduce the two-particle correlation function

iL(1, 2; 1′, 2′) = −G(2)(1, 2; 1′, 2′) +G(1)(1, 1′)G(1)(2, 2′), (2.1.13)

where the product of the single-particle Green’s functions G(1)(1, 1′) and G(1)(2, 2′)
(second term on the right hand side) represents the independent evolution of two
quasi-particles. The two-particle correlation function satisfies the following form of
the Bethe-Salpeter equation [40, 17]:

L(1, 2; 1′, 2′) = L0(1, 2; 1′, 2′)

+

∫
d3456L0(1, 4; 1′, 3)Ξ(3, 5; 4, 6)L(6, 2; 5, 2′) (2.1.14)

where iL0(1, 2; 1′, 2′) = G(1)(1, 2′)G(1)(2, 1′); the kernel Ξ is an effective two-particle
interaction that can be expressed as the sum of the derivatives of the Hartree potential
and of the self-energy (see Eq. 2.1.5 and Eq. 2.1.9) with respect to the single-particle
Green’s function:

Ξ(3, 5; 4, 6) = υ(3, 6)δ(3, 4)δ(5, 6) + i
δΣ(3, 4)

δG(1)(6, 5)
(2.1.15)

In order to obtain the two-particle correlation function L from Eq. 2.1.14, approx-
imations of the single-particle Green’s function G(1) and of the kernel Ξ are required.
As apparent from Eq. 2.1.5 and Eq. 2.1.15, the evaluation of the self-energy Σ is
crucial to compute both G(1) and Ξ. If one uses the exchange self-energy (Eq. 2.1.10)
in Eqs. 2.1.14-2.1.15, an equation equivalent to the time-dependent Hartree-Fock
(TDHF) equation is recovered [41].

We note that in Eq. 2.1.12 the two-particle Green’s function contains more in-
formation than actually necessary to model any optical absorption experiment and,
in general, any neutral excitation involving an electron-hole pair. To model optical
absorption, it is sufficient to consider the Green’s function [17]

G(2)(1, 2; 1, 2) = −〈ΨN
0 |T̂ ψ̂†(1)ψ̂(1)ψ̂†(2)ψ̂(2)|ΨN

0 〉, (2.1.16)

obtained by setting 1′ = 1+ and 2′ = 2+ in Eq. 2.1.12. In Eq. 2.1.16, G(2) determines
the time-evolution of an electron-hole pair, described by the operator ψ̂†ψ̂ (where ψ̂
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creates a hole and ψ̂† a particle). Similar to the case of single-particle Green’s func-
tions, one may introduce the Lehmann representation for the two-particle correlation
function L corresponding to G(2) in Eq. 2.1.16:

L(r1, r2; r1, r2, ω) ≡ L(r1, r2, ω) =∑
j 6=0

[
〈ΨN

0 |ψ̂†(r1)ψ̂(r1)|ΨN
j 〉〈ΨN

j |ψ̂†(r2)ψ̂(r2)|ΨN
0 〉

ω − (EN
j − EN

0 ) + iη

−
〈ΨN

0 |ψ̂†(r2)ψ̂(r2)|ΨN
j 〉〈ΨN

j |ψ̂†(r1)ψ̂(r1)|ΨN
0 〉

ω + (EN
j − EN

0 )− iη

]
(2.1.17)

where {ΨN
j } represents excited state wavefunctions of the system with N electrons

and EN
j the corresponding energies. Since the application of the operator ψ̂†(1)ψ̂(1)

(or ψ̂†(2)ψ̂(2)) to the ground state ΨN
0 does not change the total number of electrons,

only the states ΨN
j with N electrons yield non-zero matrix elements in Eq. 2.1.17.

Because of the product G(1)(1, 1′)G(1)(2, 2′) entering the definition of L (Eq. 2.1.13),
the term j = 0 does not contribute to the summation in Eq. 2.1.17.

The physical meaning of L in Eq. 2.1.17 will be discussed further in the next
section; we note here that the poles of L correspond to the neutral excitation energies
of the many body system. In Sec. 2.2.3 we will show that the calculation of neutral
excitations through the solution of the Bethe-Salpeter equation (Eq. 2.1.14) can be
reformulated in terms of an eigenvalue problem.

2.1.5 Two-particle correlation functions and linear response
theory

Given a many-particle system, one may use linear response theory to study the
first order variation of the ground-state expectation value of any physical observable
(described by an operator Â) due to the application of a weak external perturbation
Vext(r, t). Our interest in linear response theory is twofold: (i) we wish to describe
optical absorption experiments, where the electric field of the incident light (the per-
turbation) is small compared to the internal field of the system (see Sec. 2.2.3); (ii) the
definition of response functions, such as the dielectric matrix, is necessary to intro-
duce the screened Coulomb interaction and the GW approximation (see Sec. 2.1.6).
Below we relate the two-particle correlation function introduced in the previous sec-
tion to the first order response (ρ′) of the density of a multi-electron system to an
applied perturbation.

Consider the ground-state electronic density ρ̂ (namely Â = ρ̂); the first order
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response to an external perturbation Vext is:

ρ′(1) =

∫
LR(1, 2)Vext(2)d(2) (2.1.18)

Here we use the prime symbol ′ to indicate a perturbed quantity. The first-order
response of any other observable represented by an operator B̂ can be obtained as
δ〈B〉(t) =

∫
B(r)ρ′(r, t)dr. In Eq. 2.1.18 we have introduced the retarded two-particle

correlation function LR, that by definition is the response function of the system. At
variance with the time-ordered case, retarded correlation functions fulfill the require-
ment of causality, which is necessary in linear response theory, where a response
is obtained only after a perturbation is applied. However, we note that the use of
time-ordered Green’s functions is necessary to develop Feynman-Dyson perturbation
theory and to derive Hedin’s equations discussed in the next section.

In Eq. 2.1.18 LR(1, 2) is a particular case of the full (four indexes) retarded
correlation function and its Fourier transform to the frequency domain (Lehmann
representation) may be easily defined from the time-ordered correlation function of
Eq. 2.1.17:

LR(r1, r2, ω) = Re[L(r1, r2, ω)] + i sgn(ω)Im[L(r1, r2, ω)], (2.1.19)

where sgn denotes the sign function. This relation shows how LR may be obtained
from L. Furthermore, for ω ≥ 0 L and LR coincide. Eq. 2.1.19 represents the formal
link between the two-particle correlation function L defined in Sec. 2.1.4 within a
Green’s function formalism, and linear response theory; in particular, it links L to the
first order response of the charge density due to an external perturbation (Eq. 2.1.18).

In the following, we introduce the notation used in the literature of many body
perturbation theory (MBPT) applied to solids and we relate such notation to that of
linear response theory. We define:

χ(1, 2) ≡ L(1, 2) and χr(1, 2) ≡ LR(1, 2), (2.1.20)

where χ is often called time-ordered reducible polarizability and χr is the retarded
reducible polarizability. For the purpose of this thesis it is also convenient to define
the retarded dielectric matrix εr and its inverse ε−1

r :

V ′scr(1) =

∫
ε−1
r (1, 2)Vext(2)d(2) (2.1.21)

Within linear response Eq. 2.1.21 defines the total screened potential V ′scr induced
in the system by the external perturbation Vext. By considering V ′scr = Vext + V ′H ,
where the second term is the linear response of the Hartree potential induced by Vext,
Eq. 2.1.21 can be written as V ′scr = Vext + υ · χr · Vext (where we have used Eq. 2.1.18
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and the integrals are implicit), and we obtain the relation:

ε−1
r (1, 2) = δ(1, 2) +

∫
υ(1, 3)χr(3, 2)d(3). (2.1.22)

Using the definition of V ′scr in Eq. 2.1.21, one can alternatively define an irreducible
polarizability χ̃r, which relates the induced density response to the screened potential
V ′scr:

ρ′(1) =

∫
χ̃r(1, 2)V ′scr(2)d(2). (2.1.23)

Through Eq. 2.1.19, the definitions of εr and relations between εr, χr and χ̃r may
be extended to the corresponding time-ordered quantities ε, χ and χ̃. From the next
section, we drop the subscript “r“ for simplicity.

A summary of response functions introduced in this thesis is given in Table 2.2.
In the next section we use the concept of dielectric matrix to define an effective

Table 2.2 : Response functions (first column) used in this thesis are defined in the
second column. The reducible polarizability (χ) is related to the two particle cor-
relation function (L) (see Eq. 2.1.19 and 2.1.20); the irreducible polarizability (χ̃)
can be expressed by the product of single particle Green’s functions (see Eq. 2.1.32)
within the Random Phase Approximation (RPA); the dielectric matrix (ε) defines
the screened Coulomb interaction (Eq. 2.1.24).
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(screened) Coulomb interaction W , a basic quantity entering the GW approximation.

2.1.6 Hedin’s equations and the GW approximation to the
self-energy

In principle, electronic removal and addition energies, necessary to model photoe-
mission measurements, can be computed by solving Eq. 2.1.9; however, the exact
self-energy is unknown. As discussed in Sec. 2.1.2, an approximation of Σ may be
found by applying Feynman-Dyson perturbation theory to the Coulomb interaction
υ. In the simplest case this approach leads to the Hartree-Fock approximation, which
by definition does not account for any correlation effect. In order to introduce correla-
tion effects Hedin proposed an approach [42, 36] based on the Schwinger’s functional
derivative method [43, 44]. Instead of expressing Σ in terms of the bare Coulomb po-
tential υ, one expresses the self-energy in terms of the dynamically screened Coulomb
potential defined by:

W (1, 2) =

∫
ε−1(1, 3)υ(3, 2)d(3). (2.1.24)

Here ε−1 is the inverse time-ordered dielectric matrix, which describes the screening
of the bare Coulomb potential due to all other electrons in the system. Eq. 2.1.24 is
a specific case of Eq. 2.1.21 in time-ordered form; all the response functions used in
this section will be considered in their time-ordered form.

One may view the screened Coulomb potential W as the Coulomb interaction
attenuated by ε−1; hence in principle a perturbative expansion of the self-energy in
powers ofW may lead to a more rapid convergence than Feynman-Dyson perturbation
theory, which is based on the bare υ.

Using the polarizabilities defined in Sec. 2.1.5, the screened Coulomb potential
can be expressed as

W (1, 2) = υ(1, 2) +

∫
υ(1, 3)χ(3, 4)υ(4, 2)d(34)

= υ(1, 2) +

∫
υ(1, 3)χ̃(3, 4)W (4, 2)d(34) (2.1.25)

Hedin [36] introduced a closed set of equations determining Σ and G(1) in terms of



2.1. First-principles methods to compute photoemission and absorption spectra
within many body perturbation theory 15

W :

Σ(1, 2) = i

∫
G(1)(1, 3)Γ(3, 2; 4)W (4, 1)d(34), (2.1.26)

χ̃(1, 2) = −i
∫
G(1)(1, 3)G(1)(4, 1)Γ(3, 4; 2)d(34), (2.1.27)

Γ(1, 2; 3) = δ(1, 2)δ(1, 3) (2.1.28)

+

∫
δΣ(1, 2)

δG(1)(4, 5)
G(1)(4, 6)G(1)(7, 5)Γ(6, 7; 3)d(4567)

where G(1) is given by Eq. 2.1.5 and W by Eq. 2.1.25. Here υ(1, 2) = υ(r1, r2)δ(t1−t2)
and Γ(1, 2; 3) is the so-called vertex function. In principle, the set of Eqs. 2.1.5, 2.1.25-
2.1.29 must be solved self-consistently to obtain the exact self-energy and the exact
many body single-particle Green’s function G(1). However, from a computational
standpoint the full self-consistent solution of Hedin’s equations is a formidable task.
Following Hedin [36], by setting the self-energy Σ to 0 in Eq. 2.1.29, one obtains:

Γ(1, 2; 3) = δ(1, 2)δ(1, 3) (2.1.29)

which provides a first order expansion of Σ in terms of W, through Eqs 2.1.26-2.1.27:

Σ(1, 2) = iG(1)(1, 2)W (1, 2) (2.1.30)

W (1, 2) = υ(1, 2) +

∫
d(34)υ(1, 3)χ0(3, 4)W (4, 2) (2.1.31)

χ̃(1, 2) = χ0(1, 2) = −iG(1)(1, 2)G(1)(2, 1). (2.1.32)

Eq. 2.1.32 defines χ0 which is the random-phase approximation (RPA) to the irre-
ducible polarizability; this approximation treats quasi-particles as independent en-
tities. Eq. 2.1.30 defines the GW approximation to the self-energy. By comparison
with Eq. 2.1.10, a formal analogy between the GW and the Hartree-Fock approxi-
mation is evident: In the GW approximation instead of the bare Coulomb potential
υ, used within HF, one uses the dynamically screened Coulomb potential W . Since
the self-energy (Eq. 2.1.30) depends on the Green’s function, Eq. 2.1.5 or Eq. 2.1.9
must be solved self-consistently. However, in most practical implementations the
self-consistent procedure is avoided and the GW self-energy is approximated starting
from DFT orbitals and energies (see Secs. 2.2.2.1-2.2.2.2).

By performing a Fourier transform, Eq. 2.1.30 can be expressed as a convolution:

Σ(r1, r2, ω) =
i

2π

∫
eiω

′ηG(1)(r1, r2, ω + ω′)W (r1, r2, ω
′)dω′; (2.1.33)

this expression is often used in numerical calculations, and its evaluation is a challeng-
ing task. To simplify such a task, Hedin introduced the Coulomb-hole plus screened
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exchange (COHSEX) approximation to the GW self-energy [42]:

ΣCOHSEX(r1, r2) = ΣCOH(r1, r2) + ΣSEX(r1, r2) =

1

2
δ(r1, r2)Wp(r1, r2, 0)−

Nocc∑
j=1

fj(r1)f ∗j (r2)W (r1, r2, 0),

(2.1.34)

where Wp = W − υ and W is the statically screened Coulomb interaction. The
term ΣCOH describes the interaction of a quasi-particle with the potential induced by
the quasi-particle itself. The term ΣSEX represents a statically screened Hartre-Fock
exchange operator (see Eq. 2.1.11). The COHSEX self-energy presents several prac-
tical advantages over the full GW self-energy (Eq. 2.1.33). The operator ΣCOHSEX

is Hermitian, static, (i.e. it does not depend on ω) and requires only a summation
up to Nocc (the number of occupied electronic states); instead the use of the GW
approximation (see the definition of the Greens function G(1) in Eq. 2.1.2), requires
a summation over all the states (occupied and empty). However, the COHSEX ap-
proximation is known to overestimate the electronic gaps of several materials [18],
despite some recent improvements [45]. We note that in most computational appli-
cations [46, 28, 29], a static approximation to the self-energy is used to approximate
the kernel of the Bethe-Salpeter equation (see Eq. 2.1.15), as discussed in Sec. 2.2.

As mentioned in Sec.1.1, in first-principles calculations the KS energy levels and
orbitals are often used to build approximations to the Green’s functions and response
functions and hence to W . The screened Coulomb potential W is a fundamental
ingredient both for the solution of the Dyson’s equation in the GW approximation,
and for the solution of the Bethe-Salpeter equation. Therefore in the next section
we describe in detail how W is evaluated in practical calculations starting from KS
orbitals. (see Table 2.3 for a summary).

2.1.7 Dielectric matrices and polarizabilities

The key quantity entering the definition of the screened Coulomb potential (Eq. 2.1.24)
is the dielectric matrix ε. The main purpose of this section is to discuss how ε is
approximated in first-principles calculations based on MBPT. These approximations
will then be used in Sec. 2.2, where we describe practical implementations of the GW
approximation and the Bethe-Salpeter equation. We first discuss the calculation of
the static ε (ω = 0) and later we will illustrate practical approaches adopted to intro-
duce dynamical effects. The response functions discussed here are retarded response
functions (see Sec. 2.1.5); however, in order to simplify the notation the subscript
“r” is not included. We emphasize again that in the static limit (ω = 0) there is no
difference between time-ordered and retarded Green’s functions.

In most first-principles MBPT calculations the dielectric matrix ε is computed us-
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ing KS single-particle orbitals and energies [18, 47, 46, 28, 48]. Hence before discussing
ε, we summarize the definition of polarizabilities within DFT. The Kohn-Sham equa-
tions of DFT have the following form [5]:[

−1

2
∇2 + VKS(r)

]
φj(r) = εKSj φj(r). (2.1.35)

where φj and εj are KS orbitals and KS single particle energies, respectively, and we
have defined the KS effective potential:

VKS(r) =VH(r) + Vxc(r) + Ve−I(r)

=

∫
ρ(r′)

|r− r′|
dr′ +

δExc[n]

δn(r)
+ Ve−I(r). (2.1.36)

In Eq. 2.1.36 ρ(r) is the electronic density, VH is the Hartree potential, Vxc is the
functional derivative with respect to the density of the exchange-correlation (xc)
energy functional Exc, and Ve−I is the external Coulomb potential due to the atomic
nuclei. If the exact Vxc were known, the self-consistent solution of Eq. 2.1.36 would
give the exact density of the many-electron system. The density is expressed as:

ρ(r) =
Nocc∑
j=1

φ∗j(r)φj(r), (2.1.37)

where the sum is over the number of occupied orbitals Nocc. In practice, approx-
imations are used for Exc. Even simple approximations, such as the local density
approximation (LDA), may lead to accurate results for several ground state proper-
ties of realistic materials [4].

As a consequence of fundamental theorems [3] of DFT, the response of the KS
density to a static perturbation Vext is the same as that of the full many body system.
The response of the electronic density can be written as

ρ′(r) =

∫
χ0(r, r′)V ′KS(r′)dr′, (2.1.38)

where
V ′KS(r) = Vext(r) + V ′H(r) + V ′xc(r), (2.1.39)

and we assumed that the position of atomic nuclei is not modified by the application
of the perturbation (V ′e−I = 0); χ0 is the static RPA irreducible polarizability, which
has the following explicit form:

χ0(r, r′) =
∑
jk

(nk − nj)
φ∗k(r)φj(r)φ∗j(r

′)φk(r
′)

εKSk − εKSj + iη
. (2.1.40)
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Here φj and φk are KS orbitals and εKSj and εKSk are KS energies (see Eq. 2.1.35);
nj and nk are the occupation numbers of the states j and k, respectively. If j an
k are both occupied or both empty states, their contribution to χ0 vanishes. Note
that in the static limit (ω = 0) and within an approximation of G(1) based on DFT
(i.e. when approximating the Lehmann amplitudes and energies of Eq. 2.1.2 by φj
and εKSj , respectively), Eq. 2.1.32 and Eq. 2.1.40 are equivalent. In Eq. (2.1.39) we
have introduced the first-order response of the Hartree and xc potential induced by
the application of Vext:

V ′Hxc(r)=V ′H(r) + V ′xc(r)

=

∫
υ(r, r′)ρ′(r′)dr′ +

∫
Kxc(r, r′)ρ′(r′)dr′ (2.1.41)

where Kxc = δVxc/δρ is the functional derivative of the xc potential with respect
to the density, evaluated at the ground-state density. By comparing the density
response expressed by Eq. 2.1.38 to the definition of Eq. 2.1.18 (with ω = 0, and
using χ = LR), we obtain the following relation, by means of Eq. 2.1.41:

χ = χ0 + χ0(υ +Kxc)χ. (2.1.42)

Here the coordinate dependence and the integrals over space coordinates are implicit.
The term (υ + Kxc) describes correlation effects, absent in the non-interacting KS
polarizability χ0. Indeed, by setting υ+Kxc to zero, in Eq. 2.1.42 we obtain χ = χ0.
Eq. 2.1.42 may be used to express χ in terms of χ0:

χ = (1− χ0υ − χ0K
xc)−1χ0. (2.1.43)

Having derived an explicit expression for χ, we finally determine the inverse di-
electric matrix entering Eq. 2.1.21 and defining the screened Coulomb interaction.
By interpreting the KS response potential V ′KS in Eq. 2.1.39 as the effective potential
V ′scr acting on the electrons, we can easily derive the result

ε−1 = 1 + (υ +Kxc)χ; (2.1.44)

this expression of ε is obtained for the case in which the electrons themselves are
the probe of the system response [49]. In most practical implementations of first-
principles many body perturbation theory the random-phase approximation (RPA)
is used for ε−1 instead of the full DFT expression of Eq. 2.1.42. The RPA consists in
discarding the term Kxc in Eq. 2.1.42 and leads to the following expression of ε−1:

ε−1
RPA = 1 + υχ = 1 + υ(1− χ0υ)−1χ0 (2.1.45)



2.2. Algorithms to compute quasi-particle energies and optical spectra 19

that can also be written in the more common form:

εRPA = 1− υχ0. (2.1.46)

In several first-principles MBPT calculations the frequency dependence of ε is
described by using models, such as the plasmon-pole model [20, 50], which will be
discussed in detail in Sec. 2.2.1.1. Alternatively, by defining the RPA independent
electron dynamical polarizability

χ0(r, r′, ω) =
∑
jk

(nk − nj)
φ∗k(r)φj(r)φ∗j(r

′)φk(r
′)

ω + (εKSk − εKSj ) + iη
, (2.1.47)

an equation formally identical to Eq. 2.1.42 may be derived for the frequency de-
pendent ε. However, in this case the derivation must be carried out within the
time-dependent density functional theory framework, and the kernel Kxc depends
explicitly on the energy ω [12]. For practical purposes the adiabatic approximation
Kxc ≈ Kxc(ω = 0) is adopted in most cases [51]. The definition of the RPA dielectric
matrix given in Eqs. 2.1.45-2.1.46 are valid also in the dynamical case. The solution
of Eq. 2.1.42 or the analogous RPA equation (Kxc = 0) could be used to describe the
optical spectra at the TDDFT and DFT-RPA levels of theory.

2.2 Algorithms to compute quasi-particle energies

and optical spectra

Having established the theoretical framework of MBPT, we discuss below the main
algorithms used in first principles calculations to compute photoemission and ab-
sorption spectra (see Table 2.3). Our discussion is split into three parts and includes
algorithms to compute the dielectric matrix, the self-energy, and to solve approximate
forms of the BSE.

2.2.1 Calculation of dielectric matrices

The algorithms discussed in this section are divided into methods where explicit
summations on empty states are performed (Sec. 2.2.1.1) and methods that avoid
these explicit summations (Sec. 2.2.1.2) by using, e.g. density functional perturbation
theory.

2.2.1.1 Direct calculation of dielectric matrices

Most calculations of dielectric matrices are based on a plane wave(PW) representa-
tion [52, 20, 49, 53] of the orbitals and density, although calculations using localized
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Table 2.3 : Theoretical approximations (second row) and algorithmic challenges
(fourth row) involved in the calculation of photoemission and absorption spectra.
Quasiparticle energies and absorption spectra are defined in the third row of the
table.

orbitals have been proposed in the literature [54, 55, 56]. With PW basis sets, both
periodic systems and molecules can be treated in a straightforward way, by using
a supercell approach. Here we discuss practical calculations of dielectric matrices
using a plane-wave basis set for the KS orbitals and charge density. However, our
discussion is general and valid irrespective of the basis set chosen.

Within a plane-wave representation,

ε−1(r, r′) =
1

Ω

∑
q,G,G′

ei(q+G)·rε−1
G,G′(q)e−i(q+G′)·r′ , (2.2.1)

where Ω denotes the crystal volume, q is the transferred momentum and G and G′

are the reciprocal lattice vectors. The limit q → 0 is well defined, as discussed in
Refs. [49, 53], but for G′ = G = 0 the calculation of ε−1 requires a special treatment.
For a homogeneous system, ε depends only on |r − r′| and is diagonal in reciprocal
space (ε(G,G′) = 0 for G 6= G′). For an inhomogeneous system, the off-diagonal
elements ε(G,G′) yield the so called local field effects.

The first step to compute ε−1
G,G′ is the evaluation of the irreducible polarizability

χ0 (Eq. 2.1.40):

(χ0)G,G′(q) =

4

Ω

∑
c,v,k

〈φvk|e−i(q+G)·r|φck+q〉〈φck+q|ei(q+G′)·r′|φvk〉
εKSvk − εKSck+q

(2.2.2)
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where a factor 2 has been introduced to account for spin degeneracy and the indexes
v and c label valence and conduction states, respectively, in the case of a solid. (In
the case of molecules, v and c represent occupied and virtual states, respectively).
Eq. 2.2.2 is the Adler-Wiser formulation [57, 58] of χ0. The evaluation of χ0 using
Eq. 2.2.2 requires the explicit calculation of the conduction states φc. In principle all
the empty states of the KS Hamiltonian should be included in the summation. In
practical calculations only a finite number of them is included and the convergence
of the sum is systematically tested. In addition, the expression of Eq. 2.2.2 requires
the evaluation of all possible combinations of c, v, k, and q. The calculation of
the integrals

∫
φ∗vk(r)e−i(q+G)·rφck+q(r)dr scales has N2

pwNcNvNkNq where Npw is the
number of basis functions (plane-waves) used to represent the single particle states;
Nc and Nv is the number of conduction and valence states, respectively and Nk and Nq

are the number of k and q points (defined as the difference between k points) included
in the BZ summation. (For calculations of molecules and clusters one uses only the
k = (0, 0, 0) point and Nk = Nq = 1). Once χ0 is obtained, ε−1 is computed through
Eq. 2.1.45, which requires the inversion of the matrix (1 − χ0υ) and a subsequent
matrix multiplication. The number of reciprocal G vectors (that determines the
dimension of χ0) used in first-principles calculations is often large (many thousands)
even for systems with a relatively small number of electrons, and the direct inversion
of ε becomes very demanding. If the dielectric matrix is computed for multiple
frequencies, the inversion must be repeated for each frequency.

For example, in the calculation of quasi-particle energies within the GW approx-
imation, dynamical effects are included in the screened Coulomb potential by evalu-
ating the inverse dynamical dielectric matrix ε−1(ω), which thus needs to be inverted
for each ω. Furthermore ε−1 has poles on the real ω axis. To overcome these difficul-
ties several numerical implementations use a plasmon-pole model (PPM), where the
dependence on ω of ε−1 is described by a single plasmon-pole:

ε−1
GG′(q, ω) ≈δGG′ +

RGG′(q)

ω − ω̃GG′(q) + iη

− RGG′(q)

ω + ω̃GG′(q)− iη
, (2.2.3)

where RGG′ and ω̃GG′ are parameters to be determined for each specific system. Once
Eq. 2.1.45 is solved, the value of ε−1

GG′(q, ω = 0) can be used to fix one of the two
parameters in Eq. 2.2.3 (this operation is required for each value of G,G′, and q).
In the plasmon-pole approximation proposed by Hybertsen and Louie [20] the f-sum
rule is used as a constraint for the determination of the remaining parameter. In the
approach proposed by Godby and Needs [50] the remaining parameter is determined
by computing ε−1 for an additional imaginary frequency (iω). The PPM approach
considerably simplifies the numerical workload necessary to include dynamical effects
in quasi-particle calculations. However, the accuracy of the PPM to compute GW
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quasi-particle energies is difficult to assess, and the results may considerably depend
on the choice of the specific model [59, 21].

Alternatively, one may solve Eq. 2.1.45 starting from the dynamical polarizability
χ0 defined in Eq. 2.1.47. Since χ0 and the inverse dielectric matrix ε−1 have poles
on the real axis, they are usually computed on the imaginary axis (ω → iω) [19, 47].
On the imaginary axis ε−1 is a smooth function of ω and the integrals necessary to
evaluate the self-energy Σ are easier to compute. The expectation value of the self-
energy on the imaginary axis is then fitted to a multipole function, which is used to
evaluate the final result for real energies.

2.2.1.2 Projective dielectric eigenpotential method

Recently an alternative approach was introduced for the calculation of the dielectric
matrix ε [60, 61] called projective dielectric eigenpotential method (PDEP). Applied
so far within the RPA approximation, this approach is based on the iterative diago-
nalization of the dielectric matrix and is of general validity beyond the RPA. At each
iterative step, the dielectric matrix is applied to an approximate set of eigenvectors
using density-functional perturbation theory (DFPT) [53]. The method was first
used to compute ε for the evaluation of ground-state correlation energies [62, 63],
and more recently it was incorporated in many body perturbation theory calcula-
tions [33, 30, 23].

The dielectric matrix ε is not Hermitian and it is convenient to introduce the
following symmetrized form:

ε̄G,G′(q) =
|q + G|
|q + G′|

εG,G′(q). (2.2.4)

The matrix ε̄ is easier to handle from a numerical point of view, since iterative
algorithms to diagonalize Hermitian matrices, such as the Davidson algorithm [64],
are in general more stable and efficient than those used for non-Hermitian matrices.
Within PDEP one considers a spectral decomposition of ε̄:

ε̄ =

Neig∑
i=1

λi|Ui〉〈Ui| =
Neig∑
i=1

(λi − 1)|Ui〉〈Ui|+ I. (2.2.5)

where the eigenvectors (or eigenpotentials) Ui and eigenvalues λi are obtained itera-
tively.

A number Neig of random trial potentials U0
i is first generated and then orthonor-

malized. Starting from this guess, an iterative algorithm, such as Davidson [64]
or Ritz acceleration, is used to diagonalize ε̄. At each iteration (iter) the dielec-
tric matrix is applied to the current approximation of the eigenpotentials U iter

i :
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(ε̄− I)U iter
i = −υ 1

2χ0υ
1
2U iter

i = −υ 1
2ρ′, where ρ′ is determined from:

ρ′(r) = 4Re
Nocc∑
j=1

φ∗j(r)φ′j(r), (2.2.6)

and
(ĤKS − εKSj )|φ′j〉 = −Q̂V ′KS|φj〉 (2.2.7)

by setting V ′KS = υ
1
2U iter

i . In Eq. 2.2.6 and 2.2.7 Q̂ is the projector onto the virtual
state subspace, V ′KS is defined in Eq. 2.1.39, and φ′i represents the linear response
of KS orbitals. Once the required accuracy in the diagonalization is reached, the
iterative procedure is stopped.

The eigenvalue decomposition of Eq. 2.2.5 is useful for practical purposes only
if the number of eigenpotentials Neig necessary to approximate ε̄ is much smaller
than the dimension of the full matrix [65]. The eigenvalues λi are larger than or
equal to 1 and for many systems [60, 61] they rapidly decay to 1 as a function of the
index i. This finding implies that (λi − 1) rapidly goes to 0 as a function of i and
the summation in Eq. 2.2.5 can be truncated to a small number Neig. Recent GW
and BSE calculations [33, 30, 23] demonstrated that the number Neig is indeed much
smaller than the size of the full matrix ε̄ for several classes of systems.

The use of Eq. 2.2.5 to represent the dielectric matrix has several advantages: a
small number of eigenpotentials needs to be stored in memory instead of the full ma-
trix ε̄; the size of ε̄ as function of the number of PWs does not need to be truncated,
and the inversion of the dielectric matrix is avoided. Furthermore, the eigenvalue de-
composition of ε̄ is obtained within DFPT and does not require the explicit inclusion
of virtual (empty) states in any summation: all the virtual states described by the
chosen basis set are automatically included.

The PDEP procedure may also be applied to compute the frequency dependent
dielectric function. In the case of imaginary frequencies, the operator on the left hand
side of Eq. 2.2.7 is (ĤKS − εKSi − iω). The corresponding linear problem is no longer
Hermitian and can be solved by a biconjugate gradient algorithm. The eigenvalue
decomposition is carried out [62] for each value of ω.

An alternative, more efficient approach consists in using the eigenpotentials {Ui}
at ω = 0 as a basis set for χ̄0(iω) = υ

1
2χ0(iω)υ

1
2 ; the definition of χ̄0 is computa-

tionally more convenient than that of χ0 as it is similar to the definition of ε̄. The
expansion coefficients χ̄ij0 (iω) =

∫
Ui(r)χ̄0(r, r′; iω)Uj(r

′)drdr′ are expressed in the
form [23]:

χ̄ij0 (iω)=2
Nocc∑
k=1

{〈φk(υ
1
2Ui)|Q̂(ĤKS − εKSk − iω)−1Q̂|φk(υ

1
2Uj)〉

+c.c.} (2.2.8)
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and they can be efficiently computed by using the Lanczos algorithm [66]. By intro-

ducing χ̄(iω) = υ
1
2χ(iω)υ

1
2 from Eq. 2.1.42 in the RPA approximation (Kxc = 0) we

have χ̄ = (1 − χ̄0)−1χ̄0. This equation can be easily solved to compute χ̄ and the
reducible polarizability, and the basis set {Ui} is usually much smaller than that used
for the wavefunctions and density.

2.2.2 Calculation of the self-energy

Similar to the previous section we first discuss methods where explicit summations
on empty states are performed (Sec. 2.2.2.1) and then methods that avoid these
summations (Sec. 2.2.2.2). Recent developments beyond the G0W0 approximation
are presented in Sec. 2.2.2.3.

2.2.2.1 G0W0 calculations based on direct summations

Calculations of quasi-particle energies of realistic systems within the GW approxi-
mation have been performed both in the time domain (Eq. 2.1.30) [67] and in the
frequency domain (Eq. 2.1.33) [20, 19]. In particular, the time domain approach [67]
takes advantage of the simple multiplicative form of the self-energy (Eq. 2.1.30) and
of the polarizability in Eq. 2.1.32, within a real space and (imaginary) time repre-
sentation. However, it includes FFT transforms of ε from imaginary frequencies and
reciprocal space to real time and space, and summations over empty states are not
avoidable in any straightforward way.

The solution of Eq. 2.1.9 with the self-energy approximated at the GW level
of theory (Eq. 2.1.33) is numerically challenging for several reasons: the GW self-
energy depends on the solution of the Dyson’s equation, and explicitly on the energy;
in addition, it is non-local in space. Most of practical implementations are based on
the G0W0 approach [18, 20]. Within this scheme the Green’s function (Eq. 2.1.2) is
evaluated by approximating the quasi-particle amplitudes with KS orbitals and the
quasi-particle energies with KS energy levels:

G(1)(r1, r2, ω) ≈
∑
j

φj(r1)φ∗j(r2)

ω − εKSj + iηsgn(εKSj − εF )
. (2.2.9)

The screened Coulomb potential is approximated by using the inverse dielectric ma-
trix in Eq. 2.1.45; when using the KS orbitals to evaluate the screened Coulomb po-
tential, one uses the notation W0 instead of W. The effects of the dynamical screening
are often introduced by a plasmon-pole model (Eq. 2.2.3) or by evaluating ε on the
imaginary axis. The quasi-particle energies are then computed as corrections to KS
eigenvalues by using first order perturbation theory:

εGWj = εKSj + 〈φj|Σ(εGWj )− Vxc|φj〉. (2.2.10)
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Eq. 2.2.10 must be solved self-consistently in εGWj ; alternatively, using a Taylor expan-
sion one has εGWj ≈ εKSj +Zj〈φj|Σ(εKSj )−Vxc|φj〉 with Zj = [1−〈φj|∂Σ/∂ε|ε=εKS

j
|φj〉]−1.

The G0W0 approximation implicitly assumes that KS orbitals are a reasonably
accurate representation of quasi-particle wavefunctions. In principle there is no sound
theoretical justification for this assumption. In practice the G0W0 approximation has
been shown to work reasonably well for a variety of periodic solids [18, 19, 20]. For
molecules the use of this approximation is more controversial [68] but overall it has
given accurate results for the ionization potentials of several systems [24, 25, 23].

For computational convenience, one normally writes iG ·W = iG ·υ+iG ·υ ·χ ·υ ≡
Σx + Σc, where the term iG · υ is the Hartree-Fock self-energy Σx (Eq. 2.1.10). The
evaluation of the expectation value of Σx is equivalent to evaluating the exchange
term in the Hartree-Fock theory but using DFT orbitals instead of self-consistent
HF orbitals. In quantum chemistry codes, this operation is efficiently performed
with localized basis, but it is not straightforward in a plane wave representation;
in particular care must be exercised to integrate divergences [62, 69]. The most
expensive component of G0W0 calculations is the evaluation of Σc, which requires
summations over virtual states of the KS Hamiltonian. These sums are necessary to
evaluate both Eq. 2.2.9 and Eq.2.1.40 (or equivalently Eq.2.2.2). In particular it has
been shown that the convergence of G0W0 can be extremely slow both for some bulk
materials, e.g. ZnO [70, 59] and molecular systems, e.g. benzene [24].

Unless a PPM is used, the sum over states in the screened Coulomb potential
must be evaluated for each value of ω′; in the case of G(1) it must be evaluated for
each value of (ω + ω′) (namely on a mesh twice as large as that of the ω domain).
The convolution in Eq. 2.1.33 can then be computed through a direct integration or
a Fourier transform.

2.2.2.2 G0W0 calculations based on the spectral decomposition of the di-
electric matrix

To avoid the explict summations over a large number of virtual states required for
the calculation of the GW self-energy Σc, one may use the PDEP technique. We
rewrite Eq. 2.2.9 as:

G(1)(iω) ≈ 1

ĤKS − iω
. (2.2.11)

We then use the definition of the GW self-energy in the frequency domain (Eq 2.1.33)
and the expansion of the dielectric matrix in terms of the static eigenpotentials (see
Sec. 2.2.1.2); we arrive at the following expression for the expectation value of Σc for
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imaginary frequencies:

〈φk|Σc(iω)|φk〉 =
i

2π

Neig∑
i,j=1

∫
dω′χ̄ij(iω

′)×

〈φk(υ
1
2Ui)|[ĤKS − i(ω + ω′)]−1|φk(υ

1
2Uj)〉; (2.2.12)

the coefficients χ̄ij are computed from Eq. 2.2.8 by using the definition χ̄ = (1 −
χ̄0)−1χ̄0. In Eq. 2.2.12 the matrix element can be computed with the Lanczos algo-
rithm proposed in Refs. [66, 25]. Such algorithm has the advantage that only a single
iterative Lanczos chain is performed for all the frequencies (ω + ω′). Within this ap-
proach all summations over the virtual states are avoided, and all the virtual states
described by the chosen basis set are implicitly included. In addition the convergence
of the calculation is controlled by a single parameter: Neig (Eq. 2.2.5).

The computational workload[60, 61, 62] to generate the dielectric matrix with
Neig eigenvectors scales as Niter × Neig × Npw × N2

v , with Niter being the number of
iterations needed to converge the dielectric eigenvectors in the iterative diagonaliza-
tion procedure (Niter is typically not more than 10 for systems with tens to several
hundreds electrons). In addition, the cost of Lanczos chains generation to compute
χ̄ij0 and Σc is NLanczos × Neig × Npw × N2

v where NLanczos is the number of Lanczos
iterations, which is typically just a few tens. Therefore the total workload of our
approach is (Niter +NLanczos)×Neig ×Npw×N2

v , and it is proportional to the fourth
power of the system size.

This workload represents a substantial improvement over that of conventional
approaches (which sum over all the conduction states explicitly), N2

pwχ × Nv × Nc,
which is also proportional to the fourth power of the system size, but with a sub-
stantially larger prefactor. In particular, Npw is much smaller than the number of
basis function Npwχ, used to represent density responses and perturbing potentials;
the corresponding kinetic-energy cutoff is four times as large as that needed to rep-
resent wavefunctions, in the case of norm-conserving pseudopotentials. Furthermore,
the number of occupied states Nv is often an order of magnitude smaller than the
number of unoccupied states Nc required to converge summations in the dielectric
matrix and Green’s function. Finally, the number of eigenvectors Neig is usually
several orders of magnitude smaller than the size of the response function Npwχ.

Recently, in addition to PDEP several other techniques were proposed, to improve
the efficiency of GW calculations by removing the explicit summations over empty
states entering the expression of Σc. For example, the approach of Refs. [24, 25]
uses an optimal basis set to represent the polarizability; a Lanczos algorithm is then
adopted to numerically compute an expression similar to Eq. 2.2.12. In order to elim-
inate the summation over virtual states necessary to compute the optimal basis set,
in Ref. [25] the projector onto the virtual state subspace Q̂ is approximated by an
expansion in plane-waves orthogonalized to the occupied state subspace. DFPT was
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also used in Ref. [71] to avoid the calculation of empty states: the inverse dielectric
matrix ε−1

G,G′(q, ω) is computed by solving Eq. 2.2.7 for each perturbation, namely
for each set of parameters [q,G, ω]. The solution of such equation for all possible
perturbations is computationally very demanding with PW basis sets, but it can be
efficiently implemented in a localized basis set approach [72]. In Ref. [73, 74] the
summation over empty states in the GW self-energy was avoided by defining and
systematically approximating an effective energy that takes into account the contri-
bution of all empty states. Finally we would like to mention that other approaches
were proposed that, while retaining summations over empty states, attempt to reduce
the number of unoccupied states needed [75] to reach convergence, or to approximate
them by a combination of plane-waves and resonant orbitals [76].

2.2.2.3 Self-consistent GW calculations and vertex corrections

The G0W0 approach was used in most implementations appeared so far in the lit-
erature. However, fully or partially self-consistent calculations were performed ei-
ther using the full energy dependent GW self-energy [68, 77] or a static approxima-
tion [78, 79]. In some cases partial self-consistency was included, by approximating
the quasi-particle wavefuntions at the DFT level of theory and performing a self-
consistent calculation only on the energy levels (in G, in W, or in both) [80, 81]. In
Ref. [82], it was suggested that GW quasi-particle wavefunctions can be accurately
approximated by those obtained in self-consistent COHSEX calculations (Eq. 2.1.34);
this approach was applied to bulk silicon, aluminum, and argon and gave reasonable
estimates of self-consistent GW results, at a much lower computational cost. The use-
fulness of the GW self-consistent approach is still controversial; in some cases it was
proven to decrease significantly the dielectric screening and to worsen the agreement
between theory and experiment [83], with respect to G0W0.

Some implementations also attempted to go beyond the GW approximation and
introduce vertex corrections by improving the approximation of Γ in Eq. 2.1.29. A
possible practical way to proceed consists in approximating the initial self-energy by
the DFT (LDA) exchange and correlation potential Σ(1, 2) = Vxc(1)δ(1, 2) [84]. After
an iterative step of the Hedin’s equations, one obtains an expression formally similar
to the GW approximation (Eq. 2.1.33). However, in this case the reducible polariz-
ability χ is approximated through Eq. 2.1.42 and the screened Coulomb potential is
obtained by using the inverse dielectric matrix in Eq. 2.1.44. This formalism, called
GWΓ, was applied to compute the quasi-particle spectrum of silicon and it was sug-
gested that, although the computed quasi-particle gap is similar to that of the G0W0

approach, the vertex corrections might introduce substantial changes in the absolute
position of the energy levels [84, 85]. In Ref. [86] it was shown that the GWΓ method
improves the agreement with experiment for the values of the ionization potentials
and electron affinities of several molecules (e.g. benzene and naphthalene) and it was
also applied to the study of silicon nanoparticle electronic properties as a function of
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diameter.

2.2.3 Solution of the Bethe-Salpeter equation and calcula-
tion of optical spectra

In this section we first define the physical quantities related to optical absorption
measurements in molecules and solids (Sec. 2.2.3.1) and we then present algorithms
to solve the BSE and compute absorption spectra (Sec. 2.2.3.2). We close this section
by comparing time dependent DFT and the BSE (Sec. 2.2.3.3).

2.2.3.1 Macroscopic polarizability and macroscopic dielectric function

In optical absorption or reflectivity experiments, for example by UV-Vis spectrometry
or ellipsometry, the intensity of the electromagnetic field of the incident light is much
weaker than that of internal fields, and it can be treated within linear response
theory. Here we discuss how the response functions that describe optical absorption
experiments are calculated.

In molecules the macroscopic polarizability tensor αij relates the induced dipole
(d′) and the applied field E:

d′i(ω) =
∑
j

αij(ω)Ej(ω), (2.2.13)

where i and j indicate Cartesian coordinates; α is related to the retarded reducible
polarizability (Eq. 2.1.20), by the equation α =

∫
rχ(r, r′)r′drdr′, where the external

perturbing potential is Vext = −E(ω) · r′, and r is proportional to the dipole induced
in the system. The absorption coefficient I(ω) is proportional to the imaginary part
of the trace of the dynamical polarizability tensor: I(ω) ∝ ωIm (Tr(α(ω))). For an
isolated molecule there is no preferred orientation and one averages over the diagonal
components of the macroscopic polarizability.

In the case of solids the optical absorption spectrum is given by the imaginary
part of the macroscopic dielectric function, which is related to the dielectric matrix
(a microscopic quantity) by [57, 58]:

εM = lim
q→0

1

ε−1
G=0,G′=0(q, ω)

. (2.2.14)

In principle Eq. 2.2.14 requires the calculation of the full dielectric matrix and
its inversion to obtain the single matrix element in the denominator. In practice, as
shown in Ref. [16], the value of εM (or α) may be obtained by computing the matrix
element of the resolvent of an effective two-particle operator (the operator L that
will be discussed below in Sec. 2.2.3.2); the eigenvalues of this operator correspond
to the excitation energies of the system.
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2.2.3.2 Formulation of the Bethe-Salpeter equation based on density ma-
trix perturbation theory

Here we derive a specific form of the BSE using linear response theory applied to
density matrices, and we present practical ways of computing neutral two-particle
excitation energies as eigenvalues of an effective two-particle operator. The approach
presented below may be considered as equivalent to solving a time-dependent Dyson’s
equation. We note that the formalism presented here may not be used to solve the
full BSE of Eq. 2.1.14; indeed only the response function χ of Eq. 2.1.20 is considered,
instead of the full (four-indexes) correlation function of Eq. 2.1.13. As discussed in
Secs. 2.1.4-2.1.5, the response function χ is sufficient to describe optical absorption
experiments. The starting point of our derivation is the quantum-Liouville equation
(for simplicity we omit k-point labeling of states):

i
dρ̂(t)

dt
=
[
Ĥ(t), ρ̂(t)

]
, (2.2.15)

where the square brackets indicate commutators. Within a real space representation,
we have ρ(r, r′, t) =

∑Nocc

j=1 φj(r, t)φ
∗
j(r
′, t); here we use φ to indicate time-dependent

orbitals and φ◦ to indicate unperturbed ground-state orbitals. The time-dependent
quasi-particle Hamiltonian is:

∫
Ĥ(r, r′, t)φ(r′, t) dr′ =(
−1

2
∇2 + VH(r, t) + Ve−I(r) + Vext(r, t)

)
φ(r, t)

+

∫
Σ(r, r′, t)φ(r′, t)dr′, (2.2.16)

where we assumed that the electron-ion potential is left unchanged by the external
potential Vext(r, t). We consider a static approximation to the self-energy, hence Σ
depends on time only through the dependence on ρ̂(t). The static approximation
is justified in the case of the COHSEX self-energy (Eq. 2.1.34) but not for the GW
self-energy (Eq. 2.1.33), that includes dynamical effects and depends explicitly on
G(1). The quasi-particle amplitudes fj in Eqs. 2.1.3-2.1.4 are approximated by KS
orbitals, as usually done in practical implementations to solve the BSE [87, 46, 28,
88]. However, the derivation below is valid in general as long as the {fj(r)} are an
orthonormal basis set.

By considering V̂ext in Eq. 2.2.16 as a small perturbation, the linearization of
Eq. (4.1.1) leads to:
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i
dρ̂′(t)

dt
= L · ρ̂′(t) +

[
V̂ext(t), ρ̂

◦
]
, (2.2.17)

L · ρ̂′(t) =
[
Ĥ◦, ρ̂′(t)

]
+
[
V̂ ′H [ρ̂′](t), ρ̂◦

]
+
[
Σ̂′[ρ̂′](t), ρ̂◦

]
, (2.2.18)

where variables with superscript “◦” represent unperturbed quantities, and those
with prime denote linear variations; specifically in this case ρ̂′ = ρ̂ − ρ̂◦ denotes the
linear variation of the charge density. Note the dependence of V̂H and Σ̂ on the
linear-response of the density matrix ρ̂′. In Eq. 4.1.9 a non-Hermitian operator L
acting on ρ̂′ has been defined, which is known as Liouvillian super-operator [89, 66],
as its action is defined on a space of operators (the density matrices). By Fourier
transforming Eq. 4.1.9 into the frequency domain, one obtains

(ω − L) · ρ̂′(ω) =
[
V̂ext(ω), ρ̂◦

]
. (2.2.19)

The solution of this equation yields ρ̂′(ω). If in Eq. 2.2.19 the external perturbation
is set to Vext(r, ω) = −E(ω) · r, the response of the i-th component of the dipole
in Eq. 2.2.13 can be obtained as d′i(ω) = Tr (r̂iρ̂

′(ω)), where Tr indicates the trace
operator. By solving explicitly Eq. 2.2.19, we have that the components of the po-
larizability tensor are:

αij(ω) = −
〈
r̂i|(ω − L+ iη)−1 · [r̂j, ρ̂◦]

〉
, (2.2.20)

where η is a positive infinitesimal, and we wrote the scalar product of two operators
A and B as 〈Â|B̂〉 ≡ Tr(Â†B̂). The excitations energies of the system are obtained
by diagonalizing L (indeed the excitations energies correspond to the poles of the
response function).

The formalism introduced here can be applied to any approximation of the non-
local and static self-energy operator Σ(r, r′, ω = 0)(see Table 2.4).

If Σ(r, r′) = Vxc(r)δ(r− r′) the adiabatic TDDFT formalism is recovered [89, 66].
Here we consider the COHSEX self-energy given in Eq. 2.1.34 and we call the cor-
responding Hamiltonian HCOHSEX . Since this self-energy depends explicitly on the
density matrix, it can be easily linearized and inserted in Eq. (4.1.9). This approach
can be considered as a time-dependent COHSEX method and the corresponding equa-
tions are equivalent to the BSE with static screening in the electron-hole interaction.

2.2.3.2.1 Electron-hole representation
The practical solution of Eq. (2.2.20) requires a basis set for ρ̂′. A commonly used

one is the ensemble of occupied and virtual states of the unperturbed Hamiltonian,
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Table 2.4 : The choice of the self energy (first column) in the solution of the quantum
Liouville equation within first order perturbation theory (see Eq.63) , determines
the level of theory used in the calculation of absorption spectra (second column),
including time dependent (TD) Hartree Fock (HF) and density functional theory
(DFT) and the Bethe Salpeter Equation (BSE) (see text).

as the only non zero matrix elements of ρ̂′ are those between unperturbed occupied
and virtual orbitals [66]: 〈φ◦c |ρ′|φ◦v〉 and 〈φ◦v|ρ′|φ◦c〉. Note that 〈φ◦v| [r̂j, ρ̂◦] |φ◦v′〉 =
〈φ◦c | [r̂j, ρ̂◦] |φ◦c′〉 = 0, ∀ v, v′ and c, c′; 〈φ◦v|r̂i|φ◦v′〉 6= 0 and 〈φ◦c |r̂i|φ◦c′〉 6= 0, however one
needs only the matrix elements 〈φ◦c |r̂i|φ◦v〉 and 〈φ◦v|r̂i|φ◦c〉 when computing [66] the
scalar product (trace) in Eq. 2.2.20.

This so called electron-hole basis set is used in most current implementations
to solve the BSE [46, 28, 29, 90, 91, 92]. Within this framework, for spin singlet
excitations the operator L takes the form [29]:

L =

(
D + 2K1x −K1d 2K2x −K2d

−2K2x ∗ +K2d ∗ −D − 2K1x ∗ +K1d ∗

)
, (2.2.21)

where D, the exchange terms K1x and K2x and the direct terms K1d and K2d are
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defined as

Dvc,v′c′ = (εQPc − εQPv )δvv′δcc′ , (2.2.22)

K1x
vc,v′c′ =

∫
φ◦∗c (r)φ◦v(r)

1

|r− r′|
φ◦∗v′ (r

′)φ◦c′(r
′)drdr′, (2.2.23)

K2x
vc,v′c′ =

∫
φ◦∗c (r)φ◦v(r)

1

|r− r′|
φ◦∗c′ (r′)φ◦v′(r

′)drdr′, (2.2.24)

K1d
vc,v′c′=

∫
φ◦∗c (r)φ◦c′(r)W (r, r′)φ◦∗v′ (r

′)φ◦v(r
′)drdr′, (2.2.25)

K2d
vc,v′c′=

∫
φ◦∗c (r)φ◦v′(r)W (r, r′)φ◦∗c′ (r′)φ◦v(r

′)drdr′, (2.2.26)

and W is the statically screened Coulomb interaction (namely the static limit of the
Fourier transform of Eq. 2.1.24). In Eq. 2.2.22 εQPc (conduction) and εQPv (valence)
are quasi-particle energies. In principle these energies should be approximated at
the COHSEX level of theory, for consistency with the choice of the Hamiltonian; in
practice a more accurate approximation may be chosen and usually the GW approx-
imation is adopted to evaluate the term D in Eq. 2.2.22.

The matrix form of the operator L, as defined by Eqs. 2.2.22-2.2.26, can be
diagonalized to obtain the excitation energies of the system. Alternatively, a linear
system involving L can be solved in order to compute the macroscopic polarizability
defined by Eq. 2.2.20. Note that the operator L in Eq. 2.2.20 is non-Hermitian and
thus the solution of the corresponding eigenvalue problem may not be achieved by
using iterative solvers adopted for Hermitian problems. For this reason Hermiticity
is often enforced by neglecting the off-diagonal blocks of L; this approximation is
known as the Tamm-Dancoff approximation (TDA) [93]. The TDA greatly reduces
the computational complexity of the BSE solution and has successfully predicted the
absorption spectra of several solids [28, 46, 94, 95, 29, 96]. However, the TDA does
not always hold: for example it does not account for plasmons in solids [97] and it
breaks down for some confined systems [98, 99, 33], such as carbon nanotubes [99]
and silicon clusters [33].

The definition of L through Eqs. 2.2.22-2.2.26 requires the calculation of the un-
occupied single particle states (virtual orbitals) of the unperturbed Hamiltonian and
the corresponding matrix must be explicitly evaluated and stored. A large number
of virtual orbitals φ◦c is usually necessary for calculations that require the evalua-
tion of a spectrum in a large energy range and/or involve large systems; even for
small molecules, obtaining converged spectra may be challenging, in cases where the
inclusion of many virtual states is necessary [100].

2.2.3.2.2 Use of Density functional perturbation theory
The explicit inclusion of virtual orbitals φ◦c may be avoided with the use of DFPT [53].
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In this framework the projector operator onto the unperturbed empty state subspace
is introduced Q̂ = Î − P̂ = Î −

∑Nocc

j=1 |φ◦j〉〈φ◦j |, where P̂ is the projector onto the

occupied state subspace and Î is the identity operator; the evaluation of Q̂ only re-
quires the evaluation of the occupied states φ◦v. At variance from the electron-hole
representation, the operators entering Eq. 2.2.19 (ρ′, r̂i and [r̂j, ρ̂

◦]) are expressed in
the so-called batch representation [66, 33], and Eqs. 2.2.22- 2.2.26 become:

Dv,v′ |av′〉=(Ĥ◦COHSEX − εv′) δvv′ |av′〉, (2.2.27)

K1x
v,v′ |av′〉=Q̂

(∫
1

|r− r′|
φ◦∗v′ (r

′)av′(r
′)dr′

)
|φ◦v〉, (2.2.28)

K2x
v,v′ |bv′〉=Q̂

(∫
1

|r− r′|
b∗v′(r

′)φ◦v′(r
′)dr′

)
|φ◦v〉, (2.2.29)

K1d
v,v′ |av′〉=Q̂

(∫
W (r, r′)φ◦∗v′ (r

′)φ◦v(r
′)dr′

)
|av′〉, (2.2.30)

K2d
v,v′ |bv′〉=Q̂

(∫
W (r, r′)b∗v′(r

′)φ◦v(r
′)dr′

)
|φ◦v′〉. (2.2.31)

where for a generic operator Â, the so called “batch ”components |av′〉 and |bv′〉 are
defined as:

|av〉 = Q̂ Â |φ◦v〉, (2.2.32)

〈bv| = 〈φ◦v| Â Q̂. (2.2.33)

The index v runs over the number Nocc of occupied states. Hence in this representation
no calculation of virtual orbitals is necessary. As a result the required computational
workload is comparable to that of a ground state HF calculation. Specifically, in a
plane wave (PW) representation, the evaluation of K1d and K1d scales as α[N2

v ×
Npw × lnNpw], where α is constant with respect to system size (i.e. the number of
Lanczos iterations); however, within a electron-hole approach, the evaluation of K1d

and K1d scales as α[Nc×Nv×Npw× lnNpw], where Nc is in general much larger than
Nv.

As mentioned in the previous section, quasi-particle corrections to the unoccu-
pied states are introduced either through the COHSEX Hamiltonian of Eq. 2.2.27 or
through more accurate quasi-particle corrections (i.e., GW corrections), as discussed
in Refs. [33, 30].

In principle, the evaluation of the statically screened Coulomb potential W enter-
ing Eqs. 2.2.30-2.2.31 requires summations over empty states; these are avoided by
computing the dielectric matrix as described in Sec. 2.2.1.2.

Although in general the size of the operator L in the DFPT-based representation
(see Eqs. 2.2.27-2.2.31) is larger than in the electron-hole representation, the full
matrix does not need to be built explicitly. Indeed iterative techniques, that require
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only matrix by vector multiplications, are used to diagonalize L or to solve the
corresponding linear system in Eq. 2.2.20. The operator L can be efficiently applied
to a vector by exploiting techniques developed for ground-state calculations, such
as fast Fourier transforms used in plane-wave implementations of ground state DFT
calculations. The DFPT-based approach described in this section has been applied to
the calculation of the optical properties of molecules (an example is shown in Fig.2.1)
and solids without relying on the Tamm-Dancoff approximation [93]; either the non-
Hermitian Lanczos algorithm developed in Refs. [66, 33], was used or diagonalization
was carried out with the algorithm of Ref. [101].

Fig.2.1 : Absorption spectra of a 1 nm hydrogenated Si cluster (Si35H36) as obtained
by using many body perturbation theory and the techniques to solve the Bethe-
Salpeter equation (BSE) described in Sec.3.3.2.2 and in Ref. [33]. Results without
(full BSE) and with the Tamm-Damcoff approximation (TDA) are presented in the
upper panel. The lower panel compares the full BSE results with time dependent
DFT results obtained using the LDA approximation (TDLDA).
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2.2.3.3 Comparison between calculations using time dependent DFT and
the Bethe-Salpeter equation

TDDFT is an alternative approach to the Bethe-Salpeter equation to compute neutral
excitations of materials. In principle TDDFT is a formally exact theory [12]. How-
ever, in practical calculations it is necessary to approximate the exchange-correlation
potential Vxc(r, ω) and, within the linear response regime, the corresponding kernel
Kxc(r, r′, ω) ≡ δVxc(r, ω)/δρ(r′, ω) (see Eq. 2.1.41). The most commonly used forms
of the TDDFT kernel rely on the adiabatic approximation [51]. The latter consists in
using local, semi-local or hybrid functionals commonly adopted in ground-state cal-
culations, to approximate the TDDFT kernel by discarding memory effects (ω = 0).
This approximation accurately reproduced the excitation energies of molecules but it
is known to fail to describe excitons in extended systems [102]. In contrast, the Bethe-
Salpeter equation appears to describe more accurately the electron-hole interaction
in extended systems [46, 28, 88].

Recently, there have been several attempts to improve the accuracy of TDDFT for
extended systems. For example the approximate long-range kernel Kxc = −α/|q +
G|2 was found accurate for the calculation of the absorption spectra of several
solids [102, 103]. The final result depends on the parameter α, which is system
dependent. A more systematic way to find an approximation of Kxc for solids relies
on the comparison between the BSE and the TDDFT equations [104]. Since Kxc de-
pends only on two indexes (Eq. 2.1.42) and Ξ depends on four indexes (Eq. 2.1.14),
this comparison is possible by considering a symmetrized version of Eq. 2.1.42, in its
dynamical form. This approach requires the calculation of GW quasi-particle correc-
tions and the same matrix elements involved in the solution of the BSE equation in
the electron-hole representation (Eqs. 2.2.22-2.2.26). In Refs. [105, 106] an xc ker-
nel was developed by requiring TDDFT reproduce the perturbative expansion of the
BSE in terms of the screened Coulomb interaction; at the first order this approach
is equivalent to the one of Ref. [104]. In general the TDDFT kernels derived from
the BSE are dynamical ones (Kxc depends on ω) and include the correct long-range
limit 1/|q + G|2. Many of the absorption spectra of solids computed by BSE-based
kernels are in excellent agreement with experimental spectra; the computational cost
of this method is comparable to that of solving the full BSE.

Recently, Sharma et al [107] proposed a new approximation for Kxc, that gives
accurate results for the optical properties of solids within TDDFT. This kernel, called
bootstrap kernel, takes the form

Kxc
boot(q, ω) =

ε−1(q, ω = 0)

χ00
0 (q, ω = 0)

, (2.2.34)

where χ00
0 indicates the G = G′ = 0 component of the independent-particle polariz-

ability in Eq. 2.2.2, while ε−1 is the static inverse dielectric matrix. The bootstrap
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kernel (Eq. 2.2.34) is designed to reproduce the correct asymptotic behavior 1/|q+G|2
necessary to describe the optical spectra of extended systems. Since the kernel itself
depends on ε−1, the numerical solution of the TDDFT equations must be performed
self-consistently. At the first iteration Kxc is set to 0, Eq. 2.1.42 (in its dynamical
form) is solved to determine χ, which is then used to compute the inverse dielectric
matrix ε−1 through Eq. 2.1.22; by inserting ε−1 in Eq. 2.2.34, one can compute a new
approximation forKxc and the procedure is repeated until self-consistency is achieved.
Since local or semi-local functionals are known to underestimate electronic gaps, the
independent-electron polarizability χ0 used in the bootstrap kernel is approximated
starting from GW or LDA+U [108, 109, 110] calculations. The bootstrap kernel was
applied to different systems including small to medium band gap bulk semiconductors
and materials with strongly bound excitons, such as LiF and noble gas solids [107];
for the cases considered so far a good agreement with experiments was found.

We now turn to the application of the many body techniques described in Sec-
tion 2.1 and 2.2 to the calculations of electronic excitations in materials used as
photocathodes and photoanodes in photoelectrochemical cells.
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Chapter 3

Structral and electronic properties
of light absorbers

In this chapter we first recall the basic steps involved in photoelectrochemical(PEC)
energy conversion and we introduce the excitation processes of interest to our study;
we then focus on specific materials. In each case we will point out the effects on the
final results, of the numerical approximations described in Section 2. The main goal
of this section is to illustrate what we could compute using MBPT, which physical
properties we can predict and how calculations may contribute to interpret specific
measurements of interest for PEC cells.

The photoelectrochemical path to water splitting involves separating the oxida-
tion and reduction processes into half reactions. Photoelectrolysis, or semiconductor-
based PEC water splitting, can be accomplished by following two main strategies [111,
2]: one uses photovoltaic (PV) modules connected directly to electrolyzers and/or
catalytic electrodes; another one uses semiconductor/liquid junctions, where water
splitting occurs at the semiconductor surface. The latter has several advantages over
the former approach, e.g. it avoids significant fabrication and systems costs involved
in the use of separate electrolyzers wired to p-n junction solar cells [112]; in addition
it is relatively straightforward to create an electric field at a semiconductor/liquid
junction [113]. One promising photoelectrolysis cell is based on two semiconductor-
liquid junctions: a n-type semiconductor is used for the evolution of O2 (photoanode)
and a p-type one for the evolution of H2 (photocathode). In this way two semiconduc-
tors with band gaps smaller than those used in wired cells can be utilized, and each
one needs only to provide part of the water splitting potential. A smaller band gap
implies an increased absorption in the visible region of the solar spectrum, where the
sun has a greater photon flux, and thus a higher maximum theoretical efficiency [111].

The desirable properties of water-splitting photoanode and/or photocathode ma-
terials are the following [114]: (i) Efficient absorption of visible light. The minimum
required band gap is determined by the energy necessary to split water (1.23 eV) plus
the thermodynamic losses [115] (0.3–0.4eV) and the overpotential necessary to ensure
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sufficiently fast reaction kinetics [116, 117] (0.4 �0.6 eV). As a result, the optimum
value of the band gap should be equal to or larger than ∼1.9 eV and smaller than
3.1 eV, so as to fall within the visible range of the solar spectrum. (ii) High chemical
stability in the dark and under illumination. Metal oxide semiconductors are more
stable than most non-oxide semiconductors and in this respect they appear to be
promising materials. (iii) Band edge positions that straddle the water reduction and
oxidation potentials. The band edges of non-oxide semiconductors tend to be better
suited to reduce water and produce H2, whereas those of oxide semiconductors are
often more appropriate for water oxidation and the production of O2. We recall that
for an efficient reaction, the conduction band minimum (CBM) of the photocathode
must be higher than the water reduction potential H+/H2O, and the valence band
maximum (VBM) of the photoanode lower (more positive in potential) than the water
oxidation potential O2/H2O. (iv) Efficient charge transport: efficiency is determined
by intrinsic factors such as mobilities and extrinsic factors such as defects that may
act as recombination centers [114]. So far no single material has been found that
meets all requirements listed above.

In this thesis we focus on the description of optical absorption and photoemission
processes and hence on requirements (i) and (iii). This chapter discusses band edges
and the next chapter describes absorption spectra.

Water reduction and oxidation reactions occur at the interface with a photo-
electrode, hence surface band edges determine the alignment of the photoelectrode
energy levels with the water redox potential. Several procedures have been pro-
posed in the literature to determine band alignments at water/photoelectrode inter-
faces [118, 119, 120]; for example the authors of Ref [119] computed the alignments
between the CBM of TiO2 and the water reduction potential by computing the free
energy change in proton-coupled redox reactions occurring at the interface, from ab
initio molecular dynamics. They also determined the shift of the TiO2 band edges
and found results in agreement with experimental Volta potential shift [120]. How-
ever, all water/photoelectrode interface calculations appeared so far were carried out
at the local or semi-local DFT level and no MBPT calculation has yet been reported.
In general, due to the complexity of surface and interface structures, many studies of
band edge alignments with the water redox potential are based on bulk systems (for
example see Fig. 3.0.1, from Ref[121]).

Within this framework one determines the absolute positions of the VBM and
CBM energies of the photoelectrode and the absolute positions of the O2/H2O oxi-
dation and H+/H2O reduction potential relative to the vacuum level EV acuum. The
measured O2/H2O oxidation and H+/H2O reduction potentials are 1.23 eV and 0
eV, respectively, relative to the normal hydrogen electrode (ENHE) at pH = 0 and
their corresponding values relative to vacuum are −ENHE − 4.44eV = EV acuum, as
recommended by the International Union of Pure and Applied Chemistry [125, 126].
Experimentally the value of the CBM and VBM of a photoelectrode relative to vac-



39

Figure 3.0.1: The water redox potentials Φ(O2/H2O) and Φ(H+/H2) (dashed lines)
and the valence (green columns) and conduction (blue columns) band edge positions
at pH = 0 of several semiconductors . The valence and conduction band edges are
collected from Ref [122] for most metal oxides, from Ref [123] for most non-oxides, and
from Ref [124] for Ta2O5, Ta3N5, and TaON. Calculated oxidation potential Φox (red
bars) and reduction potential Φre (black bars) relative to the NHE and vacuum level
for a series of semiconductors in solution at pH = 0, the ambient temperature 298.15
K, and pressure 1 bar are also plotted. Reprinted with permission from Ref.[121].
Copyright 2012 American Chemical Society.

uum can be measured by PES (photoemission spectroscopy)-IPES (inverse photoe-
mission spectroscopy). Computationally the determination of the CBM and VBM
for a homogeneous solid is relatively straightforward, following two separate steps:
first one determines the difference between the VBM and CBM energies (quasiparti-
cle band gap) using a supercell calculation for a periodic system; then the difference
between the average potential in the bulk of the solid and in a slab (composed of
a portion of the bulk plus vacuum) is used to refer the computed energies to the
vacuum level. An alternative procedure was proposed in Ref. [127], where one de-
termines the band gap center (BGC) relative to the vacuum first, then obtain the
VBM(CBM) energy from the BGC minus(plus) one half of the band gap [127]. The
calculations of the VBM and CBM energies is more complex in the case of surfaces,
as a determination of the surface structure needs to be carried out which, depending
on the surface morphology, may require the use of large super cells.

In the following, we discuss the computation of quasi particle gaps and band
alignment for tungsten trioxide based materials. We focus on WO3 and CuWO4

as promising photoanode materials. We recall that tungsten trioxide (WO3) is a
promising oxide for use in photo-electrochemical water-splitting systems [128, 129,
130, 131, 132]: it is stable against photocorrosion; its optical gap (2.6-2.7 eV) is
smaller than that of TiO2 and it may absorb sufficient visible light to generate modest
photocurrents. Furthermore WO3 electrochromism has additional applications, in e.g.
building smart windows [133, 134, 135].
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3.1 Structral properties of WO3 solids

The structure of WO3 is best described as a three-dimensional network of corner-
sharing WO6 octahedra. The connectivity is identical to the ABO3 perovskite struc-
ture in the absence of an A cation. The BO3 structure is unstable, because the
decrease in size of the A ion of ABX3 perovskite increases the instability of the crys-
tal and this structural instability reaches its maximum in BO3, where the A ion is
completely missing. In general, the cubic perovskite structure is unstable to energy-
lowering distortions, the most common being tilting of octahedra and displacement
of the B cation from the center of its octahedra.

In the case of tungsten trioxide, six different phases have been identified as a
function of P and T. When the temperature is decreased from its melting point
(1700K) the crystallographic symmetry of the solid changes as follows: tetragonal
to orthorhombic to monoclinic to triclinic to monoclinic. Simple cubic WO3 has
been prepared at 0.66 GPa, 700℃and then stablized at the ambient conditions [136].
The energy-lowering distortions result in ferroelectricity in many compounds, such
as BaTiO3, PbTiO3 and KNbO3. Similarly, the low temperature monoclinic phase
(ε-WO3) has been confirmed to be ferroelectric.

The simple cubic phase has the smallest unit cell with one WO3 unit; the unit cell
is doubled only along the c direction in tetragonal phase; then doubled along a,b,c
three directions (eight units) in orthorombic, RT-monoclinic phase and triclinic phase,
but four units in LT-monoclinic phase. The geometric details has been modified
progressively in different phases (summarized in Table 3.1 and Table 3.3): the simple
cubic phase has no distortions; the W atom moves off center along c in tetragonal
phase, which cause alternatingly long and short W-O bonds in an “antiferroelectric”
fashion; the W off-center occurs along both b and c directions for orthorombic phase
and the WO6 octahedra are slighly tilted as well along these two directions; for RT-
monoclinic, triclinic and LT-monoclinic phases, the W atom off-center and octahedra
tile occur along a,b,c three directions. Difference of geometric details of the last
three phases has been discussed in Ref. [137]. The averaged tilt angles between
RT-monoclinic and triclinic phase have similar magnitude 156-161°, but different
octahedra tilt patterns (a−b+c− for the former, a−b−c− for the latter [138]). The
change of octahedral tilt patterns drives the RT-monoclinic-triclinic phase transition.
On the other hand, the triclinic phase and LT-monoclinic phase have similar tilt
patterns but the magnitude of tilt angles is different:154-157°for LT-monoclinic phase.
Another important difference between the last three phases is that LT-monoclinic
phase does not have an inversion center and owns unequal W off center shifts along
c and a axis, which causes a net spontaneous polariztation and is directly related
to the ferroelectricity of LT-monoclinic WO3 [137] and dielectric anomaly with giant
dielectric constant [139, 140].
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Table 3.1: Structural properties of different phases of WO3. Z is the number of WO3

units in the unit cell, BLS is short and long bond length splitting along the directions
of lattice vectors; tilting is the tilt between two WO6 octrahedra and tilt system is
the tilt patterns of octrahedra [138, 137].

Z space group BLS tilting tilt system
Simple Cubic 1 Pm3m̄ no no -

Tetragonal 2 P4/nmm c no -
Orthorombic 8 Pnmb b,c yes tilt angles around a

RT-monoclinic 8 P21/n a,b,c yes a−b+c−

Triclinic 8 P1̄ a,b,c yes a−b−c−

LT-monoclinic 4 Pc a,b,c yes a−b−c−

3.1.1 Ab-initio calculations of the structral properties of WO3

solid phases

We studied the structral and electronic properties of the various WO3 phases by
performing first-principles calculations within the framework of density functional
theory (DFT) using the Quantum Espresso package [141] and the Qbox code [142],
and different levels of theory (the local density approximation (LDA), the generalized
gradient approximation (GGA) using the PBE [143] functional, the hybrid functional
PBE0 [144], non local van der Waals functional vdW-DF2 [145, 146, 147, 148, 149]
and the modified self-consistent field method proposed in Ref. [150]). Our LDA
results for the structural properties of cubic and monoclinic WO3 are in agreement
with previous calculations [151, 152, 153, 154, 155] (see Table S1 and S2 in the
Appendix1). The LDA predicted equilibrium volume deviates from experiment by
less than 1%, whereas PBE and the functional vdW-DF2 [145, 146, 147, 148, 149]
overestimate the equilibrium volume by ∼ 5%. In the calculations of the intercalated
systems reported in section 3.3, we primarily used the LDA, as we focus on discussing
trends in computed properties rather than on absolute values of computed gaps and
total energies. We also used G0W0 calculations to compute the band alignment
between different phases of WO3. Computational details of G0W0 can be found in
the Appendix II.

Consistent with previous results [151, 152, 153, 154, 155], we found that LDA
and PBE calculations underestimate the band gap of monoclinic WO3 by about
50%, when both the lattice constants and the internal geometry are optimized, while
vdW-DF2 yields a larger gap than both LDA and PBE. We note that DFT geometry
optimizations yielded reduced structural distortions in monoclinic WO3, relative to
those reported experimentally; in turn this leads to, e.g. at the LDA (vdW-DF2) level
a moderate decrease of the band gap from 1.87(2.04) eV at the experimental geom-
etry to 1.46(2.01) eV when computed at the experimental lattice parameters (Vexp)
but allowing for internal structural relaxations, and finally to 1.30(1.80) eV when
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evaluated at the fully optimized DFT geometry. To obtain a quantitative estimate
of the band gap, we used the modified self-consistent field (SCF) approach recently
proposed for solids in Ref.[150] (hereafter referred to as modified ∆SCF approach):
we found that the band gap of monoclinic WO3 is 2.90 eV at the experimental geom-
etry, and 2.39 eV at the LDA relaxed geometry; these values are much closer to the
measured room temperature band gap of 2.60 eV than those obtained within LDA,
PBE or vdW-DF2. We also carried out calculations at the PBE0 level of theory,
using the LDA optimized geometry. The computed band gap is 3.28 eV, higher than
in experiments, and consistent with the value of 3.67 eV reported in Ref. [156] [157].

The lattice parameters of six different phases of WO3 are listed in Table 3.2,
including our LDA and HSE06 in Ref [156] optimized results and experimental values.
Overall, our LDA equilibrium volume deviates from experiment by 1-2%, which is at
the similar (or better) level of accuracy with published HSE06 [156] results.

We calculated the vibrational properties of WO3 with different phases using den-
sity functional perturbation theory (DFPT), in the harmonic approximation and at
the LDA level. We found that a plane wave cutoff of 140 Ry is sufficient to converge
the vibrational frequencies within 5 cm−1.

3.1.2 Connection between Structural Properties and Elec-
tronic Structure

With the progressive lattice distortions from simple cubic phase to LT-monoclinic
phase as shown in Table 3.3, the band gaps increase dramatically with a color change
of the sample observed experimentally, from “ruby red” in simple cubic to “pale
yellow” in RT-monoclinic and “bluish white” in LT-monoclinic phase. A consistent
trend of the band gap increases from simple cubic to LT-monoclinic is reproduced by
our calculations, at the LDA, G0W0 and HSE06 [156] levels of theory, as shown in
Table 3.4.

The LDA computed band gap of the simple cubic structure is 0.53 eV, and it is
indirect from R (0.5,0.5,0.5) to Γ. The valence band maximum (VBM) is mainly com-
posed of O nonbonding 2p states (px, py, pz are degenerate), whereas the conduction
band minimum (CBM) is composed of W 5d t2g states (dxy, dyz, dxz are degenerate)
and O 2p states. The metal d orbitals are split by the octahedral field of oxygen
ligands, with t2g levels at lower energy than eg levels. There is a considerable amount
of hybridization between O 2p and W 5d bands, which can be clearly seen from the
Projected Density of States (PDOS) reported in Fig. 3.1.1(c). The mixing of W
5d and O 2p yields bonding states belonging to the valence band, and anti-bonding
states contributing to the conduction band.

The VBM of RT monoclinic WO3 is located at B (0.5, 0, 0), as shown in the
band structure computed within the LDA in Fig. 3.1.2(b). From Γ to B, the band is
nearly dispersionless, implying a very high effective hole mass perpendicular to the
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Table 3.2: Equilibrium lattice parameters of different phases of WO3 obtained by
ab initio calculations, with HGH pseudopotentials [158] and the LDA exchange cor-
relation functional, compared with the results obtained with the HSE06 functional
in Ref. [156] and experimental results (EXP).a0,b0,c0 denote the lattice constants; β
denotes the angle between the a and c axes; α denotes the angle between b and c;
and γ denotes the angle between a and b. V is the volume of the primitive cell.

lattice parameters (Å) angles (◦) V(Å3/cell)
Simple Cubic

a0

LDA 3.78 54.4
HSE06 3.80 54.7
EXP [136] 3.77 53.7

Tetragonal
a0 c0

LDA 5.30 3.88 55.6
HSE06 5.31 3.97 55.9
EXP [159] 5.25 3.91 54.0

Orthorombic
a0 b0 c0

LDA 7.47 7.60 7.71 54.7
HSE06 7.46 7.70 7.80 56.0
EXP [160] 7.24 7.57 7.75 53.9

RT-monoclinic
a0 b0 c0 β

LDA 7.35 7.45 7.66 90.6 52.5
HSE06 7.39 7.64 7.75 90.3 54.7
EXP [161] 7.306 7.54 7.692 90.88 53.0

Triclinic
a0 b0 c0 α β γ

LDA 7.36 7.45 7.58 88.8 90.9 90.9 52.0
HSE06 7.44 7.58 7.75 89.4 90.3 90.3 54.6
EXP [162] 7.31 7.53 7.69 88.8 90.9 90.9 52.9

LT-monoclinic
a0 b0 c0 β

LDA 5.25 5.18 7.62 91.5 51.9
HSE06 5.31 5.27 7.67 91.2 53.6
EXP [137] 5.28 5.16 7.66 91.8 52.1

W-O-W chain in the x direction [163]. The CBM is located at the Γ point and the
computed band gap is 1.3 eV (at the LDA level). Note that the PDOS of monoclinic



3.1. Structral properties of WO3 solids 44

Table 3.3: Octahedra tilt angles ∠W-O-W and W-O bond length dW−O(Å) in different
phases of WO3 as measured (EXP) in Refs [136, 159, 160, 161, 162, 137] and obtained
in our calculations with the LDA functional. “x,y,z” denote the bond lengths or
tilt angles along the x,y,z directions, respectively. As α,β,γ are close or equal to
90°(within 1°), the x,y,z directions are roughly parallel to the a,b,c lattice vectors.
Hence W-O chains are almost parallel to each of the three Cartesian axes.

∠W-O-W ∠W-O-W dW−O dW−O
(LDA) (EXP) (LDA) (EXP)

Simple Cubic
x 180 180 1.890 1.89
y 180 180 1.890 1.89
z 180 180 1.890 1.89

Tetragonal
x 180 180 1.89 1.89
y 180 180 1.89 1.89
z 180 180 1.76-2.12 1.68-2.25

Orthorombic
x 180 180 1.89 1.86
y 180 166-168 1.80-2.02 1.82-2.03
z 173 169-173 1.78-2.08 1.80-2.10

RT-monoclinic
x 157-158 153-159 1.83-1.97 1.85-1.95
y 161 159-160 1.82-1.98 1.74-2.12
z 167-168 154-166 1.78-2.07 1.73-2.18

Triclinic
x 157 156-157 1.84-1.97 1.82-1.97
y 158-163 157-162 1.82-2.00 1.71-2.12
z 156-163 155-161 1.77-2.08 1.65-2.30

LT-monoclinic
x 154-161 151-157 1.83-1.97 1.77-2.05
y 154-161 150-162 1.83-1.97 1.78-2.03
z 161 155 1.77-2.09 1.80-2.14

WO3, shown in Fig. 3.1.2(c), is similar to that of simple cubic WO3: in both cases
the onset of W 5d and O 2p hybridization in the valence band occurs about 1 eV
below the VBM; the pure oxygen states at the VBM arise from unshared oxygen
electrons occupying orbitals oriented perpendicular to the W-O bonds, and the CBM
is composed of hybridized W 5d and O 2p states.

Both the off-center distortion of W sites and the tilting of octahedra could af-
fect the band gap of WO3. The W off center distortion causes long and short bond
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Table 3.4: Band gaps of different phases of WO3 as obtained by first-principles cal-
culations using the LDA and HSE06 functional and MBPT within the G0W0 approx-
imation. EXP denotes experimental results.

LDA HSE06 [156] G0W0
1 G0W0

2 EXP

Simple Cubic 0.54 1.67 1.78 1.78
Tetragonal 0.52 1.71 1.74 1.82 1.8(opt.)

Orthorombic 1.01 2.57 2.39 1.54
RT-monoclinic 1.30 2.80 2.59 3.26 2.6(opt.)

Triclinic 1.55 2.94 2.86 3.38
LT-monoclinic 1.68 3.14 3.05 3.66

aG0W0 calculations performed at the LDA optimized geometry
bG0W0 calculations performed at the experimental geometry

Figure 3.1.1: Band structure (b) and projected density of states (PDOS) and total
density of states (TDOS) (c) of simple cubic WO3 as obtained with DFT/LDA cal-
culations. In panel (c), the zero of energy has been chosen at the VBM (EV BM). The
crystal structure is shown in (a).

length splittings, which in turn could possibly affect W-O bonding and (W-5d, O-
2p) hybridization, eventually increasing the band gap, as discussed in several refer-
ences [151, 155]. Ref [151] suggested that it is only when the bond length splitting
(BLS) occurs in more than one direction that the band gap will increase; for ex-
ample, the tetragonal and cubic phase have similar band gaps, as the bond length
splitting is only in the z direction. However, the correlation between BLS and the
band gap is not straightforward in the case of the RT-monoclinic and LT-monoclinic
phases: RT-monoclinic has larger BLS than LT along y and z but smaller BLS along
x at the experimental geometry (no substantial difference between the two phases
appears at the LDA optimized geometry); however, the LT-monoclinic phase has a
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Figure 3.1.2: Band structure (b) and projected density of states (PDOS) and total
density of states (TDOS) (c) of monoclinic WO3 as obtained with DFT/LDA calcu-
lations. In panel (c), the zero of energy has been chosen at the VBM (EV BM). The
crystal structure is shown in (a).

larger gap than the RT at both the experimental and theoretically optimized struc-
ture. The correlation between octahedra tilt angles and band gaps is clearer than
that of BLS: no octahedra tilting in simple cubic and tetragonal phases, resulting
in smallest band gaps; the octahedra tilt angle increases gradually from orthorombic
to the LT-monoclinic phase, along with an increased band gap; the LT-monoclinic
phase has a larger band gap than the RT-monoclinic one because LT has octahedra
tilt angles 2-10°smaller than the RT one. Tilting of octahedra can possibly decrease
the orbital overlap between the W 5d and O 2p which destablize the hybridized W
5d-O 2p states at the conduction band minumum (CBM) of WO3 band structure(see
Fig. 3.1.1 and 3.1.2), shifting up the CBM and thus increasing the band gaps.

The transformations from the RT-monoclinic phase to the high temperature tet-
rogonal or simple cubic phases are accompanied by a volume expansion of 2∼3% [161,
159] and by a band gap reduction from 2.6 eV (monoclinic WO3) to 1.8 eV (tetrago-
nal WO3). To further identify the main geometrical factors responsible for the band
gap reduction upon volume expansion, we compared the variation of the gap (Eg)
with volume (V) in monoclinic and cubic WO3. The slope dEg/dV found experi-
mentally is 0.2-0.3 eV/Å3/WO3 [164, 165], higher than our computed value using
the LDA functional, 0.09 eV/Å3/WO3, which is similar to those of other DFT cal-
culations [151, 156](dEg/dV=0.1 eV/Å3 in the LDA calculation of Ref. [151] and
0.085 eV/Å3 in the B3LYP calculation of Ref. [156], see Fig. 3.1.3). In contrast, the
computed slope of simple cubic WO3 is much smaller (0.02 eV/Å3/WO3).

Fig. 3.1.4 shows the variation of bond length splitting (BLS) and octahedra tilt
angles upon lattice expansion. The W-O BLS increases less than 1% along x and
y and 2∼3% along the z direction; the tilt angles (∠W-O-W) increase by 10◦ ∼15◦.
These results indicate that the variation of tilt angles, i.e. the relative rotation angles
of the almost rigid octahedra, is mainly responsible for the band gap reduction during



3.1. Structral properties of WO3 solids 47

the lattice expansion of monoclinic WO3. Indeed, the linear coefficient between the
band gap and the volume is rather small in the simple cubic phase, where the tilt
angle is always 180◦.

Figure 3.1.3: Band gap of simple cubic (a) and monoclinic (c) WO3 as a func-
tion of volume, as obtained from LDA calculations; the simple cubic and monoclinic
WO3 unit cells are shown in (b) and (d), respectively. In our calculations the mono-
clinic WO3 internal geometries are fully relaxed at each lattice constant. The lattice
constants corresponding to the volumes between 53 ∼ 54 Å3/WO3 are taken from ex-
periments [164, 165]; those corresponding to larger volumes are calculated by keeping
the a/b/c ratio fixed to that found experimentally at 53Å3.
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Figure 3.1.4: W-O bond lengths (left panel) and tilt angles (right panel) of monoclinic
WO3 at different volumes (see Fig. 3.1.3(c)). In each panel “x,y,z” denote the bond
lengths or tilt angles along the x,y,z directions, respectively.

The effect of tilt angles on the band gap was further investigated by using different
functionals. Despite the fact that LDA and PBE generally give reasonable lattice
contants with errors within 1-2% (see Table 3.2 and Table S1), both approximations
underestimate the octahedra tilt angles by over 5°compared with experiments (see
Table 3.3 and Table 3.5). Interestingly, vdW-DF2 gives the octahedra tilt angles
much closer to experiments than PBE and LDA (see Table 3.5). As discussed before,
larger tilting of octahedra can destablize (W-5d, O-2p) hybrized states and shift
up the CBM, while the VBM is composed by O nonbonding states which are less
sensitive to the octahedra tilting than the CBM. Fig. 3.1.5 shows the band structure
of monoclinic WO3 computed with PBE and vdW-DF2 fully optimized geometry,
respectively. The two band structures are aligned by the W 5s and 5p semicore
states since the same pseudopotentials were used in both cases. We can see that the
CBM of the vdW-DF2 band strucutre shifts up compared with the PBE one, possibly
due to the fact that vdW-DF2 yields an optimized structure with larger octahedra
tilt angles. The band gap of vdW-DF2 is 1.80 eV, considerably larger than that
obtained with both LDA(1.30 eV) and PBE(1.53 eV). We note that the larger band
gap obtained by vdW-DF2 mostly originates from the geometry optimization; i.e.
by using the LDA functional but the vdW-DF2 optimized geometry, we obtained a
value of 1.73 eV. This value is close to the one obtained with LDA at the experimental
geometry (1.87 eV).
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Table 3.5: Octahedra tilt angles ∠W-O-W and W-O bond length dW−O(Å) in RT-
monoclinic WO3 obtained using ab-initio calculations with LDA, PBE and vdW-DF2
functionals. “x,y,z” denote the bond lengths or tilt angles along the x,y,z directions,
respectively.

LDA PBE vdW-DF2 EXP
∠ W-O-W tilt angle

x 157-158 173 156-159 153-159
y 161 174 160 159-160
z 167-168 172 158-164 154-165

W-O distance (Å)
x 1.827-1.973 1.887-1.899 1.822-2.061 1.855-1.948
y 1.820-1.982 1.780-2.082 1.821-2.057 1.741-2.119
z 1.780-2.074 1.760-2.148 1.782-2.167 1.732-2.186
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Figure 3.1.5: Band structure of RT-monoclinic WO3 obtained by using the PBE
functional, at the fully optimized geometry (black) and by using the vdW-DF2 at
the fully optimized geometry (red)

3.1.3 Connection between Structural Properties and Vibra-
tional Properties

We calculated the vibrational properties of six phases of WO3 using density func-
tional perturbation theory (DFPT) [53], in the harmonic approximation and at the
LDA level. We found that a plane wave cutoff of 140 Ry is sufficient to converge the
vibrational frequencies within 10 cm−1 for all phases; except simple cubic and tet-
rogonal for which we used a 280 Ry plane wave cutoff. We employed a (12× 12× 12)
Monkhorst-Pack k-point grid [166] for the BZ sampling of the simple cubic phase and
(6× 6× 6) for the other phases.

A large TO-LO phonon splitting of over 300 cm−1 was found for simple cubic
WO3, as shown in Table 3.6, the splitting and phonon frequencies were obtained by
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Table 3.6: Theoretical (LDA) and experimental frequencies [167] (in cm−1) at the Γ
point of phonon modes for the simple cubic, tetragonal and RT-monoclinic phases of
WO3. “-I” denotes IR active modes and “-R” denotes Raman active modes. “Irrep”
denotes irreducible representations.

Irrep LDA EXP
Cubic

T1u − LO 392-I
T2u 260

T1u − TO 619-I
T1u − LO 938-I

Tetragonal
A1g 129-R
Eg 254-R
Eg 370-R
A1g 773-R

RT-Monoclinic
Ag 48 33-R
Ag 60 60-R
Ag 74 73-R
Bg 90 93-R
Ag 123 133-R
Bu 240 230-I
Bg 273 275-R
Au 288 285-I
Bu 316 310-I
Bg 331 330-R
Au 337 335-I
Bu 365 370-I
Au 659 665-I
Bg 725 719-R
Bu 756 765-I
Ag 811 808-R
Bu 812 825-I
Au 950 920-I

computing from the dynamical matrix in the form:

Dmnµν(q) = D(0)
mnµν(q) +

4πe2

Ω

(Z∗m.q̂)µ(Z∗n.q̂)ν
ε∞(q)

(3.1.1)
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where q is the wave vector, ε∞ is the high frequency dielectric function, and D
(0)
mnµν

is an analytic function of q. For an ionic crystal, the difference between LO and TO
frequencies arises from the last term in Eq. 3.1.1, which accounts for the coupling be-
tween LO phonons and a macroscopic electric field. As discussed for perovskite ferro-
electrics, large dynamical effective charges give rise to “giant LO-TO splittings” [168],
as observed in the case of WO3. We note that, as in Refs [168] discussed, in a simple
polar solid such as NaCl with a single optical branch, the LO splitting refers to the
splitting of the transverse optical (TO) and longitudinal optical (LO) frequencies, as
described by the Lyddane-Sachs-Teller relation; in a perovskite solid such as WO3,
the three polar modes are mixed by nonanalytic terms in the dynamical matrix, and
there is no longer a one-to-one correspondence between individual TO and LO phonon
modes.

The structrual phase transitions occuring in WO3 has been interpreted by the
condensations of soft phonon modes at the points Γ, X, M and R of the Brillouin
zone of the hypothetical cubic prototype structure [169]. For example, the antifer-
rodistortive M

′z
3 mode (tungsten and oxygen atoms displaced only along the z axis)

leads to the cubic-tetragonal transition; the octahedra rotation(tilt) modes are con-
nected with the orthorhombic-RT-monoclinic as well as the RT-monoclinic to triclinic
phase transition; the z displacement of W atoms (Γz15) which is connected with the
ferroelectricity of WO3, leads to the triclinic to LT-monoclinic phase transition. The
octahedra tilting in most phases of WO3 is larger than those observed in SrTiO3,
KMnF3, due to the instability of the WO3 structure with a missing A ion of ABX3

perovskite.
We have computed the phonon frequencies of different phases of WO3 partly (see

in Table 3.6). Interestingly, the simple cubic phase has soft modes with imaginary
frequencies, not only at the zone center, but also at other high symmetric points,
such as the M point (133icm−1) and the X point (97icm−1). These results agree
with the experimental observations that several types of low symmetry distortions
drive WO3 phase transitions away from the simple cubic phase. The tetragonal phase
also has a soft mode with imaginary frequency 120 cm−1 associated with the oxygen
shifting approximately along the 〈111〉 direction. Soft modes with large imaginary
frequency indicate that the simple cubic and tetragonal phases are highly unstable,
indeed they only exsit at high temperatures over 740℃(tetragonal) and 700℃and
0.66 GPa pressure (simple cubic).

For orthorhombic, RT-monoclinic and triclinic phases, more than ten phonon
modes have vibrational frequencies less than 100cm−1; in contrast, the LT-monoclinic
phase only has four such low frequency modes, which can be understood by the fact
that the LT-monoclinic phase is the stablest one at 0 K. We note that in the RT-
monoclinic WO3 the vibrational mode with the lowest frequency (19cm−1) is related
to the titling of octahedra, as shown in Fig 3.1.6. As we discussed in the section 1.1,
the octahedra tilt pattern has changed from (a−b+c−) in the RT-monoclinic phase to
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Figure 3.1.6: The green arrows represent the direction of the atom movements. Soft
octahedra tilt mode in RT-monoclinic WO3

(a−b−c−) in the triclinic phase, which has been considered as the driving force of the
RT-monoclinic-triclinic phase transtion [137, 169].

3.2 Optical properties and band edges of WO3

Despite many experimental studies devoted to WO3, its optical properties are not
well understood. Several measurements by UV-vis spectroscopy [170] and photoelec-
trolysis [171] yielded an indirect optical gap of 2.6 eV at room temperature(T), while
Salje et al [172], who measured transmission spectra at room temperature, reported
a direct gap of 2.58 eV. Similar to the case of TiO2 [173, 174, 175], direct and inverse
photoemission measurements of the fundamental gap of WO3 led to a value much
larger (0.6∼0.7 eV) [176, 126] than that of its optical gap, and this difference cannot
be accounted for by the exciton binding energy. We note that optical and photoe-
mission experiments were both conducted on the phase stable at room T. On the
theoretical side, a coherent and consistent interpretation of experiments has not yet
been formulated and the level of theory necessary to describe photoemission and ab-
sorption experiments of WO3 is yet unclear. This lack of fundamental understanding
of optical properties is common to several other oxides, and it has negatively impacted
our ability to predict materials with desired properties for solar energy conversion.

In this section we report ab initio calculations of the fundamental photoemission
and optical gap of RT-monoclinic-WO3, carried out using many body perturbation
theory(MBPT) [16, 177]. We close the section by discussing band edge alignment in
various phases of WO3.

We carried out calculations of the band structure within the G0W0 approxima-
tion [90, 23, 20] and we solved the Bethe-Salpeter Equation (BSE) [16, 177] to obtain
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the optical spectra and exciton binding energy, using the method of Refs. [33, 30].
The electron phonon renormalization of the band gap was obtained by means of a
Fröhlich Hamiltonian [178, 179, 180], where the high frequency and static dielec-
tric functions and longitudinal optical phonon frequency were computed from first
principles, using Density Functional Perturbation Theory (DFPT) [53]. Spin orbit
interaction was included using fully relativistic pseudopotentials [158].

We show below that multiple effects need to be taken into account, in order
to correctly predict the experimental optical gap, including spin-orbit and electron-
phonon interaction, and exciton binding. Our computed quasi-particle gap including
spin-orbit and electron-phonon interaction is smaller (∼0.4 eV) than that obtained
from photoemission experiments, which most likely probed surface instead of bulk
electronic gaps.

3.2.1 Photoemission gap of WO3 at room temperature

We first computed the electronic gap of WO3 at several levels of theory and we
compared our results with photoemission data (see Table 3.7 and Table 3.8). We
used the Quantum Espresso package [141] for all ground state calculations without
spin orbit (SO) and the ABINIT code [181, 182] for those including SO; we used the
Yambo code [90] for G0W0 calculations.

We considered both the RT-monoclinic phase (see Fig. 3.2.1) and the simple cubic
(SC) phase (unstable at atmospheric pressure but stable at 0.66 Gpa and 700℃ [136]).
At room T, WO3 has a perovskite structure that differs from that of the simple cubic
lattice only by the location of the W atoms, that are off the octahedra centers; the tilt
angles between octahedra deviate from 180°by 15°∼25°in the RT-monoclinic phase.
As a result, the electronic structure of simple cubic and RT-monoclinic WO3 are
similar: the top of the valence band consists of the O 2p states and the bottom of the
conduction band is composed of W 5d states (slightly hybridized with O 2p states).

All band gap calculations for RT-monoclinic WO3 were carried out at the experi-
mental geometry, which is well established. At present there is a lack of consensus in
optimized structures [130] using Density Functional Theory (DFT) with local density
(LDA) [183, 184], PBE [8], or Van der Waals density functionals [148] as shown in
Section 3.3. Calculations for SC were instead carried out at optimized geometries
(Table 3.7).

We used DFT/LDA, the modified ∆SCF method proposed in Ref [11], and MBPT
within the G0W0 approximation. The computational details of the ∆SCF and G0W0

calculations are given in the Appendix A and B, respectively. The computed G0W0

band gap is converged within 0.1 eV with respect to all numerical parameters. In
Table 3.8 we also report results of previous band gap calculations [153, 151, 156].

All DFT calculations with local or semi-local functionals greatly underestimate
the measured gap, as expected, while the hybrid functional PBE0 [144] overestimates
it. The HSE06 functional [185, 186] and the ∆SCF method yield very similar results



3.2. Optical properties and band edges of WO3 54

Figure 3.2.1: The crystal structure of simple cubic WO3(left) and RT-monoclinic
WO3(right). WO3 has the perovskite structure (ABO3) where the central “A” site is
not occupied.

Table 3.7: Electronic band gap of simple cubic WO3 computed at different levels of
theory: LDA, ∆SCF and G0W0 and using the hybrid functional HSE06 [185, 186].
All band gaps were computed at the LDA optimized geometry. In Ref [156], the
geometry was optimized at the HSE06 level of theory.

LDA ∆SCF HSE06 G0W0

Indirect(R→ Γ) 0.55 1.57 1.54, 1.67 [156] 1.78
Direct(Γ) 1.56 - 2.69 2.90

for both RT-monoclinic WO3 and simple cubic WO3, and they appear to moderately
underestimate photoemission experiments; analogous findings were reported for rutile
TiO2, whose gap computed with the HSE06 functional, 3.05 eV [187], underestimates
the measured photoemission gap (3.3-3.6 eV [174, 175]). The computed G0W0 band
gap of RT-monoclinic WO3 is 3.26 eV, in apparent, excellent agreement with pho-
toemission experiments (3.38±0.2 in Ref [176], and 3.28±0.14 in Ref [126]).

However additional, important effects need to be taken into account, before car-
rying out a meaningful comparison with experiment, e.g. spin-orbit (SO) effects and
corrections to the computed gap due to electron phonon interaction.

We discuss SO interaction first.The effect of spin orbit (SO) interaction on the
band structure of solids containing W was so far examined only for bulk bcc W [189].
Large SO splittings up to 0.8 eV were found for some of the bands. In Table 3.9,
we compare the lattice constants and band gaps of simple cubic and RT-monoclinic
WO3 (see Fig. 3.2.1) computed without and including SO coupling. In the former
case we used non relativistic pseudopotentials (PP), while in the latter we used fully
relativistic PP of the HGH form [158] which were generated from fully relativistic all
electron calculations, i.e. by solving the two-component Dirac equation.

When including SO effects self-consistently in our LDA band structure calcula-
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Table 3.8: Electronic band gap (eV) of RT-monoclinic WO3 computed using different
levels of theory (acronyms are defined in the text). The first five rows of the table
report results from the literature, while the remaining ones report results of this work.
Eopt
g denotes the optical gap. The last column indicates whether the gap is direct (D),

indirect (I) or pseudodirect (PD). In our calculations I and D gaps differ by less than
∼0.05 eV.
Theory Band Gaps [eV] Type

LDA 1.873,1.31 [153] D,PD
PW91 0.90 [151],1.19 [156]2 D

1.36 [156]2,1.57 [156]2

RPBE 1.73 [155] ID
B3LYP 3.13 [156] D
HSE06 2.80 [156] D
PBE0 3.943,3.67 [156] D
∆SCF 2.923 -
G0W0 3.263 D
G0W0(w/SO1) 3.163 D
G0W0(w/SO/e-ph1) 2.863-2.963 D
Exp(UPS-IPES) 3.38±0.2 [176],3.28±0.14 [126] -

Eoptg 2.713-2.813 D

Eoptg (exp) [171, 172, 188] 2.6-2.7(300K),2.8-2.9(0K) ID,D

aSO: spin orbit; e-ph: electron phonon.
bRef [156](PW91):1.19 eV computed by ultrasoft pseudopotentials; 1.36 eV computed by PAW

pseudopotentials; 1.57 eV computed by Gaussian-type basis sets with a linear combination of atomic
orbitals approach.

cAll band gaps were computed at the experimental geometry; the other calculations shown in
the table were carried out at the optimized geometries of the corresponding functionals.

tions (see Fig. 3.2.2 and Fig. 3.2.3), we found a decrease of 0.1 eV in the band gap of
RT-monoclinic WO3 obtained without SO (0.2 eV decrease in the case of simple cu-
bic; see Table 3.9). Such a reduction comes from the lowering of the conduction band
minimum (CBM): the CBM states have mostly W 5d characters and are thus more
affected than the O 2p states at the valence band maximum (VBM). We assumed
that the magnitude of SO effects on the band gap is similar at the LDA and G0W0

level of theory (similar SO splittings, within 0.1 eV, were reported in LDA and GW
calculations of several systems with heavy elements [190, 191]).

Next we consider the effect of electron phonon (e-ph) interaction on the band gap
of WO3; such an effect was discussed in several papers for numerous semiconductors
and insulators [192, 193, 194, 195, 196, 197]. In general, including e-ph interaction
decreases the value of the fundamental gap (Eg) even at zero temperature, due to
zero point motion [192]. In principle, the e-ph renormalization of Eg may be obtained
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Table 3.9: Equilibrium lattice parameters [lattice constants (Å), and angle (◦), see
Fig. 3.2.1] and direct (D) and indirect (I) band gaps (eV, fifth and sixth column)
of simple cubic and RT-monoclinic WO3 computed with (w/SO) and without spin
orbit interaction (wo/SO), using Density Functional Theory, and the local density
approximation.

Simple Cubic
a

wo/SO 3.79 0.54(ID)1.62(D)
w/SO 3.79 0.34(ID)1.35(D)

RT-monoclinic WO3

a b c β
wo/SO 7.35 7.45 7.66 90.6 1.30(D)(1.87(D)1)
w/SO 7.38 7.45 7.66 90.4 1.20(D)(1.79(D)1)

aComputed at the experimental geometry
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Figure 3.2.2: Band structure of simple cubic WO3 computed by including spin orbit
(SO) interaction (black circles) and without SO (red stars).

from ab initio calculations, as recently reported, e.g. for carbon diamond (8 valence
electrons per unit cell) [193]. However these calculations are computationally very
demanding, and they are still prohibitive for a system such as WO3, with 256 electrons
per unit cell. Therefore, following previous work on ionic crystals [198, 199, 200],
we adopted a model Fröhlich Hamiltonian (FH)[178, 179, 180], assuming that the
interaction of electrons with optical phonons is the dominant effect contributing to
e-ph interaction. We note that the CBM of WO3 is at Γ and thus the use of a FH is
a reasonably accurate approximation. We also note that we did not consider small
(Holstein) polaron formation (as, e.g. done in Refs. [201] and [202]) as these polarons
do not affect the value of the optical gap, although they may affect photoluminescence.

The renormalization of the lowest conduction band (∆E) due to electron-optical
phonon interaction can be evaluated by Rayleigh-Schrödinger(RS) perturbation the-
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Figure 3.2.3: Band structure of RT-monoclinic WO3 computed by including SO in-
teraction (black circles) and without SO (red stars).

ory and following Smondyrev [203] we have:

∆E = −ωLO[α + 0.0159α2 + 0.000806α3 +O(α4)] (3.2.1)

where ωLO is the frequency of the longitudinal optical phonon, mb is the conduction
band effective mass, and α is a dimensionless coupling constant defined as:

α =
e2

~
(
mb

2~ωLO
)1/2(

1

ε∞
− 1

ε0
). (3.2.2)

Here ε∞ and ε0 are the high frequency and static dielectric constants, respectively,
and a large difference between the two constants may be responsible for a large
electron-phonon coupling.

We computed the optical phonon frequency and the dielectric constants of RT-
monoclinic WO3 at different levels of theory using DFPT [53], and we fixed the
values of mb to that reported by experiments by fitting Hall mobility values [204].
Our results are shown in Table 3.10: overall we found a downward shift of the CBM
of 0.2-0.3 eV due to electron-phonon interaction. This value represents a lowerbound
to the e-ph renormalization of the gap, since we did not include possible couplings of
phonons with the valence band.

The coupling constant α computed at the LDA optimized geometry (1.74) is
lower than the previously reported ones (approximately 3∼5) based on experimental
data [205, 206]. The difference comes, at least in part, from the larger value of ε∞
(6.53) obtained within LDA, compared to experimental data, varying between 3.2 and
6 [207, 208]. As pointed out in Ref [206], this variability probably stems from a great
sensitivity of ε∞ to small structural differences. Indeed we found that our results for
ε∞ are extremely sensitive to geometrical details. For example, the ε∞ obtained as
1
3
Tr(ε∞) (where ε∞ is the macroscopic dielectric tensor) at the experimental geometry

is 5.57, substantially smaller than the LDA optimized value of 6.53. The latter higher
value originates from an underestimate of lattice distortions at the DFT/LDA level
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Table 3.10: Energy shift (∆E) of the conduction band minumum of RT-monoclinic
WO3 due to electron-phonon interaction, obtained from Eq. 3.2.1. The effective mass
of the lowest conduction band (1.75), was taken from Ref [204]. All other parameters
(the high frequency, ε∞, and static, ε0, dielectric constants and longitudinal phonon
frequency ωLO) were computed from first principles (see text).
ε∞ ε0 ωLO(eV) α ∆E(eV)

6.531 44.671 0.1342 1.74 -0.241
6.531 44.671 0.0703 2.41 -0.176
5.574 44.671 0.1342 2.09 -0.291
5.574 44.671 0.0703 2.90 -0.214
5.635 31.335 0.1255 2.01 -0.260

aOptimized LDA geometry; averaged diagonal value.
bOptimized LDA geometry; highest optical phonon.
cFrom Ref [205]
dExperimental geometry; averaged diagonal value.
eOptimized vdW-DF2 geometry.

of theory, which in turn leads to a gap 0.5 eV lower than that computed at the
experimental geometry. We note that using ωLO = 70 meV1 and ε∞ computed at the
experimental geometry, we obtained a coupling constant of 2.90, close to that reported
by Refs. [205, 206]. However, the use of ωLO = 70 meV does not appear to have a
robust justification. Interestingly, with the vdW-DF2 functional we obtained [130]
results in better agreement with experiments for ε∞ (5.63), ωLO (125 meV) [206] and
ε0 (31) [139, 140].

When we included both SO and electron phonon interaction in the calculation of
the RT-monoclinic WO3 quasiparticle gap we obtained a value of 2.9∼3.0 eV (see the
value G0W0 (w/SO/e-ph) in Table 3.8), which appears to underestimate the UPS-
IPES gap measurements [126, 176]. We note that these measurements were performed
using He I(21 eV) and He II(41 eV) sources and they have great surface sensitivity;
hence the measured gap is most likely that of the surface, while we computed a bulk
electronic gap. Higher photon energies (e.g. hard X-ray [210]) would be required
to measure the bulk gap. Ref [126] noted that in a polycrystalline semiconductor a
surface gap larger than that of the bulk is not unusual [211], due to possible struc-
tural and/or compositional differences between bulk and surface. Further studies are
clearly necessary to clarify the difference between surface and bulk WO3 quasiparticle
gaps.

1Our computed ωLO frequency (134 meV) at the fully optimized LDA geometry is in relatively
good agreement with recent experiments by Gunnar [206], who reported longitudinal peaks at 50
and 123 meV. However Ref. [205] reported a single ωLO value at 70 meV, which is close to the
average, 75 meV, obtained using Gunnar’s data: ω−0.5

LO = ω−0.5
LO1 + ω−0.5

LO2 . A much higher value (164
meV) was instead given in Ref. [209].



3.2. Optical properties and band edges of WO3 59

3.2.2 Optical gap of WO3 at room temperature

Here we discuss the optical gap (Eopt
g ) of RT-monoclinic WO3, which was measured

by UV-vis transmission spectroscopy and photoelectrolysis, yielding a well accepted
experimental value of 2.6-2.7 eV [171, 172, 170] at room T. These measurements
probed bulk properties. Data were analyzed using a Tauc plot(a power-law fitting
of the absorption edge [212]): αhν = A(hν − Eg)β, with β =2 (1/2) for an indirect
(direct) gap [213]; α is the absorption coefficient and A a constant. The direct
or indirect nature of the fundamental optical gap of RT-monoclinic WO3 is still
controversial. Several authors [171, 170] claimed the optical gap is indirect, because
α(hν) is better fitted by a Tauc plot with β = 2; however, Saljie et al [172] fitted
the absorption edge to a direct gap formula (β = 1/2) and obtained results (2.58
eV) similar to those with β = 2. We found (see Table B1 of appendix B) that the
direct and indirect electronic gaps computed within G0W0 differ by less than 0.05
eV. We computed the optical gap of RT-monoclinic WO3 by subtracting the exciton
binding energy from the G0W0 gap, evaluated by including SO and e-ph interaction.
The exciton binding (εb) was calculated as the difference between the first excitation
energy of the optical spectrum (obtained by solving the BSE [33, 30]) and the G0W0

gap2. We found εb = 0.15 eV and a value of the optical gap of 2.7∼2.8 eV (see
Table 3.8), in accord with the value measured as a function of T with in the region
of stability of RT-monoclinic WO3, extrapolated to 0 K, i.e. 2.8-2.9 eV[188].

In summary, in this section we showed that several effects need to be taken into
account in order to correctly predict the optical gap of WO3, including spin-orbit
and electron-phonon interaction, and exciton binding. We interpreted the differ-
ence between computed quasiparticle gaps and photoemission data (0.3-0.4 eV) as
originating, at least in part, from the difference between measured surface gaps and
computed bulk values. We also found minor differences (∼0.05 eV) between indirect
and direct minimum gap of RT-monoclinic WO3, which may explain why different
experiments [171, 172, 170] appeared to disagree on the character of the lowest gap
of WO3. We expect that the detailed comparison between theory and experiments
achieved here for WO3 will serve as a guide to carry out similar comparisons for other
materials of interest for solar energy conversion.

3.2.3 Band edge alignment between different phases of WO3

Here we turn to the discussion of the band edge alignment between different phases
of WO3 [214]. Fig. 3.2.4 and 3.2.5 shows the band edge alignment between different
phases of WO3 obtained at the LDA optimized geometry and at the experimental
geometry, respectively, computed using the G0W0 approximation. As we discussed
in section 3.2, due to the flat octahedra tilt angles of the simple cubic and tetragonal

2We note that a dense k point sampling is essential to obtain the well converged exciton binding
energy. We used a 8x8x8 k point mesh.
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Figure 3.2.4: Band edge alignment between different phases of WO3 computed at the
G0W0 level of theory, at the LDA optimized geometry. The band edges are aligned
at the energy of the W 5s, 5p core states.
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Figure 3.2.5: Band edge alignment between different phases of WO3 computed at
G0W0 level of theory, at the experimental geometry. The band edges are aligned at
the energy of the W 5s, 5p core states.

phases, their CBM are the lowest among all the phases; on the other hand, the triclinic
and LT-monoclinic phases have slightly larger octahedra tilt angles (or smaller W-O-
W angles) than the RT-monoclinic phase, which is responsible for a shift up of the
CBM of these two phases compared with that of a RT-monoclinic one. However, the
relative position of the VBM between different phases does not follow the same trend
as the CBM, due to its non-bonding nature, being mainly composed of O 2p states.
The variation of the VBM positions between different phases is not as significant as
that of the CBM.
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3.3 WO3 Clathrates

As mentioned earlier in the chapter, tungsten oxide (WO3) has been extensively stud-
ied for its potential use as an anode material in photovoltaic and photoelectrochemical
cells [215, 216, 217, 131, 218, 219, 220, 132]; however its band gap far exceeds 1.23 eV,
the minimum energy per electron required for water oxidation at standard conditions,
and a number of investigations have been focused on lowering the band gap of this
material either by doping or structural modifications [153, 221, 222, 223, 224, 225]. As
described in section 3.1.1, tungsten oxide has the perovskite structure (ABO3) where
the central “A“ site is not occupied. The “A” position may be filled by dopants
(e.g. H, Li, or Na) leading to intricate structural changes, e.g. to cubic structures
for H0.5WO3, LixWO3 (0.1 < x < 0.4) and NaxWO3 (0.3 < x < 1). Doping WO3

with alkali metals changes both the crystal structure and the electronic and optical
properties. For example, the color of NaxWO3 may be tuned from greenish to yellow
as x is increased from 0 to 1 [226], and the WO3 unit cell volume expands by 7.3% at
x = 1 [152, 227]. The incorporation of alkali ions results in the formation of an s-band
high above the Fermi level and to the formation of a metallic conductor [152, 228].

Recently much effort was devoted to N-doping of oxides which are promising
photoanodes, including WO3 and TiO2. Nitrogen substitution of O was shown to
extend the light absorption onset from 380 nm to visible light ( above 500 nm) in
TiO2, thus offering possible photocatalytic activity under visible light irradiation [229,
230, 231]. However, N-doping usually yielded a lower photocurrent under a full
spectrum and a lower quantum yield in the UV region than pure TiO2. The reason
for the photocurrent decrease is under debate: it was proposed [232, 230, 233] that
substitutional N leads to isolated mid-gap states which are highly localized and act
as recombination centers. An alternative explanation is based on the hybridization
of N and O 2p orbitals, which is expected to shift the valence band edge of the
oxide to more negative potentials, thus providing a less favorable alignment with the
water redox potential [234]. Atomic N doping of WO3 was studied in several recent
papers [221, 153]. It was found that N substitution leads to a significant decrease of
the band gap of WO3 [221] for N concentrations larger than 2%. Unfortunately, this
high concentration of N gives rise to charged defects [235, 236, 153] and increases
carrier recombination rates, thus leading to a poor photocurrent density.

It was shown by our experimental collaborators [129] that doping (or interca-
lation) of N2 into WO3 leads to the formation of stable clathrates without adding
charged defects to the system, thus avoiding the formation of undesired carrier re-
combination centers. By intercalating N2 into WO3, the band gap was reduced by
∼0.8 eV, compared to that of room temperature (RT) monoclinic WO3. This obser-
vation suggests that the formation of clathrates is a promising route to improve the
absorption efficiency of WO3 and it is interesting to search for other small molecules
or atoms that may induce a desired gap decrease upon intercalation in WO3. We
note that N2 intercalation was reported in several (Ba)-Ti-O systems with the per-
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ovskite structure [237, 238], where the presence of dinitrogen was characterized using
X-ray Photoelectron (XPS) and Raman spectroscopy. A slight increase in the unit
cell volume upon nitrogen molecules intercalation was observed in several cases [237]
and all reactions were found to be endothermic [238].

In this section, we present first principles calculations of tungsten oxide com-
pounds intercalated with molecular nitrogen, which were used to interpret experimen-
tal results [129, 130] and with CO and rare gas atoms; we show that both structural
changes, and electronic interactions between the matrix and the guest species lead
to a lowering of the band gap. Structural changes are the major effect. Our results
provide a detailed interpretation of experiments in the case of N2, and predictions on
other stable clathrates with promising properties for water oxidation.

3.3.1 N2-intercalated WO3

3.3.1.1 Structural Properties

We first discuss the structural modifications occurring in WO3 upon N2 insertion. We
showed that the top of the valence band of WO3 is mostly composed of O nonbonding
2p orbitals, which are hardly affected by the coordination environment; nevertheless,
an element less electronegative than O, e.g. N, may help raise the VB edge. How-
ever, doping WO3 by N substitution of O is likely to form electron-hole recombination
centers which then have a negative effect on the photocatalytic activity of the ma-
terial, as discussed in the introduction. A different way of lowering the band gap
was recently proposed, by doping WO3 with molecular nitrogen. Stable clathrate
compounds with composition xN2·WO3, x =0.034–0.039 were prepared by trapping
N2 in WO3 [129]. The incorporation of N2 significantly reduced the band gap of the
monoclinic phase WO3, up to 0.8 eV, the exact value depending on the annealing
temperature.

Assuming the absence of other defects in the N2-intercalated WO3, our calcula-
tions showed that the band gap reduction may be attributed to two factors. One is
the orbital coupling between N2 and WO3, accompanied by a small charge overlap. In
addition, N2 exerts an effective stress on the WO3 lattice, causing a structural change.
We first discuss the structural changes occurring in WO3 upon N2 insertion, which
are mostly responsible for the gap decrease, and then we examine the modification
of the electronic structure of the host oxide in the presence of N2.

Fig. 3.3.1 shows the bond lengths and tilt angles of the octahedra of pure mon-
oclinic WO3 and N2-intercalated WO3 (1N2:8WO3) as a function of the structural
parameters varied in our geometry optimizations (internal coordinates and cell vol-
ume) at the LDA level. The left panel shows that N2 doping causes slightly larger
bond length splitting (BLS) (on average by 0.017Å) than those found in pure WO3

in all the three directions, for both internally and fully optimized N2-doped WO3.
Fig. 3.3.1 also shows that the bond angle ∠W-O-W exhibits small variations when
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Figure 3.3.1: Bond length (left panel) and tilt angle (right panel) of pure monoclinic
WO3 and N2-intercalated WO3 with concentration 1N2:8WO3 optimized using the
LDA functional. In each panel, the first column (Pure-WO3) corresponds to the op-
timized geometry of pure monoclinic WO3; the second column (Internal-opt.) to the
geometry of N2-intercalated WO3 where only the internal coordinates were optimized
while keeping the same cell parameters as those of pure monoclinic WO3; the third
column (Fully-opt.) to the geometry of N2-intercalated WO3 where both the internal
coordinates and the cell parameters were optimized. In each panel “x,y,z” denote the
bond lengths or tilt angles along the x,y,z directions, respectively. As β is close to
90°(within 1°), the x,y,z directions are roughly parallel to the a,b,c lattice vectors.
Hence W-O chains are almost parallel to each of the three Cartesian axes.

only internal coordinates are optimized in N2-intercalated WO3; in contrast, upon
full optimization including the cell parameters, the volume of N2-intercalated WO3

increases by 5% and the ∠W-O-W increases from 155∼165°to 170∼175°. The struc-
tural changes obtained by fully optimizing N2-intercalated WO3 are similar to those
observed in the lattice expansion of monoclinic WO3 (see Fig.S2 in the Appendix1)
where ∠W-O-W increased by 10∼15° with 5% volume expansion.

To investigate the stability of N2 in the oxide, we computed the energy change
for incorporation of N2 into WO3 as ∆E in Table 3.12 shows. For all N2 intercalated
configurations studied here, we found that the energy change is about +1.6 eV; the
positive value indicates that the intercalation process is endothermic. This result
is consistent with those of N2-containing perovskite compounds (La-Ba-Ti systems)
reported in Ref [238]: calorimetric experiments have shown that incorporation of N2

in these compounds is an endothermic reaction. However, N2-containing perovskite
compounds(La-Ba-Ti systems), are stable under ambient conditions, indicating that
N2 molecules are kinetically trapped into the oxide lattices. This is again similar
to what was found here in the case of N2 in WO3. By using nudge elastic band
calculations [239], we found that the kinetic barrier for N2 to diffuse from a hollow
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center of the WO3 crystal to a neighboring hollow center is 2.6 eV, indicating that
xN2.WO3 is kinetically stable (thermal energy RT=0.067 eV at 750 ◦C) although not
thermodynamically stable.

Experimentally [129], Raman and NMR spectroscopies were used to characterize
N2 into WO3 and to better understand the structural properties of the clathrate.
In the measured Raman spectra of xN2·WO3, x =0.034–0.039, the maximum corre-
sponding to the N−N stretching frequency was found to split into two peaks around
the gas phase value: a sharp one red-shifted by 4 cm−1 and a broad one blue-shifted
by 8 cm−1. We carried out a series of calculations at the LDA level to interpret the
observed vibrational signatures. We first computed the frequency of gas phase N2

and obtained a value of 2383 cm−1, which is 25 cm−1 higher than the experimental
one (2330 cm−1) after anharmonic corrections, νcorrected

exp. = 2358.6 cm−1.
As the errors caused by the use of approximate exchange-correlation approxima-

tions and the neglect of anharmonic effects are most likely systematic [240], we expect
the use of such approximations to yield the correct trend of the frequency shift within
different environments, e.g. in the gas phase or within WO3. When computing the
N2 frequency in the oxide, we carried out two sets of calculations: one where the
WO3 lattice was kept frozen and one where all atoms were allowed to move. The
results of the two sets of calculations for the vibrational frequencies of N2 differed by
at most 1 cm−1, confirming that the vibrational properties of the guest molecule are
not affected by those of the host oxide.

Table 3.11 and Table 3.12 list the structural, vibrational and bonding properties
of interstitial N2 in simple cubic and monoclinic WO3, respectively. We note that
the frequency (ν) and bond distance (dN−N) of a N2 molecule placed in a monoclinic
unit cell of WO3 in the absence of the oxide (configuration e in Table 3.12), are
almost identical to those of the gas phase, indicating that the interaction between N2

molecules in different unit cells is negligible.
In the case of N2-intercalated simple cubic WO3, we found that ν always increases

regardless of the molecular orientation, and the bond length is decreased by about
0.4-0.5%. Instead the frequency of N2 in intercalated monoclinic WO3 exhibits a

Table 3.11: Structural, bonding and vibrational properties of an interstitial N2

molecule in simple cubic WO3, oriented along different directions, at the “A” site of
the “ABO3” structure. ∆E is the change of total energy obtained after the insertion
of N2 (∆E = E(8WO3.N2)− E(8WO3)− E(N2)), and positive values indicate that
such process is endothermic. “d” indicates distances and “ν” frequencies.

dN−N (Å) dN−W (Å) dN−O (Å) ∆E (eV) ν (cm−1)
〈100〉 1.090 3.018 2.437 1.648 2397
〈111〉 1.090 3.044 2.381 1.496 2408

gas phase 1.094 – – – 2383
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strong orientation dependence (see Table 3.12): Configurations a, b, c have higher
frequencies whereas configuration d has a lower frequency than gas phase N2. The
total energy difference between configurations a, b and c is rather small (within 0.1
eV), which implies that all these geometrical arrangements may exist with similar
probability at room temperature, thus explaining the broadening of the blue shifted
peak found in experiments [129]. In Table 3.11 and 3.12, we also list the shortest
distances between an N atom and either W or O atoms for both simple cubic and
monoclinic WO3. These distances (e.g.dN−O 2.4-2.5 Å) are similar to those found,
e.g. for N2 containing Ba2Ta2O7N0.62 compounds [237, 241].

The shortening of the N2 bond length in configurations a-d is caused by the
repulsive interaction between the WO3 lattice and the N2 molecule. The presence of
N2 exerts a stress on the WO3 lattice and the lattice tends to distort and expand in
order to release this chemical pressure; the stress compresses the N-N bond leading
to a decrease of the bond length.

Fig. 3.3.2 shows the electron density difference (∆ρ) before and after N2 was
inserted at interstitial sites in monoclinic WO3: ∆ρ = ρ(WO3 + N2) − ρ(WO3) −
ρ(N2). In both 〈100〉 and 〈111〉 directions, the electron density decreases in the
region between two N atoms and increases in the region close to each N atom but
away from the N-N bond [242]. This indicates that the oxide lattice gains a small
amount of electronic charge at the expenses of the nitrogen molecule. Thus N2 is not
completely inert inside the oxide lattices. In fact, N2 has been shown to be weakly
bonded to the oxide network [238] in several N2 containing perovskite compounds.
Charge density maps indicate that there is a larger charge overlap between N2 and
WO3 in configuration d that weakens the N−N bonding; this may be responsible
for a decrease in ν, in contrast to other N2 orientations (see Table 3.12). These
results explain the appearance of the red-shifted peak in the experimental Raman
spectra [129], and the observed sharpness of this peak is consistent with the fact that

Table 3.12: Structural, bonding and vibrational properties of an interstitial N2

molecule in monoclinic WO3, oriented along different directions, at the “A” site in
the “ABO3” structure. Results are given for fully relaxed geometries. Configuration
e denotes that of a N2 molecule placed in a monoclinic cell in the absence of the WO3

lattice [129]. d, ∆E and ν have the same meaning as in Table 3.11.

Configuration Orientation dN−N (Å) dN−W (Å) dN−O (Å) ∆E (eV) ν (cm−1)
a 〈100〉 1.091 3.037 2.464 1.669 2391
b 〈010〉 1.090 2.982 2.451 1.722 2391
c 〈001〉 1.091 3.045 2.457 1.631 2389
d 〈111〉 1.092 2.251 2.326 1.865 2373
e 1.094 0 2382

Gas phase 1.094 – – – 2383
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Figure 3.3.2: Electron density difference between pure monoclinic WO3 and N2

clathrates with N2 oriented along the 〈100〉 (a) and 〈111〉 (b) directions. Yellow
(blue) indicates electron depletion (accumulation). W and O atoms are represented
by silver and red spheres, respectively; N atoms are represented by green spheres.
The figures show isosurfaces of charge equal to 0.001 e/a0

3

〈111〉 is the only N2 orientation that corresponds to a red-shifted ν.
Interestingly, a red shifted vibrational frequency is not found in simple cubic WO3

(see Table 3.11), but it only occurs in monoclinic WO3, likely because of the symmetry
constraint in the cubic structure, preventing N2 to approach W or O as much as in the
monoclinic phase. In the latter, the lattice distortion and lower symmetry allow N2

to get close (2.25 Å) to one of the W atoms (configuration d), leading to a significant
charge overlap between N2 and W as shown in Fig. 3.3.2(b), and to a reduction in ν.

Our results show that the observed changes in vibrational frequency of intersti-
tial N2 may be explained by the presence of different orientations of the molecule
within the host lattice. In some configurations, the repulsion between N2 and WO3

compresses the molecular bond and therefore leads to an increase of the molecular vi-
brational frequency; in other configurations the charge density redistribution between
N2 and WO3 causes an electron density shifts from the bonding to the antibonding
region of N2, leading to a weakening of the N−N bonding and thus to a decrease of
the vibrational frequency.

To further investigate whether the vibrational signatures observed experimentally
are unique to intercalated N2, we also examined the case of substitutional N2 and
computed its vibrational properties. We considered the case where one O atom in
the unit cell of the monoclinic WO3 is replaced by a N2 molecule. The vibrational
frequency of gas phase N2 decreases to 1713 cm−1 and the bond length increases to
1.197 Å (gas phase: 2383 cm−1, 1.094 Å). Therefore we concluded that the signal
reported experimentally did not detect substitutional N2 molecules.



3.3. WO3 Clathrates 67

3.3.1.2 Electronic Structure

Having analyzed the structural and vibrational properties of the N2-WO3 clathrate,
which are in agreement with experiments [129], we now are in a position to inves-
tigate its electronic properties. We found that the LDA(vdW-DF2) band gap of
fully optimized N2-intercalated WO3 decreased by 0.2 eV(0.35 eV) compared to that
of pure WO3 at 1N2:8WO3, while the optimization of internal coordinates without
volume variations led to a ≈0.05(0.16) eV decrease. This suggests that the volume
expansion and the increased ∠W-O-W angle are largely responsible for the band gap
reduction found in the fully optimized N2-intercalated WO3. We obtained very sim-
ilar band gap reductions using the PBE0 functional [144] and the modified ∆SCF
method [150] with the optimized LDA geometry. In particular the larger decrease in
the gap obtained with the vdW-DF2 functional, which yields larger structural mod-
ifications upon insertion on N2 in the lattice than any other functional, emphasizes
the importance of structural changes in determining the gap reduction.

The gap decrease of 0.2-0.35 eV predicted by theory is smaller than that found
experimentally (∼0.8 eV). However we note that by increasing the concentration of
N2 to 1:1, we obtained a band gap lowering of ∼0.7 eV at the LDA level, consistent
with the value 0.8 eV reported experimentally. These results suggest that the N2

molecules may be clustered in experimental samples.
Fig. 3.3.3 compares the band structure(LDA) of fully optimized monoclinic WO3

intercalated by N2 and pure WO3. By aligning the W 5s,5p core states of the two
systems, we found that the CBM of the doped oxide is lowered but the VBM position
is almost unchanged (there is just a small positive shift of 0.05 eV). As discussed
previously, this could be due to a change in the tilt angle of two octahedra, that
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Figure 3.3.3: Band structure of N2-intercalated monoclinic WO3 (red) at 1N2:8WO3

concentration as obtained by DFT-LDA calculations. For comparison, the band
structure of pure monoclinic WO3 obtained at the same level of theory is also shown
(black).
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Table 3.13: Equilibrium lattice parameters (a0, b0, c0) of monoclinic 8WO3:1N2 and
its band gap (Eg) at the fully optimized geometry. α,β,γ are very close to 90°, which
are not listed here. LDA/HGH denotes results of calculations carried out within
the LDA with HGH pseudopotentials [158]; “PBE/HGH” denotes results of PBE
calculations with HGH pseudopotentials, “vdW-DF2/HGH” denotes results of vdW-
DF2 calculations [145, 146, 147, 148] with HGH pseudopotentials

Method lattice parameters (Å) Eg (eV)
a0 b0 c0

LDA/HGH 7.57 7.57 7.72 1.13
PBE/HGH 7.51 7.67 7.92 1.42
vdW-DF2/HGH 7.57 7.75 8.09 1.45

becomes ∼ 180° and to an increase in overlap between the W 5d and O 2p orbitals at
the CBM, enhancing 5d-2p hybridization and shifting downward the CBM. On the
other hand, the VBM is composed by O nonbonding states which are less sensitive
to the crystal geometry. In both cases, the CBM is at the Γ point while the VBM is
along Y (0, 0.5, 0) − B(0.5, 0, 0) where the band is nearly flat for the N2 intercalated
case. We found that the difference between direct and indirect band gap is less than
0.02 eV [243]. This is the case also for the band structures computed by PBE and
vdW-DF2 functionals.

Table 3.13 shows the equilibrium lattice parameters and band gap of N2 inter-
calated WO3(8WO3:1N2) optimized at LDA, PBE, vdW-DF2 functionals. Unlike
pure monoclinic WO3, the band gaps obtained at the PBE and vdW-DF2 level of
theory are very close (they differ by less than 0.1 eV). This is consistent with the
fact that the tilt angles of 8WO3:1N2 obtained by PBE and vdW-DF2 all fall into
the same range (between 165∼176°), and that the band structures obtained by PBE
and vdW-DF2 are very similar (not shown), despite of differences in the optimized
lattice constants (see Table 3.13).

3.3.2 CO intercalated WO3

Inspired by N2 intercalation, we studied other possible clathrates obtained by inter-
calating closed shell molecules and atoms, in particular CO and rare gases. These
materials have not yet been realized experimentally, and similar to the case of N2 we
found that the formation of the clathrates is endothermic. Therefore the guest atoms
or molecules will have to be kinetically trapped into the host oxide. Once trapping
is achieved, large energy barriers (of the order of 2.9 eV for CO and 2.6 eV for N2 in
our nudged elastic band [239] calculations) will prevent escape of the guest species.
Again similar to N2 intercalation, the presence of CO and rare gas atoms does not
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Figure 3.3.4: The geometry of CO intercalated in monoclinic WO3 (left panel) at
1CO:8WO3 concentration and the squared modules of the wavefunction (right panel)
at the VBM, at the high symmetric point A(-0.5,0.5,0).

induce any charged defects within the WO3 crystal; thus one avoids the formation of
electron-hole recombination centers found, e.g. in the case of N substitution and O
vacancies.

Upon intercalation, CO binds to W along the <111> direction with a C−W
atomic distance of 2.1 Å (see Fig. 3.3.4). This bonded configuration is more favorable
than the one with CO inside an octahedral cavity and not bonded to the lattice: for
instance, the configuration with CO along the <100> direction has a total energy 0.5
eV higher than the configuration of Fig. 3.3.4. Due to the Coulomb repulsion between
carbon lone pair electrons and nearby O nonbonding p orbitals, the valence band edge
of the oxide shifts upward in the presence of CO by ∼ 0.15 eV, compared with that of
pure monoclinic WO3. The wavefunction at the VBM, reported in Fig. 3.3.4, shows
the contribution from both O and C atoms. In addition, similar to N2 intercalation,
the tilt angle between two octahedra approaches towards 180°, leading to a better
overlap of W 5d and O 2p orbitals at the bottom of the CB, which shifts downward
by ∼ 0.02 eV. The shifts of the VBM and CBM lead to a band gap reduction of ∼0.2
eV at the LDA level; the computed band gap of CO intercalated monoclinic WO3

(1.13 eV) is direct at the Γ point. We note that the observed VBM upward shift
is favorable for water splitting reactions, as the band alignment between monoclinic
WO3 and the H2O redox potential [126] is improved.

As in the case of N2, we computed the energy change for incorporation of CO
into WO3 and, using nudge elastic band calculations, the kinetic barrier for CO to
diffuse from a hollow center of the WO3 crystal to a neighboring hollow center; the
energy change is +1.2 eV and the kinetic barrier is 2.9 eV, respectively, indicating
that CO.8WO3 is kinetically stable, as N2, but not thermodynamically stable.
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3.3.3 Rare gases intercalated WO3

We now turn to the discussion of rare gas intercalation in WO3. For rare gas atoms
(e.g.Xe), we found the kinetic barrier for diffusing from a hollow center of the WO3

crystal to a neighboring hollow center of the order of 2.5 eV in our nudged elastic
band [239] calculations, indicating that these atoms may be kinetically trapped in the
oxide crystal. The formation energy of Xe intercalated WO3 is +3.3 eV, rather high
compared with the thermal energy at room temperature. However, the formation
energy per WO3 unit, 0.4 eV, is similar to that reported for dinitrogen in La-Ti
systems [238], 19-26 kJ mol−1 LaTiO3.5 (0.2-0.3 eV per LaTiO3.5 unit).

Table 3.14 shows that the computed band gap (Eg) of WO3 monotonically de-
creases with increasing size of the intercalated rare gas atoms. For Ne, Ar and Kr, we
observed a moderate reduction by about 0.1-0.2 eV, while in the case of Xe the gap
substantially decreases, by about 0.9 eV. If the intercalated atoms are removed while
keeping the WO3 geometry fixed, the band gaps (E ′g) are reduced by 0.1-0.2 eV for all
the rare gas atoms. The same trend as found with LDA calculations was also observed
using the modified ∆SCF method [150]. This behavior can be explained by analyz-
ing the two-fold effect of rare gas intercalation: induced structural modifications, i.e.
lattice expansion and distortion of the WO3 lattice, and orbital hybridization and
weak charge overlap between rare gas atoms and WO3. These effects are discussed
below.

Similar to N2 intercalation, the tilt angle between octahedra increases rapidly to-
wards 180◦ for Ne, Ar and Kr intercalation: as expected, the bigger the atomic radius
of the rare gas atoms, the larger the distortion induced in the lattice. The volume
of intercalated WO3 increases by 2.5%(8WO3:Ne) to 7.2%(8WO3:Xe) compared to
that of pure WO3. The expanded volume observed upon intercalation mainly comes

Table 3.14: Band gap (Eg) of monoclinic WO3 with different rare gas intercalation
at 1:8 ratio. Also listed are the energies of oxygen and rare gas atoms p orbitals
evaluated [141] by all-electron LDA calculations. The third column (E ′g) gives the
band gap of the pure WO3 crystals with geometries fixed to those of the corresponding
optimized intercalated structures. The difference between indirect and direct band
gaps is within 0.01 eV. In the fourth column we report the band gap (∆-sol Eg)
obtained by the method of Ref.[150]. In the fifth column we report the formation
energy denoted by ∆E defined as in Table 1. All energies are in eV.

Atomic Orbital Energy Eg E ′g ∆-sol Eg ∆E

Pure WO3 -9.20 [O 2p] 1.3 – 2.39 –
+Ne -13.54 [Ne 2p] 1.17 1.17 2.29 0.140
+Ar -10.40 [Ar 3p] 1.19 1.19 2.26 1.248
+Kr -9.39 [Kr 4p] 1.12 1.09 2.17 2.136
+Xe -8.39 [Xe 5p] 0.38 1.13 1.85 3.304
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from the increased tilt angle between octahedra (∠W-O-W). When θt increases from
160◦ to 180◦, the bottom of the CB (t2g) is shifted downward, for the same reasons
as those discussed in the case of N2. (The relative position of the CB of the pure
and intercalated solids has been obtained by aligning the W 5s core states. The 5s
energy levels of W lie 70 eV below the VBM and are unaffected by the presence of
intercalated atoms.)

While Ne and Ar weakly affect the band gap of the oxide, and Kr leads to a
∼0.2 eV decrease, Xe-intercalated monoclinic WO3 has a significantly reduced band
gap of 0.4 eV at the LDA level (see Table 3.14). This indicates the presence of a
stronger interaction between Xe and the WO3 lattice. This interaction arises thanks
to the position of the 5p atomic orbitals of Xe, 0.8 eV higher in energy than the O
2p atomic orbitals. As previously discussed, the VBM of pure WO3 is formed by the
nonbonding O 2p states; therefore the hybridization between Xe 5p and O 2p states
shifts upward the valence band edge and gives rise to mid-gap states (see Fig. 3.3.6)
whose presence reduces the band gap. Note that, as in the case of CO intercalated
WO3, the upward shift of the VB edge is a desirable feature, improving the band
alignment with H2O redox potential.

As shown in Fig. 3.3.5, the VBM of Xe-intercalated WO3 is mainly composed of
O 2p nonbonding orbitals (perpendicular to the W-O bond) as in the case of pure
WO3; at the same time, the wave function is partially residing on the Xe p orbital.
The CBM remains dominated by W 5d t2g and O 2p as in the absence of Xe. We
note that as in the case of N2, Xe is unexpectedly not inert in the oxide matrix.

Finally we investigated the band gap dependence on the exchange-correlation
functional, by replacing the LDA functional with the hybrid PBE0 functional at
the LDA optimized geometry, and found a band gap of 2.0 eV for Xe-intercalated

Figure 3.3.5: Isosurfaces of orbitals at the VBM (left panel) and CBM (right panel)
of Xe-intercalated monoclinic WO3 (Green: Xe, Red: O, Silver: W). Yellow/blue
spheres indicate (-)/(+) signs of the wavefunction phases.
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WO3. The gap of pure WO3 computed at the PBE0 level of theory is 3.28 eV,
which, as noted earlier, is overestimated compared to the experimental value of 2.6
eV. Therefore PBE0 calculations most likely provide an upper bound for the band
gap of Xe-intercalated monoclinic WO3. One may expect the actual Xe intercalated
band gap to be less than 2.0 eV (presumably of the order of 1.8 eV, as predicted at
the ∆SCF level of theory) which would be ideal for water oxidation applications.

Effects similar to those observed for Xe, though weaker, were found in the case of
Kr. In the case of Ne and Ar, no orbital coupling between the Ne 2p(Ar 3p) and the
O 2p states occurs at the VB edge: the energy of the Ne 2p (Ar 3p) is 4 (1) eV lower
than that of O 2p. The band structure (not shown) of Ne-intercalated monoclinic
WO3 is similar to that of pure WO3 except that the CB shifts downward and the VB
edge between Y (0, 0.5, 0) and B (0.5, 0,0) flattens out. Similar results are obtained
also in the case of Ar. As a consequence for Ne and Ar intercalation the PDOS (not
shown) is similar to that of pure WO3: Ne and Ar p states are embedded deeply in
the VB; the top of the VB is entirely composed of O p orbitals just as in pure WO3.

In summary, in this section we investigated the structural and electronic properties
of clathrates of tungsten oxide containing nitrogen, and carbon monoxide molecules,
and rare gas atoms. We found that intercalation of closed shell species in the oxide is
a promising way to modify the host lattice electronic properties for water oxidation:
no charge defects and thus no potential charge recombination centers are introduced,
and the band gap of the oxide may be substantially decreased.

Stable clathrates with host N2 molecules were recently synthesized and our cal-
culations provided an interpretation of the observed band gap reduction, as well as

Figure 3.3.6: Left panel: Band structure of Xe-intercalated monoclinic WO3 (red)
as obtained with DFT-LDA calculations. For comparison, the band structure of
pure monoclinic WO3 obtained at the same level of theory is also shown (black).
The two band structures are aligned at the energy of the W 5s core states. Right
panel: projected density of states (PDOS) and total density of states (TDOS) of
Xe-intercalated monoclinic WO3 as obtained within DFT/LDA; the zero of energy
has been chosen at the VBM (EV BM).
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of the measured lattice expansion and Raman spectra. In addition, we predicted the
properties of WO3 clathrates with CO and rare gas atoms inserted in the oxide lat-
tice. We found that in all cases the band gap of intercalated WO3 is reduced, due to
the combined effect of structural and electronic changes occurring upon intercalation;
however the magnitude of the reduction and the relative shift of the conduction and
valence band edges depend on the host molecule or atom. While in the case of N2

the position of the VBM is unaffected and the CBM moves downward, in the case of
CO and Xe the VBM is moved upward, thus improving the alignment between the
oxide VB and the water redox potential. However, in all clathrates of tungsten oxide
investigated here, the hole mobility of the pure oxide is not improved by molecule or
atom insertion, as shown by computed band structures, and improving hole mobilities
remains an open issue.

For N2 concentrations close to those reported experimentally (xN2.WO3, x=0.034-
0.039), we found a band gap reduction smaller than the measured one (0.2-0.35 eV,
depending on the level of theory, instead of ∼0.8 eV). Interestingly, by optimizing
the geometry and cell parameters with a non local Van der Waals density functional,
we obtained the largest structural changes upon N2 insertion and the largest band
gap reduction (0.35 eV). This indicates that the underestimate of band gap reduc-
tion with respect to experiment, might be caused by an underestimate of the lattice
distortions occurring upon insertion of N2 in the lattice. It is also possible that in
the experimental samples, clustering of N2 occurs, and this would lead to a larger
reduction of the band gap.

3.4 First-principles calculations of CuMoxW1−xO4

solid solutions

3.4.1 Review of synthetic methods

Stable oxide-based semiconductor electrodes that absorb visible light are highly de-
sirable in various photoelectrochemical applications. To date only binary oxides have
been mainly studied for solar energy conversion (e.g. WO3 and Fe2O3) but there
are many oxides with complex compositions and structures that can possess smaller
bandgap energies [244, 132, 245, 246, 129, 247, 248, 249, 250]. However, making
oxides with more complex compositions as high purity film-type electrodes can be
difficult because corresponding binary oxides are often thermodynamically more sta-
ble and can readily form as impurities. This has limited the investigation of various
multinary oxide-based photoelectrodes that can be more promising for solar energy
conversion than binary oxide-based photoelectrodes.

Our experimental collaborators have developed a novel electrochemical route to
prepare solid solutions of CuWO4 and CuMoO4 (i.e., CuW1−xMoxO4) as thin-film
type electrodes to investigate their photoelectrochemical properties and we performed
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ab initio calculations to interpret some of experimental measurements. CuWO4 is an
n-type semiconductor and has a smaller bandgap (2.3-2.4 eV) than n-type WO3

(bandgap, 2.6-2.7 eV) that has been extensively studied for use as a photoanode in
a water splitting photoelectrochemical cell [244, 132, 245, 246, 129]. CuWO4 has
a wolframite structure where both Cu2+ and W6+ ions are stabilized in octahedral
sites (see Fig. 3.4.1). Both Cu and W octahedra form their own one dimensional
chains along the c-axis by sharing edges. The resulting Cu octahedra chains and
the W octahedra chains are connected by sharing corners of the octahedra to form a
three dimensional structure. CuMoO4 exists in multiple crystal structures. The one
that is isostructural to wolframite CuWO4 has been referred to as Type-III struc-
ture [251, 252]. However, the Type-III structure is not thermodynamically stable at
room temperature and atmospheric pressure [252]. The most stable CuMoO4 phase
is known as α-CuMoO4, and a phase known as γ-CuMoO4 is reported to also be
more stable than Type-III CuMoO4 [252]. Due to the overwhelming stability of the
α-CuMoO4 and γ-CuMoO4 over Type-III CuMoO4, solid solutions of CuWO4 and
CuMoO4 (or CuW1−xMoxO4) having a wolframite structure can form as a pure phase
only when the Mo content remains low (x <ca. 0.30) [253]. A further increase in Mo
content resulted in the formation of α-CuMoO4 or γ-CuMoO4 as the major impurity
phase. Because of this reason Mo-rich solid solutions of CuW1−xMoxO4 having a
wolframite structure have not been prepared and examined previously. Our experi-
mental collaborators have prepared CuWO4 and CuW1−xMoxO4 (x=0.45-0.65) films
as thin-film type electrodes using a newly developed electrochemical synthesis route.
Due to the solution-based, soft synthesis nature, electrochemical synthesis has the
possibility of forming thermodynamically unstable structures or compositions that
may not be easily accessed by other means.

In terms of theoretical studies, the electronic structures of CuWO4 , CuMoO4, and
W-rich CuW1−xMoxO4 have been calculated with focus on their magnetic properties
as these compounds are antiferromagnetic [251, 253]. However, the theoretical studies
of the band edge composition of CuWO4 to date in the literature did not reach a
consensus on the interpretation of experiments [254, 255, 256]. For example, Ref. [254]
has predicted CuWO4 a semiconductor with an energy gap of 1.9 eV at the LDA
level, without considering the anti-ferromagnetization (AFM) and spin polarization.
However, Ref. [255] obtained a metallic solid of CuWO4 at the LDA level with a
paramagnetic configuration (PM); and a semiconductor with a small gap of about
0.5 eV with its AFM configuration, which is computed to be energetic favorable than
PM configuration.

Experimentally CuWO4 is known to have an antiferromagnetic ground state with
Neel temperature of 23K [257], indicating CuWO4 is paramagnetic at the room tem-
perature. The determination of magnetic ordering in CuWO4 has been rather com-
plicated: four decades ago a powder neutron diffraction study showed that CuWO4

undergoes a phase transition to a long range antiferromagnetic (AF) state at low
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Figure 3.4.1: Wolframite structure of CuWO4 showing the connectivity of Cu-
centered (yellow) and W-centered (gray) octhedral.

temperature, accompanied by a doubling of its unit cell along the a-axis [258].
The three-dimensional (3D) AF ordering temperature of CuWO4 was determined to
be 23.0(2) K in the single-crystal neutron diffraction study, from the temperature
dependence of the magnetic (1/2 0 0) reflection [257]. The low symmetry of this
compound led to several models of magnetic ordering and to a large number of in-
dependent superexchange intrachain and super-superexchange interchain interaction
parameters [259, 251].Similar to CuWO4, CuMoO4(III) is anti-ferromagnetic at zero
temperature; with a unit cell doubled along the c-axis. The Neel temperature of
CuMoO4(III) is predicted to be 32K experimentally in Ref [260].

In addtion, calculations on Type-III CuMoO4 and Mo-rich CuW1−xMoxO4 have
not previously explored the effect of Mo incorporation on band gap energies and band
edge positions, which is critical to assess their potential for use in solar energy con-
version. We report here, for the first time, the electronic band structures of Mo-rich
CuW1−xMoxO4 electrodes with wolframite structure, and we show that they exhibit
a significantly reduced band gap with respect to that of CuWO4. We emphasize
that the measured optical gaps and the computed DFT gaps are not directly com-
parable, quantitatively. The DFT gaps reported below are an approximation of the
photoemission gap; to obtain the optical gap one should compute the exciton binding
energy (Eb) and subtract it from the estimated photoemission gap. The value of Eb

may be obtained, e.g., by solving the Bether-Salpeter Equation (BSE). However this
approach is computationally very demanding, especially in the case of magnetic ma-
terials such as those considered here. Therefore we approximated Eb with the value
we recently computed for RT-WO3 [261], which turned out to be 0.15 eV. Thus the
optical gap is expected to be at least 0.15 eV smaller than the photoemission gap
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estimated by DFT. However in this study we are not interested in using theory to
determine accurate values of photoemission or optical gaps but rather to give insights
into how chemical doping (in particular Mo substitution of W) modifies the electronic
properties of CuWO4 (including its optical gap and band edge positions)

Recently, our experimental collaborators found that CuWxMo1−xO4 solid solution
(x=0.45-0.65) has a structure similar to that of CuMoO4(III). Significant enhanced
photocurrents have been observed compared with pure CuWO4. The CuWxMo1−xO4

solid solution has great potential as a photoanode material for water splitting solar
cells.

3.4.2 Ab inito calculations of structral properties

We performed first-principles calculations within the framework of density functional
theory (DFT) using the Quantum Espresso package [141] and different levels of the-
ory (the spin polarized local density approximation (LDA),and the spin polarized
generalized gradient approximation (GGA) using the PBE [143] functional, and the
LDA+U approximation. Our LDA results (Table 3.15 and 3.16) for the structural
properties of CuWO4 and CuMoO4 are in good agreement with experimental lattice
constants with errors within 2%, whereas PBE overestimates the lattice constant by
2∼3%. Therefore, in our band structure and projected density of state calculations
(PDOS), we primarily used the LDA. The lattice constants of CuWO4 and CuMoO4

optimized in the paramagnetic state have larger errors compared with experiments
(3∼4%) than the ones optimized with anti-ferromagnetic ordering, consistent with
theanti-ferromagnetic nature of CuWO4 and CuMoO4(III) found experimentally at
low temperature. We used the lattice constants and geometries optimized with anti-
ferromagnetic orderingin all calculations presented here, unless specified. The high
symmetry points in the band structure plots are obtained from the online Bilbao
Crystallographic Server [262] with space group P1̄, because CuWO4 and CuMoO4

(III) lattices have triclinic symmetry. Norm-conversing Hartwigsen-Goedecker-Hutter
(HGH) type pseudopotentials [158] were used in our calculations,including the 5s (4s)
and 5p (4p) electrons of W (Mo) within the valence electrons; a kinetic energy cutoff
of 140 Ry was used for the PW basis set. A (6x6x6) Monkhorst-Pack k-point grid
was used for self-consistent ground state calculations and a (9x9x9) Monkhorst-Pack
k-point grid was used for PDOS calculations.

We also found that the structure exhibiting AFM ordering has lower total energy
than the PM ordered state: 0.36 eV/formula unit lower in the case of CuWO4 and 0.27
eV/formula unit lower for CuMoO4, in agreement with the experimental observation
that CuWO4 and CuMoO4 exhibit AFM ordering at zero temperature.
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Table 3.15: Equilibrium lattice parameters (a0, b0, c0) of CuWO4. LDA denotes re-
sults carried out within the Local Density Approximation [5] and anti-ferromagnetic
ordering; LDA/noAFM denotes results carried out within the LDA without anti-
ferromagnetic ordering; ”PBE” denotes results carried out with the PBE [143] func-
tional and anti-ferromagnetic ordering,“PBE/noAFM” denotes results carried out
within the PBE without anti-ferromagnetic ordering; and ”Exp1, Exp2, Exp3” de-
note experimental values from three different experimental papers [263, 257, 264]. β
is the angle between the a and c axes, α is the angle between b and c, and γ is the
angle between a and b.

Method lattice parameters (Å) Angles(◦)
a0 b0 c0 α(◦) β(◦) γ(◦)

LDA 4.614 5.751 4.855 92.12 92.05 84.49
LDA/noAF 4.529 5.636 4.890 90.33 90.51 88.91

PBE 4.807 5.981 4.909 91.94 93.30 81.74
PBE/noAF 4.815 6.038 4.942 92.77 94.37 80.27
Exp1. [263] 4.7095 5.8451 4.8849 88.30 92.50 97.20
Exp2. [257] 4.694 5.830 4.877 91.64 92.41 82.91
Exp3. [264] 4.7026 5.8389 4.8784 91.677 92.469 82.80

Table 3.16: Equilibrium lattice parameters (a0, b0, c0) of CuMoO4. LDA denotes
results carried out within the Local Density Approximation and anti-ferromagnetic
ordering; LDA/noAFM denotes results carried out within the LDA without anti-
ferromagnetic ordering; ”PBE” denotes results carried out with the PBE functional
and anti-ferromagnetic ordering;“PBE/noAFM” denotes results carried out within
the PBE without anti-ferromagnetic ordering; and ”Exp” denotes experimental val-
ues [265]. β is the angle between the a and c axes, α is the angle between b and c,
and γ is the angle between a and b.

Method lattice parameters (Å) Angles(◦)
a0 b0 c0 α(◦) β(◦) γ(◦)

LDA 4.581 5.753 4.844 91.45 91.37 84.01
LDA/noAF 4.535 5.650 4.855 90.65 90.65 87.03

PBE 4.861 6.031 4.939 91.66 93.78 79.27
PBE/noAF 4.818 6.044 4.947 92.28 94.21 79.52
Exp [265]. 4.7152(2) 5.8399(2 ) 4.8583(2) 91.04(1) 92.43(1) 81.28(1)
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Figure 3.4.2: The band structure of CuWO4 at the optimized geometry with a doubled
unit cell along the a-axis. Black dot: anti-ferromagnetic (AFM); red star: paramag-
netic (PM).

3.4.3 Electronic Structure of Pure CuWO4

As mentioned earlier in the section, previous studies [254, 255] of the electronic
structure of CuWO4 present conflicting views. We have repeated calculations of the
band structure of CuWO4 at optimized geometry in an attempt to clarify exsiting
discrepancies. Fig. 3.4.2 shows that the PM CuWO4 band structure by LDA is
slightly metallic -the top of the valence band maximum (VBM) is above the Fermi
level. However, the AFM structure of CuWO4 gives us a semiconductor with a small
gap of about 0.4 eV. This result is in qualitative agreement with Ref [255], but not
Ref [254]. Fig. 3.4.3 shows the PDOS of CuWO4 with AFM ordering. A small gap

appears between VBM and a sharp peak in proximity of the VBM. This peak will
merge into the VB in the PM calculations (not shown). The top of valence bands as
well as the sharp peak close to the VBM mainly consist of hybridized Cu 3d states
and O 2p states; the states above 2.5 eV consist of hybridized W 5d states and O 2p
states.

The small gap between states both having a mixed Cu 3d and O 2p character in
PDOS (Fig. 3.4.3) of CuWO4 with AFM corresponds to the small gap at AFM band
structure(Fig. 3.4.2) between the few bands split from VB (the states labeled “b”
in Fig. 3.4.2) and VBM (the states labeled “a” in Fig. 3.4.2). The small gap above
VBM in the AFM band structure could be understood in a simple way by inspecting
the crystal field splitting of d levels of Cu: as shown in Fig. 3.4.4, the octahedron
crystal field first split the 5 d orbitals to double degenerate eg orbitals and triple
degenerate t2g orbitals; then the JT effect splits the degeneracy of eg and t2g with
elongated distortion of CuO6. The splitting between two eg orbitals (one occupied
and one half occupied) gives the gap between Cu d states. It was suggested that the



3.4. First-principles calculations of CuMoxW1−xO4 solid solutions 79

-4 -2 0 2 4
E-E

Fermi
 [eV]

0

5

10

15

P
D

O
S

 (
A

rb
it

r.
 U

n
it

s.
)

TDOS
Cu-3d
O-2p

W-5d

Figure 3.4.3: The Projected Density of States (PDOS) of CuWO4 with AFM ordering
as obtained at the optimized geometry with a doubled unit cell along the a-axis.

2.3 eV gap of CuWO4 measured in Ref. [264] corresponds to the transition between
Cu 3d-O 2p bonding and anti-bonding states [255, 256]. However we note that: (i)
the position in energy of Cu-O states does not change with Mo doping (contrary to
our experimental observation that Mo doping significantly decreases the optical gap
of CuWO4); (ii) the experimental flatband potential of CuWO4 is very close to that of
WO3 [266], indicating that the CBM of CuWO4 does have a substantial contribution
from W 5d states; (iii) most importantly, experimental optical measurements reported
the presence of a small absorption peak at 1.15 eV below the main absorption edge
at 2.3 eV for CuWO4, most likely due to Cu2+ d-d transition [267]. Our CuWO4

and CuMo0.65W0.35O4 electrodes also show this transition in the NIR-Vis absorption
spectra measured by our experimental collaborators. Therefore we interpret the
measured gap as corresponding to the transition from the Cu-O state labeled a in
Fig. 3.4.2 and the state labeled c, originating predominantly from the hybrid W/Mo
5d/4d and O 2p states. The computed a → c gap (2.2 eV) is close to the measured
one (2.3 eV).

following discussions This agreement with experiment may appear surprising due
to the LDA tendency to underestimate band gaps. However we note that the mini-
mum gap of the solid (usually underestimated within LDA) corresponds to the a →
b transition, not to the a → c one. When we repeated our calculations using the
LDA+U framework [109], we found that for both CuWO4 and Type-III CuMoO4 the
Cu d-d gap is larger (0.8 eV at U=4 eV for Cu [255]) than that found at the LDA (0.4
eV) level of theory, in better agreement with experimental results (1.15 eV) [267],
although the underestimate persisted. However, the position of the hybrid W/Mo d
and O 2p states remained the same when using LDA +U (∼2.2/1.6 eV). (We only
applied a Hubbard U term to Cu because Cu2+ has unfilled 9 d electrons; U=4 eV
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Figure 3.4.4: The 3d orbital splitting and electronic configuration of Cu+2 in CuWO4

solid.

was chosen according to Ref. [255, 268]. We verified that increasing U to 7 eV did
not significantly change the band structure.)

As measurements of absorption spectra and electric currents from electrochemical
cells are mostly done at the room temperature which is above the Neel temperature
of both CuWO4 and CuMoO4, the PM instead of AFM ordering should be considered
in the calculations. However, the PM bandstructure shows metallicity at both LDA
and LDA+U (not shown) level of theory, which seems to be in contradiction with the
semiconductor properties of CuWO4. This fact can be understood considering that
both LDA and LDA+U are still static mean field theory, which can not handle PM
insulators (such as V2O3 [269]); a higher level of theory such as dynamical mean field
theory [269] is required which is a rather complicated many body method and out of
the scope of this work. In addition, as DFT computes ground state properties at the
zero temperature, this corresponds to the AFM ordering of CuWO4 and CuMoO4

experimentally at low temperature.

3.4.4 Electronic Strucutre of Pure CuMoO4

Fig. 3.4.5 shows the AFM and PM bandstructures of CuMoO4 at the fully optimized
geometry. The anti-ferromagnetic band structure has a small gap ∼0.4eV close to
VBM; while the paramagnetic one is slightly metallic, with the top of valence residing
slightly above the Fermi level, similar to the case of CuWO4.

Similar to CuWO4, we have also carried out LDA+U calculations for CuMoO4 at
U(Cu) = 4 eV as well as at U(Cu) = 7 eV. As shown in Fig. 3.4.6, by using LDA+U,
the VBM decreased about 0.3 eV at U(Cu) = 4 eV compared with the LDA band
structure (and the VBM decreased further with increasing the value of U), but the
states above 1.5 eV stayed unchanged. This is because the VBM as well as the mid
gap states at 0.5∼1 eV above VBM are composed by hybrid Cu 3d and O 2p states,
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Figure 3.4.5: Band structure of CuMoO4 with the fully optimized geometry at a
doubled unit cell along the c-axis. Black curve: band structure computed with anti-
ferromagnetization (AFM); red curve: band structure computed with paramagneti-
zation (PM).

similar to the case of CuWO4; and the states above 1.5 eV consist of Mo 4d and O
2p states. Since we applyed U to Cu only (which has unfilled d 9 electrons as Cu2+,
instead Mo has zero d electrons as Mo6+ in a simple ionic picture), Mo 4d and O
2p states are less affected by LDA+U calculations. The band structure has not been
modified significantly by using LDA+U, which indicates LDA level of theory gives
quanlitatively correct results for CuWO4 and CuMoO4 (the AFM ordering ground
state and the insulating nature). As a result, the following discussions at section
3.4.5 are based on LDA.
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Figure 3.4.6: Band structure of Type-III CuMoO4, aligned by Mo 4s,4p core states,
as obtained from LDA and LDA+U calculations (at U= 0, 4, 7 eV), respectively,
with the fully optimized geometry at a doubled unit cell along the c-axis.
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Table 3.17: Equilibrium lattice parameters (a0, b0, c0) of CuWxMo1−xO4 Solid Solu-
tions (x=0.5 and 0.75), pure CuWO4 and CuMoO4. β is the angle between the a
and c axes, α is the angle between b and c, and γ is the angle between a and b. PM
denotes paramagnetic ordering; AFM denotes anti-ferromagnetic ordering.

Method lattice parameters (Å) Angles(◦)
a0 b0 c0 α(◦) β(◦) γ(◦)

CuMo0.5W0.5O4-PM 4.529 5.601 4.892 89.97 90.06 90.77
CuMo0.75W0.25O4-PM 4.559 5.683 4.854 91.26 91.12 85.92

CuWO4-PM 4.529 5.636 4.890 90.33 90.51 88.91
CuMoO4-PM 4.535 5.650 4.855 89.35 90.65 87.03

CuMo0.5W0.5O4-AFM 4.605 5.739 4.844 91.80 91.68 84.23
CuMo0.75W0.25O4-AFM 4.605 5.737 4.843 91.77 91.65 84.17

CuWO4-AFM 4.614 5.751 4.855 92.12 92.05 84.49
CuMoO4-AFM 4.581 5.753 4.844 91.45 91.37 84.01

3.4.5 Electronic Structure of CuWxMo1−xO4 Solid Solutions

Our experimental collaborators have found that the gap of the CuWxMo1−xO4 Solid
Solution is significantly smaller than that of CuWO4. In order to understand this ex-
perimental observation, we have performed first-principles calculations for CuWxMo1−xO4

solid solution (x=0.5 and 0.75) similar to pure CuWO4 and CuMoO4. The lattice
constants and internal geometry of the CuWxMo1−xO4 solid solution (x=0.5 and 0.75)
were fully optimized using the LDA functional at both PM and AFM configurations
as shown in Table 3.17. It has been shown experimentally by the neutron powder
diffraction that CuWxMo1−xO4 solid solution is antiferromagnetic with a magnetic
unit cell changing with respect to the Mo concentration. Its Neel temperature are
determined to fall between 22.5 to 32.0 K [260]. We used the magnetic unit cell dou-
bled along the c axis for CuWxMo1−xO4 in our calculations similar to CuMoO4 for
simplicity, since the experimental magnetic structure of CuWxMo1−xO4 is unknown.
For comparison, the optimized lattice constants of CuWO4 and CuMoO4 are listed
in Table 3.17 together with those of the solid solution. Our calculations show that
the lattice parameters of CuMoxW1−xO4 (x = 0.5) differ by less than 1% from those
of CuWO4 and Type-III CuMoO4. This result is not unexpected, given the similar-
ity between the CuWO4 and Type-III CuMoO4 crystal structures and between the
atomic sizes of iso-electronic W and Mo. This result also indicates that the observed
lowering of the optical bandgap of the solid solutions, with respect to that of the
constituents, does not stem from geometrical changes of the CuWO4 lattice upon Mo
incorporation.

Fig. 3.4.7 shows the band structures of CuWO4, Type-III CuMoO4 and of the
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Figure 3.4.7: Band structures obtained from LDA calculations with the optimized
geometries at AFM ordering for CuW0.5Mo0.5O4 solid solution (black curve), CuMoO4

(red curve) and CuWO4 (blue dot), aligned by W(Mo) 5s,5p(4s,4p) core states.

CuMo0.5W0.5O4 solid solution. The top of the valence band (VBM) is mainly com-
posed of hybridized Cu 3d and O 2p states, as shown in Fig. 3.4.8, which displays the
projected density of states (PDOS) of electrons. The VBM is at very similar energies
in each of the three solids, although the band curvatures differ, mainly because of
the different magnetic ordering of the Cu magnetic moments in CuWO4 and Type-III
CuMoO4 (i.e. in the case of CuWO4, the magnetic moments within one zig-zag chain
and one layer are all parallel to each other, but antiparallel to those belonging to
chains in an adjacent layer. On the other hand, in Type-III CuMoO4 parallel and
antiparallel spin pairs are alternating within one zig-zag chain) [265]. Although the
band gaps of the three solids shown in Fig. 3.4.7 are all indirect, in Type-III CuMoO4

the difference in energy between the indirect and direct band gaps [along T (0,0.5,0.5)
to Z (0,0,0.5)] is smaller than in CuWO4, which may explain the generally enhanced
absorption of the Mo-rich CuMoxW1−xO4 samples. We note that, at variance with
the AFM ordering, in the case of PM ordering, both the position and the curvature
of the VBM are the same in the three solids.

To understand the relationship between the band gap reduction and the Mo con-
centration, we analyzed the PDOS of the CuW0.5Mo0.5O4 solid solution, shown in
Fig. 3.4.8. The conduction band minimum is composed of Mo 4d states and O 2p
states, while hybrid W 5d states and O 2p states are located higher in energy than
hybrid Mo 4d and O 2p states. This indicates the Mo 4d states have lower energy
than W 5d states. Since the CBM corresponding to the main absorption edge at
2.3 eV is composed by W 5d and O 2p hybrid states in CuWO4 (Mo 4d and O 2p
hybrid states in CuMoO4), the molybdate exhibits the lowest CBM due to the lower
energy of Mo 4d states, with respect to W 5d states; increasing the content of Mo
in CuMoxW1−xO4 lowers its CBM and decreases the optical gap, as observed ex-
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perimentally. Comparing the band structure of the CuWxMo1−xO4 solid solution at
two different concentrations x=0.5 and x=0.75, we found the conduction band shifts
down by ∼0.1 eV with increasing concentration of Mo, which is consistent with the
experimental findings. We note the lower of CBM for CuW0.25Mo0.75O4 solid solution
(0.6 eV) is overestimated compared with the experimental gap reduction (0.3 eV).
This difference mainly sterms from the difference between the optimized geometry
and the corresponding experiment one i.e. at the experimental geometry the CBM
between pure CuWO4 and CuMoO4 has a difference of 0.2 eV, smaller than the one
at their corresponding optimized geometry. We note that the conduction bands of the
three materials have rather similar curvatures(see Fig. 3.4.7), since both W and Mo
are isoelectronic, they do not have magnetic moments and they have similar atomic
sizes.
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Figure 3.4.8: The Projected Density of States (PDOS) of the CuW0.5Mo0.5O4 solid
solution with the optimized LDA geometry at AFM ordering.

3.4.6 Incident photo-to-current conversion efficiencies of CuWO4

and CuW1−xMoxO4

In order to confirm that the increase in photocurrent is due to the enhanced photon
absorption, the incident photon-to-current conversion efficiencies (IPCEs) of CuWO4

and CuW0.35Mo0.65O4 were compared in Fig. 3.4.9, measured by our experimental
collabrators. While the photocurrent onset of CuWO4 appears at 560 nm, the pho-
tocurrent onset of CuW0.35Mo0.65O4 was shifted to 620 nm. This shift agrees well
with the bandgap reduction observed in the UV-vis absorption spectra. This result
clearly demonstrates that the gain in photon absorption in the region of 560 nm-620
nm directly results in the gain in photocurrent. Fig. 3.4.9(c) also shows that in ad-
dition to the 560 nm - 620 nm region, CuW0.35Mo0.65O4 exhibits much higher IPCEs
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in the entire visible range. Since the IPCE is measured with back-side illumination
(i.e., the light was illuminated through the FTO substrate), the observed difference
in IPCE cannot be due to the difference in surface morphology of the CuWO4 and
CuW0.35Mo0.65O4 electrodes, but due to the difference in optical properties of these
electrodes.

Figure 3.4.9: (a) J-V characteristics and (b) Photocurrent measurement at 1.21
V vs. RHE (0.6 V vs. Ag/AgCl) of (i) CuWO4, (ii) CuW0.55Mo0.45O4, and (iii)
CuW0.35Mo0.65O4 measured in a 0.1 M phosphate buffer (pH 7) under AM 1.5G, 100
mW/cm2 illumination. (c) IPCEs of CuWO4 (square) and CuW0.35Mo0.65O4 (circle)
measured in in a 0.1 M phosphate buffer (pH 7) with an applied bias of 1.61 V vs.
RHE (1.0 V vs. Ag/AgCl).

In summary, in this section we obtained experimental and theoretical result on
CuW1−xMoxO4 [270]. The former were obtained by our collaborators in Prof. K-
S.Choi’s group. CuWO4 and solid solutions of CuWO4 and CuMoO4 films were
prepared by a new electrochemical route, which allowed for the formation of Mo-rich
CuW1−xMoxO4 films (x > 0.4) for the first time. The incorporation of Mo to the
CuWO4 lattice decreased the bandgap energy and increased photon absorption in
the visible light region, which resulted in a significant enhancement in photocurrent
generation for water oxidation. The effect of Mo incorporation on the electronic
band calculations were elucidated using first principles calculations, revealing that
the bandgap reduction of CuW1−xMoxO4 is due to the shift of the main absorp-
tion edge CB position to the lower energy. This may not be entirely beneficial for
overall solar water splitting since the difference between the water reduction poten-
tial and the main absorption edge CB position of the photoanode (i.e., CuWO4 or



3.4. First-principles calculations of CuMoxW1−xO4 solid solutions 86

CuW1−xMoxO4) will have to be compensated by other mechanisms (e.g. applying
an external bias). However, the enhanced photon absorption as well as inexpensive
and facile synthesis of CuW1−xMoxO4 systems will be desirable for driving various
other photoelectrochemical reactions (e.g. photoreduction or oxidation of inorganic
or organic pollutants) in a much more efficient manner with further optimizations
in their surface areas, carrier densities, and charge transport properties. Our study
also suggests that there may be many unexplored new compositions that can achieve
ideal bandgap energies for solar energy conversion in ternary oxide systems.
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Chapter 4

Absorption spectra of
semiconductor photoelectrodes

In this chapter we will discuss the computation of absorption spectra of semiconduct-
ing photoelectrode obtained by solving the Bethe-Salpeter Equation, and we separate
our discussion into bulk systems and nanostructures. We studied WO3 and silicon.

With a band gap of 1.12 eV, p-type Si (p-Si) is a desirable small band gap ab-
sorber for use as photocathode in dual band gap p/n-PEC water splitting configura-
tions [271]. Several groups demonstrated that a p-Si photocathode, combined with
metal catalysts, can be used to produce H2 electrochemically with a reduced volt-
age [272, 273]. For example, photon to hydrogen conversion efficiencies as high as 6%
was reported for p-Si decorated with Pt nanoparticles [273]. Other Earth abundant
metal catalysts such as Ni or Ni-Mo can be alternatives to Pt [274] to provide similar
photoelectrode efficiencies when deposited onto Si microwire arrays. BiPt alloys [275]
was also shown to have improved catalytic activity to hydrogen evolution reaction
performance compared with pure Pt. Nanostructured electrode morphologies can be
used to address some of the intrinsic limitations of bulk materials for PEC appli-
cations [276]. The most obvious advantage of a nanostructured morphology is the
increase of surface to volume ratio. The increase in the number of surface sites greatly
enhances the overall charge transfer kinetics at the semiconductor/electrolyte inter-
face and relaxes catalytic activity requirements. The second advantage is the shorter
diffusion path lengths for the photogenerated charge carriers in one dimensional (1D)
nanostructures. For example, in a traditional planar device, photogenerated carriers
must cross the entire thickness of the cell in order to be collected before recombina-
tion. The cell thickness is dictated by how much material is necessary to absorb the
incoming light. By using nanowires, the direction of light absorption and the direc-
tion of carrier collection is orthogonalized. For high-aspect ratio nanowires (i.e, wires
having a high length/radius ratio), the length necessary for full optical absorption
can be readily obtained, while the distance over which carriers are collected can be
minimized, being only the radius of the nanowire; such a design offers the potential
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for efficient charge-carrier collection from even very impure, low diffusion length ma-
terials [2]. Similar advantages are offered by nanostructures based on cauliflower-type
morphologies or randomly packed spheres [277, 244]. The third possible advantage
of using nanostructured materials is the so called quantum confinement effect. It is
known [278] that spatial confinement of charge carriers to a volume that is less than
their De Broglie wavelength results in a widening of the band gap. Even though
the resulting blue shift of the absorption spectrum is usually not desirable for PEC
absorbers, the widening of the band gap could be designed to shift the conduction
or valence band edge toward ideal directions (band edge positions that straddle the
water reduction and oxidation potentials) [279, 280], thus decreasing the required
bias potential and increasing the solar to hydrogen conversion efficiency.

In the next section we describe calculations of absorption spectra starting from
bulk systems and then we will focus on nanowires.

4.1 Absorption spectra of bulk systems

Two approaches widely used in the literature to compute ab initio optical absorption
spectra are time-dependent functional theory (TDDFT) [12] and many-body pertur-
bation theory (MBPT) [16]. When local or semi-local exchange-correlation function-
als are used, time-dependent density functional theory may be applied to relatively
large systems (up to thousands of electrons) and it has been proven to be accurate for
several molecules. However, the most commonly used local approximations for the
TDDFT kernel poorly describe the optical properties of extended periodic solids and
nanostructures [16]. Within MBPT, the GW approximation (where G indicates the
single-particle Green’s function and W the screened Coulomb potential) has been used
to compute quasi-particle energies and the Bethe-Salpeter equation (BSE) solved to
compute optical spectra. The GW/BSE approach is computationally more expensive
than TDDFT but it overcomes some of the limitations of local TDDFT, e.g., in the
description of excitons in periodic systems [28, 281, 29, 16] and of charge transfer
excitations in molecules [33]. Standard techniques to solve the BSE make use of an
electron-hole basis set [29], that requires the explicit calculation of a large number
of unoccupied electronic states, and the evaluation of a large number of exchange
integrals between valence and conduction states.

In our group we proposed a method to solve the BSE that does not require the
explicit calculation of empty states [33]. This has been obtained in chapter 2. This
approach combines ideas proposed in the context of TDDFT [89, 66] and techniques
to represent the dielectric matrix [60, 61] based on density functional perturbation
theory [53]. The evaluation of the BSE kernel involves a number of orbitals equal to
the number of occupied states (Nv) and numerically it scales as ground-state Hartree-
Fock calculations (see Sec. 4.1.1). The approach developed in Ref. [33] makes efficient
use of iterative solvers and matrix by vector multiplications are performed by using
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fast Fourier transform techniques, without building and storing explicitly neither the
BSE Hamiltonian nor dielectric matrices.

In this chapter we present a generalization of the formalism of Ref. [33] to periodic
systems, and thus we include proper integrations over the first Brillouin zone. The
method is then applied to the study of the optical properties of bulk silicon, carbon
diamond and cubic silicon carbide. The convergence with respect to several numerical
parameters and the comparison with previous results [281, 28, 29] are extensively
discussed.

Below we review the BSE formalism presented for periodic systems and in Ap-
pendix 6.4 we give some details of the implementation of time-reversal symmetry
operations.

4.1.1 Solution of the Bethe-Salpeter equation for periodic
systems

The density matrix perturbation theory formulation of the BSE has been introduced
in chapter 2. Here we present in detail its extension to periodic systems. Because
of several formal analogies, the derivation given below can be easily extended to the
TDDFT formulation presented in Refs. [89, 66, 101], including not only (semi-)local
exchange-correlation functionals but also hybrid functionals.

As shown in chapter 2, the starting point of our derivation is the quantum-
Liouville equation for density matrices written in the Coulomb-hole plus screened-
exchange (COHSEX) approximation [42]:

i
dρ̂k(t)

dt
=
[
ĤCOHSEX(t), ρ̂k(t)

]
, (4.1.1)

where the square brackets indicate commutators and a hat denotes quantum-mechanical
operators; within a real space representation, ρk(r, r′, t) =

∑
v φvk(r, t)φ∗vk(r′, t) and

the density matrix is given by:

ρ(r, r′, t) =
∑

k∈BZ

wkρk(r, r′, t) =
∑
v

∑
k∈BZ

wkφvk(r, t)φ∗vk(r′, t), (4.1.2)

k denotes a point in the Brillouin zone (BZ) and φvk(r, t) are single particle occupied
Bloch orbitals. In the following we will adopt the notation ρ(r, t) to indicate ρ(r, r, t).
In Eq. 4.1.2 we have substituted the integral over the BZ with a summation over a
discrete set of k-points:

1

ΩBZ

∫
ΩBZ

dk −→
∑

k∈BZ

wk (4.1.3)

where wk weighs the contribution of each k-point k and ΩBZ is the BZ volume.
The time-dependent quasi-particle Hamiltonian operator applied to a valence
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state, in Hartree atomic units and within the COHSEX approximation is:∫
ĤCOHSEX(r, r′, t)φvk(r′, t) dr′ =

(
−1

2
∇2 + vH(r, t) + vext(r, t)

)
φvk(r, t)

+

∫
ΣCOHSEX(r, r′, t)φvk(r′, t)dr′, (4.1.4)

where vext is an external time-dependent periodic potential,

vH(r) =

∫
ρ(r′, t)v(r, r′)dr′ (4.1.5)

is the Hartree potential, and ΣCOHSEX = ΣCOH + ΣSEX is the self-energy in the
COHSEX approximation∫

ΣCOH(r, r′)φvk(r′, t)dr′ =
1

2

∫
δ(r− r′)Wp(r

′, r; k)φvk(r′, t)dr′ (4.1.6)∫
ΣSEX(r, r′, t)φvk(r′, t)dr′ = −

∑
v′

∑
k′∈BZ

∫
φv′k′(r, t)W (r′, r; k− k′)φ∗v′k′(r′, t)φvk(r′, t)dr′.(4.1.7)

In Eqs. 4.1.5-4.1.7 v(r, r′) is the Coulomb potential, W (r′, r; k−k′) =
∫
ε−1(r′, r′′; k−

k′)v(r′′, r)dr′′ is the statically screened Coulomb interaction, and Wp = W − v. We
note that, since the Hamiltonian (Eq. 4.1.4) depends on the density matrix ρ̂, the set
of equations 4.1.1 for different k points are coupled; this would be so also for DFT
Hamiltonians in the (semi-)local approximation, that depend only on the charge
density.

Linearization of Eq. (4.1.1) with respect to vext leads to

i
dρ̂′k(t)

dt
= L · ρ̂′k(t) + [v̂′ext(t), ρ̂

◦
k] , (4.1.8)

L · ρ̂′k(t) =
[
Ĥ◦COHSEX , ρ̂

′
k(t)

]
+ [v̂′H [ρ̂′](t), ρ̂◦k] +

[
Σ̂′[ρ̂′](t), ρ̂◦k

]
, (4.1.9)

where variables with superscript “◦” represent unperturbed quantities, and those
with prime denote linear variations. Within a real space representation, the charge
response ρ̂′ = ρ̂− ρ̂◦ is given by

ρ′(r, r′, t) =
∑

k∈BZ

wkρ
′
k(r, r′, t) =

∑
v

∑
k∈BZ

wk [φ◦vk(r)φ′∗vk(r′, t) + φ′vk(r, t)φ◦∗vk(r′)] .

(4.1.10)
Eq. 4.1.10 denotes the linear variation of the density matrix and ρ̂′k = ρ̂k − ρ̂◦k is the
contribution to ρ̂′ of the k-point k. We note that v̂′H and Σ̂′ depend on the perturbed
density matrix ρ̂′. In Eq. 4.1.9 a non-Hermitian operator L acting on ρ̂′k has been
defined, which is known as Liouvillian super-operator [89, 66, 33], as its action is
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defined on a space of operators. By Fourier transforming Eq. 4.1.8 into the frequency
domain, one obtains

(ω − L) · ρ̂′k(ω) = [v̂′ext(ω), ρ̂◦k] . (4.1.11)

This equation, derived here in the context of the BSE, is formally the same within
the density functional perturbation theory (DFPT) formulation of TDDFT (see
e.g. Eq. (14) in Ref. [66]), but a different definition of the Liouvillian L is used
in the two cases.

The solution of Eq. 4.1.11 yields the perturbed density matrix in the frequency
domain:

ρ′(r, r′, ω) =
∑

k∈BZ

wkρ
′
k(r, r′, ω) =

∑
v

∑
k∈BZ

wk [φ◦vk(r)φ′∗vk(r′,−ω) + φ′vk(r, ω)φ◦∗vk(r′)] .

(4.1.12)
Eq. 4.1.12 shows that ρ′(ω) is fully determined by the set of the Nv unperturbed occu-
pied states φ◦∗vk and by the two sets of Nv perturbed orbitals φ′∗vk(r′,−ω) and φ′vk(r, ω),
orthogonal to the occupied state subspace. We note that ρ′(ω), unlike ρ′(t) in
Eq. 4.1.10, is a non-Hermitian operator. In order to simplify the numerical implemen-
tation, we assume time-reversal symmetry holds by imposing v′ext(r, t) = v′ext(r,−t) in
Eq. 4.1.9. As a consequence v′ext(r, ω) is a real function and φ′v−k(r, t) = φ′∗vk(r,−t),
implying φ′v−k(r, ω) = φ′∗vk(r, ω) and φ′v−k(r,−ω) = φ′∗vk(r,−ω). Therefore, assum-
ing v′ext(r, t) = v′ext(r,−t) yields a real ρ′(ω). This assumption does not limit the
generality of our approach, since we are interested in computing the macroscopic
dielectric function of bulk systems (see Eqs. 4.1.13-4.1.16 below); the latter is an
intrinsic property of the system and does not depend on the specific time or ω de-
pendence of the applied electric field. Furthermore since we can perform the k↔ −k
transformation by a complex conjugate operation, the total number of k-points in-
cluded in Eqs. 4.1.11-4.1.12 can be significantly reduced. Details on the time-reversal
symmetry operations are given in Appendix 6.4.

The absorption spectrum of a solid is related to the imaginary part of the macro-
scopic dielectric function εM defined by the equation (see also [53]):

E0i(ω) = Ei(ω) + 4πPi(ω) = Σjε
ij
M(ω)Ej(ω) (4.1.13)

where the indexes i and j indicate Cartesian components, E0 is the applied external
electric field, E is the screened field and P is the electronic polarization induced by E.
In order to compute εM , it is convenient to start by setting the value of the screened
electric field E [53]. By introducing the potential

v′ext = −E(ω) · r (4.1.14)
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in Eq. 4.1.11, and expressing the polarization in terms of the density operator,

Pi(ω) = − 1

V

∑
k∈BZ

wkTr(r̂iρ̂
′
k) = − 1

V
Tr(r̂iρ̂

′), (4.1.15)

from Eq. 4.1.13 one has

εijM(ω) = δij −
4π

V

∑
k∈BZ

wk

〈
r̂i|(ω − L+ iη)−1 · [r̂j, ρ̂◦k]

〉
, (4.1.16)

where V is the crystal volume, η is a positive infinitesimal, and we have written
the scalar product of two operators A and B as 〈Â|B̂〉 ≡ Tr(Â†B̂). As already
discussed in the Appendix of Ref. [33], the definition of εM in Eq. 4.1.16 is equiv-
alent to the definition of the BSE macroscopic dielectric function given in Ref. [16]
(Eqs. 2.23 and B26). However the formulation of Ref. [33] was so far applicable only
to molecules. In addition, the position operator in Eq. 4.1.14 is ill defined in peri-
odic boundary conditions; this problem can be overcome within perturbation theory,
following Refs. [53, 282].

The numerical solution of Eq. 4.1.11 and Eq. 4.1.16 requires a basis set for ρ̂′.
From Eq. 4.1.12 it follows that only the elements of ρ̂′ between unperturbed occupied
and empty orbitals are different from zero. The use of those orbitals as a basis set
leads to the so called electron-hole (e-h) representation, widely used in the literature
to solve the BSE [28, 281, 29]. This approach requires the explicit calculation of empty
electronic states and convergence with respect to their number has to be carefully
checked. By using the projector operators Q̂k onto the unperturbed empty state
subspace, explicit calculations of empty states may be avoided [33]: Q̂k = Î − P̂k =
Î −

∑
v |φ◦vk〉〈φ◦vk|, where P̂k is the projector onto the occupied state subspace for a

fixed k in the first BZ and Î is the identity operator. The evaluation of Q̂k does not
require the explicit calculation of empty states. Since Bloch states corresponding to
different k-points are orthogonal, the projection can be preformed independently for
each k-point. Within this formalism a generic operator Â can be represented by a
set of 2×Nv×Nk orbitals that are defined in the following way:

|avk〉 = Q̂k Â |φ◦vk〉, (4.1.17)

〈bvk| = 〈φ◦vk| Â Q̂k, (4.1.18)

where the index v runs from 1 to the number of occupied bands Nv, while k is a point
of the discrete mesh used to perform the integral in the first BZ. If Â = ρ̂′ we have
avk(r) = φ′vk(r, ω) and bvk(r) = φ′vk(r,−ω). Within this representation the operator
L takes the form:

L =

(
D + 2K1x −K1d 2K2x −K2d

−2K2x +K2d −D − 2K1x +K1d

)
, (4.1.19)
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where D, the exchange terms K1x and K2x and the direct terms K1d and K2d are
defined as:∑
v′

∑
k′∈BZ

Dvk,v′k′ |av′k′〉 =
∑
v′

∑
k′∈BZ

(Ĥ◦COHSEX − εv′k′) δvv′ δkk′ |av′k′〉, (4.1.20)

∑
v′

∑
k′∈BZ

K1x
vk,v′k′ |av′k′〉 =

∑
v′

∑
k′∈BZ

wk′Q̂k

(∫
1

|r− r′|
φ◦∗v′k′(r′)av′k′(r′)dr′

)
|φ◦vk〉, (4.1.21)

∑
v′

∑
k′∈BZ

K2x
vk,v′k′ |bv′k′〉 =

∑
v′

∑
k′∈BZ

wk′Q̂k

(∫
1

|r− r′|
b∗v′k′(r′)φ◦v′k′(r′)dr′

)
|φ◦vk〉, (4.1.22)

∑
v′

∑
k′∈BZ

K1d
vk,v′k′ |av′k′〉 =

∑
v′

∑
k′∈BZ

wk′Q̂k

(∫
W (r, r′; k− k′)φ◦∗v′k′(r′)φ◦vk(r′)dr′

)
|av′k′〉,(4.1.23)

∑
v′

∑
k′∈BZ

K2d
vk,v′k′ |bv′k′〉 =

∑
v′

∑
k′∈BZ

wk′Q̂k

(∫
W (r, r′; k− k′)b∗v′k′(r′)φ◦vk(r′)dr′

)
|φ◦v′k′〉.(4.1.24)

The operator D describes bare single particle ground-state excitations, the K1x and
K2x terms include so-called local field effects and the K1d and K2d terms describe
electron-hole interactions. The integrals entering the definition of K1d and K2d include
divergent terms in reciprocal space; in our implementation these divergences are
integrated by using the method proposed in Refs. [69, 62].

The formalism described here to solve the BSE is equivalent to a time-dependent
COHSEX within linear response; the COHSEX self-energy enters both in the defini-
tion of the bare independent quasi-particle (QP) ground-state excitations in D and
in the K1d and K2d components of the kernel. In the linearization procedure used in
Eqs. 4.1.8-4.1.9, the dependence of W (which enters ΣCOHSEX) on the density matrix
is neglected [40]; this implies that only the linearized ΣSEX contributes to K1d and
K2d. The COHSEX approximation is known to overestimate quasi-particle gaps [18],
and single particle states and eigenvalues obtained within the GW approximation are
usually preferred as starting points for BSE calculations. Within our current imple-
mentation Ĥ◦QP (Ĥ◦COHSEX) is approximated either by the Kohn-Sham (KS) Hamil-

tonian whose gap is corrected by the use of a scissor shift ∆ (Ĥ◦QP = Ĥ◦LDA + ∆Q̂k)
or by including several GW corrected eigenvalues using Eqs. 24 − 25 in Ref. [33];
the scissor approximation is accurate for the s-p bonded solids considered in this
work [20]. The introduction of a more general scheme to include quasi-particle cor-
rections within our formulation of the BSE will be the subject of future work. For
example, the use in Eq. 4.1.20 of the enhanced COHSEX approximation presented in
Ref. [45] may yield quasi-particle corrections of accuracy similar to that of the GW
approximation, in a way fully consistent with our formulation.

The evaluation of the integrals defined by Eqs. 4.1.23-4.1.24 is the most expen-
sive part in a BSE calculation. We note that the number of orbitals involved in the
definition of K1d and K2d is equal to the number of occupied states. Hence the scala-
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bility of our approach is the same as that of a ground state Hartree-Fock calculation
(assuming W = v for simplicity; the scalability of the calculation of the dielectric
matrix is discussed in detail in Ref. [60]). Specifically, in a plane-wave (PW) imple-
mentation the evaluation of K1d and K2d scales as α[N2

v × N2
k × NPW × logNPW ],

where NPW is the size of the plane-wave basis set and α is constant with respect to
system size; this is exactly the same scaling as that of calculations of the Hartree-Fock
exact-exchange; as shown in the next section the computational complexity can be
further decreased to α[N2

v ×Nk ×NkI
×NPW × logNPW ], where NkI

is the number
of k-points in the irreducible Brillouin zone, by exploiting the symmetry operations
of the system point group. In general the constant (or pre-factor) α of a BSE cal-
culation is much larger than that of a ground state Hartree-Fock calculation. For
example for the systems studied in this work, a number of Lanczos iterations be-
tween 1000 and 2000 is necessary to achieve convergence and for each iteration four
operations are performed, with the same complexity of Hartree-Fock exact-exchange
calculations (only one of such operations is required within the Tamm-Dancoff ap-
proximation). Within a electron-hole approach, the evaluation of K1d and K2d scales
as [Nv × Nc × N2

k × NPW × logNPW ]. Since in general Nc is much larger than Nv,
the approach presented in this work is more efficient than an electron-hole approach
and increasingly so for large systems. Within a matrix representation, the dimension
of L (Eq. 4.1.19) is 2 × Nv × Nc × Nk in an e-h approach. Only in cases where Nc

and Nk can be chosen small enough, the matrix L can be built explicitly and kept
in memory for subsequent use (such as, i.e., the calculation of the dielectric tensor
using the Lanczos algorithm). Storing L clearly allows for a large decrease in the
pre-factor α of e-h BSE calculations, with respect to those presented here. However
explicit calculation and storage of L are possible only for relatively small systems,
as the required memory becomes rapidly unaffordable for large values of Nc and Nk.
Within the density matrix perturbation theory approach of this work, the dimension
of L is 2×Nv ×NPW ×Nk; if one chooses Nc to be the total number of conduction
states, since Nc � Nv and NPW = Nc +Nv ≈ Nc, the matrices representing L in the
density matrix perturbation theory approach and in the e-h approach have similar
dimensions [101]. NPW is usually a large number, and thus within our method the
matrix L is never built explicitly. Our approach is instead based on iterative calcula-
tions, where the application of L to a generic vector is performed by taking advantage
of procedures analogous to those used in applying the Hamiltonian to wavefunctions
in ground state calculations.

In the evaluation of K1d and K2d, one needs to evaluate the inverse dielectric
matrix ε−1 entering the definition of the screened Coulomb interaction W (r′, r; q) =∫
ε−1(r′, r′′; q)v(r′′, r)dr′′ (where q is a generic wave vector). Also in this case the

explicit calculation of empty electronic states can be avoided by using DFPT. In
particular, following Refs. [[60, 61]], we use an eigenvalue decomposition of the sym-
metrized dielectric matrix [65] ε̃ in the random-phase approximation (RPA), and an
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iterative algorithm to obtain eigenvalues and eigenvectors: such algorithm involves
the evaluation of the action of ε̃ on trial potentials. Finally no inversion of the di-
electric matrix is necessary as a spectral decomposition of ε̃−1 is easily obtained from
the eigenvalues (λi) and eigenvectors (ṽi) of ε̃:

ε̃ −1(q) = Î +
N∑
i=1

|ṽi(q)〉(λ−1
i (q)− 1)〈ṽi(q)|, (4.1.25)

As shown in Ref. [33] and in Sec. 4.1.4 below, convergence of computed spectra can
be achieved with a small number N of eigenpairs included in Eq. 4.1.25. Indeed it
has been shown that the eigenvalues λi are always greater than or equal to 1 [65] and
that for a variety of systems (λ−1

i − 1) decays rapidly to zero, as the eigenvalue index
increases [60, 61].

4.1.2 Use of symmetries in the solution of the Bethe-Salpeter
equation

As shown in the previous section, the solution of the BSE for crystalline materials
(and in general for periodic systems) involves the evaluation of integrals over a grid
in the first Brillouin zone. Our implementation exploits the symmetry of the system
to reduce the computational time and the memory requirements of the calculations.
In a crystal the most general symmetry operation is given by a combination of a
rotation R and a fractional translation f (denoted by {R|f}). The set of symmetry
operations {R|f} constitute the space group of the crystal. By using rotations R, we
can express a generic point in the BZ as k = RkI , where kI belongs to the irreducible
BZ (IBZ). The unperturbed Bloch wavefunctions satisfy the following equation [283]:

φ◦vk(r) = φ◦vRkI
(r) = φ◦vkI

(R−1r− f). (4.1.26)

The perturbed orbitals implicitly depend on the direction of the electric field (Eq. 4.1.14).
For this reason they satisfy the relationship:

φ′ivk(r, ω) = φ′ivRkI
(r, ω) =

∑
j

Rijφ
′j
vkI

(R−1r− f , ω) (4.1.27)

where i and j indicate Cartesian coordinates; the same relationship holds for the
φ′∗vk(r,−ω) perturbed orbitals. These properties can be used to improve the efficiency
of the numerical solution of the equations described in the previous section. We first
consider the calculation of Pi in Eq. 4.1.15. From the definition of ρ̂′(ω) in Eq. 4.1.12
we have

Pij(ω) = − 1

V

∑
k∈BZ

wkTr(r̂iρ̂
′j
k) = − 1

V

∫
riρ
′j(r, ω)dr, (4.1.28)



4.1. Absorption spectra of bulk systems 96

where we have emphasized the dependence of Pi and ρ̂′k on the direction of the electric
field, corresponding to the j-th Cartesian coordinate. By defining

%′j(r, ω) =
∑

kI∈IBZ

wkI
ρ′jkI

(r, ω) (4.1.29)

from Eqs. 4.1.26-4.1.27 and Eq. 4.1.12, we have

ρ′j(r, ω) =
1

NS

∑
R

∑
l

Rjl%
′l(R−1r− f , ω) (4.1.30)

where NS indicates the number of symmetry operations of the space group of the
system; finally one has:

Pij = − 1

V

1

NS

∑
R

∑
l

Rjl

∫
ri%
′l(R−1r− f , ω)dr

= − 1

V

1

NS

∑
R

∑
l,m

RimRjl

∫
rm%

′l(r, ω)dr. (4.1.31)

The set of Eqs. 4.1.29-4.1.31 shows that the perturbed density matrix ρ̂′ (and conse-
quently the macroscopic dielectric function) can be computed by solving Eq. 4.1.11
only for the k-points in the irreducible Brillouin zone instead of the full Brillouin zone.
Symmetry operations can be further exploited in the calculation of the K1x and K2x

components of the kernel defined in Eqs. 4.1.21-4.1.22. To this end in Eq. 4.1.21 we
define:

n′j(r′) =
∑
v′

∑
k′∈BZ

wk′φ◦∗v′k′(r′)a
j
v′k′(r

′) =
∑

k′∈BZ

wk′n′jk′(r
′), (4.1.32)

where the orbitals ajvk(r) satisfy Eq. 4.1.27 (where for simplicity we have omitted the
implicit dependence on the j-th Cartesian coordinate). Likewise in Eq. 4.1.29, we
define

ñ′j(r′) =
∑

kI∈IBZ

wkI
n′jkI

(r′) (4.1.33)

and finally we have

n′j(r′) =
1

NS

∑
R

∑
l

Rjlñ
′l(R−1r′ − f). (4.1.34)

Eq. 4.1.33 implies that, in order to evaluate the term in parentheses in Eq. 4.1.21 (and
in Eq. 4.1.22), it is necessary to consider only the orbitals corresponding to k′ points
inside the irreducible BZ. Such simplification cannot be exploited in a straightforward
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manner for the calculation of K1d and K2d as defined in Eqs. 4.1.23-4.1.24, where one
needs to sum k′ over the full BZ.

In order to calculate ρ′j(r, ω), the linear system of Eq. 4.1.11 is iteratively solved
using the non-Hermitian Lanczos algorithm introduced in Ref. [66]. To apply the
required symmetrization operations (i.e. Eq. 4.1.34), three simultaneous iterative
chains are performed at the same time, corresponding to the three directions of the
perturbing electric field.

4.1.3 Absorption spectra of bulk silicon, carbon diamond
and silicon carbide

The formalism presented in the previous sections has been implemented in the frame-
work of the Quantum Espresso (QE) package, that uses plane-waves as a basis set
and pseudopotentials [141]. The quasi-particle Hamiltonian Ĥ◦ in Eq. 4.1.20 is ap-
proximated by ĤKS + ∆Q̂k, where ĤKS is the Kohn-Sham (KS) Hamiltonian and
∆ is the difference between the quasi-particle gap and the KS gap (scissor approx-
imation). From quasi-particle (QP) calculations at the GW level of theory [42] it
is known that the scissor approximation is accurate for the description of the band
structure of several sp-bonded bulk systems [20].

We computed the absorption spectra of solids as the imaginary part of the macro-
scopic dielectric function εM ( Eq. 4.1.16). In general εM is a tensor but in the specific
cases studied here this tensor is diagonal and the diagonal elements all have the same
value.

We first discuss the absorption spectrum of bulk silicon. The ground state cal-
culation has been performed using the local density approximation (LDA) in the
Perdew-Zunger [284] parametrization and the pseudopotential was taken from the
Quantum Espresso library [285]. We used a lattice constant optimized at the LDA
level of theory (10.20 a0), as given in Ref. [286]. The value of the scissor shift ∆ is
determined as the difference of the experimental value of the minimum direct QP
gap at the Γ point (3.4 eV) [287] and the LDA gap at the same point (2.57 eV). The
use of a computed G0W0 quasi-particle gap would not significantly affect our results,
since the G0W0 approximation reproduces the experimental value within 0.1 eV [20].
A cutoff of 18 Ry was used to expand the ground-state wavefunctions as well as the
dielectric matrix (in Eq. 4.1.25); all the empty bands described by this cut-off are
implicitly included in our calculation, corresponding to at least 328 empty bands per
k-point. In Refs. [28, 29], as few as 4 conduction states were considered sufficient
to reasonably converge the spectrum of bulk silicon. However, even in this case, our
approach has a few advantages over the traditional e-h approach: the convergence
with respect to the number of empty states does not need to be tested; the number
of perturbed orbitals included in our calculations is equal to Nv(=4); due to the large
amount of e-h pairs included implicitly in our approach the spectrum can be com-
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puted up to high energy and the validity of the f-sum rule can be easily verified (see
below).

As shown in Ref. [52] the convergence of the static macroscopic dielectric constant
(head of the dielectric matrix) is rather slow with respect to the k-points included
in the first BZ. In order to integrate the BSE we use Monkhorst-Pack (M-P) grids
of special k-points as implemented in QE [288, 289]. As shown in the early work of
Benedict et al. [281], in order to improve the convergence of computed spectra it is
useful to shift the grid from the origin (Γ point). In the QE implementation, automat-
ically generated k-point grids centered at Γ may be shifted by

(
1

2n
b1 + 1

2n
b2 + 1

2n
b3

)
,

where n is the grid dimension and b1, b2 and b3 are reciprocal lattice primitive vec-
tors. Since in the face-centered cubic lattice after such shift the k-point grid does
not have the full symmetry of the crystal, additional points are generated, leading
to a mesh with four times the number of k-points as in the original grid. This fact
can be understood in the simple case of a single k-point 1 × 1 × 1 mesh shifted in(

1
2
b1 + 1

2
b2 + 1

2
b3

)
. By applying all the symmetry operations (48 for the systems

considered in this work) we can generate additional k-points 1
2
b1, 1

2
b2, 1

2
b3 equiva-

lent by symmetry. This leads to a mesh with four times the k-points as the original
1× 1× 1 mesh. Of course only the k-point

(
1
2
b1 + 1

2
b2 + 1

2
b3

)
is included in the IBZ

and this property is exploited to accelerate the calculations, as discussed in Sec. 4.1.2.
If the single k-point is shifted by a random vector in the BZ, the application of the
symmetry operations may lead up to 48 different k-points in the full BZ (this is the
number of symmetry operations of the point group of the diamond lattice). Similar
arguments can be applied to the case of a k-point mesh of larger dimensions. The
convergence with respect to the dimension of the grid is discussed below.

In order to test the computational parameters and approximations entering the
solution of the BSE, we have first performed calculations for Si with a 4×4×4 mesh
with the origin shifted by

(
1
8
b1 + 1

8
b2 + 1

8
b3

)
. This grid is then symmetrized, leading

to 256 k-points in the full BZ and 10 in the IBZ. This mesh is sufficient to obtain
accurate ground state properties but does not yield converged results for absorption
spectra; nevertheless it is sufficiently accurate for the purpose of testing additional
numerical parameters and approximations involved in the solution of the BSE. In
Fig. 4.1.1 we show the convergence of the absorption spectrum of bulk silicon as a
function of the number of eigenvalues and eigenvectors used in Eq. 4.1.25. The con-
vergence is rapid and no difference is present between the spectra obtained using 16
and 48 eigenvalues. We note that the dimension of the full matrix is 2733, that is
much bigger than the small number of eigenpotentials used here for its representa-
tion. In Fig. 4.1.2 we compare results obtained with and without the Tamm-Dancoff
approximation (TDA). Minor differences are observed only in the high energy part
of the spectrum. We have also computed the f-sum rule for these spectra and found
that the full BSE fulfills 97% of the f-sum rule while the TDA spectrum yields 107%.
The TDA appears to be reliable for the optical properties of bulk systems, as widely
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accepted since the early use of the BSE [29]. However the TDA may break down
for the optical spectra of molecules and nanostructures [99, 33] and for the electron
energy loss spectra of bulk systems [290]. In the following, calculations on larger
k-point grids are carried out within the TDA approximation.

We now consider the convergence of the spectrum of bulk silicon as a function of
the dimension of the k-point grid used in the calculations. In Fig. 4.1.3 we show the
results for three different Monkhorst-Pack (M-P) grids [288] of dimension n× n× n
with n = 8, 10, and 12, respectively, and we compare them with the experimental
spectrum [291]. In order to improve the convergence, the origin of those grids is
shifted by

(
1

2n
b1 + 1

2n
b2 + 1

2n
b3

)
. After symmetrization the total number of k-points

in the grid is 4×n×n×n. Our calculations give accurate results for the position and
intensity of the two main peaks, compared to experiment, with an error of at most 0.12
eV for the first (E1) transition. However in the computed spectra we obtain a weak
additional peak between the two main transitions which has a strong dependence on
the k-point mesh used in the calculation. This extra peak was already present in
some of the earlier BSE calculations of the optical spectrum of bulk silicon [28, 29]
and in recent publications [292], as shown in Fig. 4.1.4. When the same k-point mesh
is used, our approach reproduces the same result of a well converged electron-hole
calculation (see panel b of Fig. 4.1.4).

Since the early applications of the BSE to the calculation of spectra of bulk
systems, it was suggested that the use of M-P grids was likely responsible for the
appearance of spurious peaks in the spectra [293]. It was also suggested that the use of
grids shifted off the high symmetry directions [281] or randomly distributed k-points
may help avoid the appearance of spurious spectral features. For example in Ref. [293]
the example of an independent particle spectrum computed with 400000 k-points was
presented, showing improved accuracy. However such a large mesh is not affordable in
the solution of the BSE for realistic solids. For the sake of completeness, in this work
we have also considered the use of a k-point grid off symmetry, obtained by shifting
the origin of a regular grid at 1

64
b1 + 1

32
b2 + 3

64
b3, as suggested in Refs [281, 293];

in this case the grid is not symmetrized and the formalism described in Sec. 4.1.2
to accelerate the calculations cannot be applied (only the time-reversal symmetry
is used, as explained in Appendix 6.4). The results are shown in Fig. 4.1.5 for
some of the components of the dielectric tensor. Since the grid does not have the full
symmetry of the crystal, the diagonal components of εM are different from each other,
and the off-diagonal components of the tensor are different from zero. In Ref. [281]
the perturbation was applied along the (1, 1, 1) direction, amounting to an average of
all the components of the tensor. This average eliminates the spurious peaks, which,
however, are still present on the xx and yy diagonal components of the tensor (see
Fig. 4.1.5). In this work, we have not considered random k-points in the integration
of the BSE. In the literature, the BSE spectrum of silicon has already been computed
using 1000 k-points randomly distributed over the BZ, finding a shoulder instead of
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a peak between the two main transitions (see Fig.2 of Ref. [100]). Since a random
distribution of k-points does not have the lattice symmetry, an effect analogous to
the one shown in Fig. 4.1.5 might occur also in this case, especially for a small set of
k-points. We note that a systematic test of the convergence of random distributions
of k points or grids shifted off-symmetry can not take advantage of the symmetry to
simplify the calculations and would become rapidly impractical when increasing the
size of the sampling.

As a further application of our technique we have computed the absorption spec-
trum of carbon diamond. Also in this case the ground state calculation was performed
using the local density approximation (LDA) and the pseudopotentials were taken
from the Quantum Espresso library [285]. The lattice parameter was set to the exper-
imental value of 6.74 a0 [294]. A cutoff of 40 Ry was used to expand the wavefunctions
and more than 300 empty band are implicitly included in our calculation. The value
of the scissor shift ∆ is obtained as the difference between the value of the experi-
mental minimum direct gap (7.3 eV) [295] and the LDA minimum direct gap (5.66
eV). As shown in Ref. [20] the G0W0 quasi-particle and the experimental gap differ
by 0.2 eV. As suggested in Ref. [281] a 6.4% stretch of the valence band was applied,
to correct for the underestimate of the valence band width given by the LDA.

We tested the convergence of our results with respect to the number of eigenpairs
included in Eq. 4.1.25 and the accuracy of the Tamm-Dancoff approximation. The
conclusions are similar to the case of bulk silicon. In Fig. 4.1.6 we show the results
for the calculated absorption spectrum of carbon diamond for two different k-point
grids and we compare them with the experimental curve (from Ref. [296]). In this
case the convergence with respect to the dimension of the k-point grid is faster than
for bulk silicon; however, following Ref. [297] a larger Lorentzian broadening than in
bulk Si was used for the computed spectrum (0.57 eV), which overall has less features
than that of Si. The comparison with the experimental data is satisfactory, with a
shift in the main peak of about 0.1 eV.

As a final example we consider the absorption spectrum of silicon carbide in the
zincblende structure. The calculation was performed in the local density approxi-
mation with the lattice parameter set to the experimental value of 8.24 a0 [294]. A
cutoff of 40 Ry was used to expand the wavefunctions, corresponding to the implicit
inclusion of more than 580 empty states. The value of the scissor shift is obtained
as the difference between the experimental gap of 2.39 eV [294] and the LDA gap of
1.30 eV. In Fig. 4.1.7 we show the BSE spectrum computed for a 8 × 8 × 8 shifted
k-point mesh and the experimental curve from Ref. [298]. Overall the agreement
between theory and experiment is good and the main peak position is reproduced
with an error of about 0.15 eV. If a Lorentzian broadening of 0.57 is used, as in the
case of diamond, a good agreement between the computed and experimental inten-
sity is found, but the first shoulder of the experimental spectrum is not visible. This
shoulder becomes detectable in the spectrum computed using a 0.27 eV broadening.
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Figure 4.1.1: Absorption spectrum of bulk silicon computed as a function of the
number of eigenvalues and eigenvectors used in the spectral decomposition of the
dielectric matrix (Eq. 4.1.25). A mesh of 256 k-points in the BZ corresponding to 10
k-points in the IBZ has been used. A Lorentzian broadening of 0.24 eV was added
to the curves.

In this case the intensity of the main peak is overestimated; overall our computed
spectra are similar to previous results in the literature [299, 100].
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Figure 4.1.2: Absorption spectrum of bulk silicon computed with and without the
Tamm-Dancoff approximation (TDA). A mesh of 256 k-points in the BZ correspond-
ing to 10 k-points in the IBZ has been used. A Lorentzian broadening of 0.24 eV was
added to the curves. We used 16 eigenvalues in Eq. 4.1.25 (see Fig. 4.1.1).

Figure 4.1.3: Absorption spectrum of bulk silicon computed with different
Monkhorst-Pack k-point grids, compared to the experimental results [291]. A
Lorentzian broadening of 0.11 eV has been added to the computed curves.
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Figure 4.1.4: (a) Comparison of the bulk silicon spectrum (computed with a 12×12×
12 shifted k-grid) with some of the early BSE calculations (Ref. [28] and Ref. [29]).
In Ref. [28] a grid containing 2048 k-points in the BZ was used while in Ref. [29]
a 32 k-point grid was extrapolated up to 500 k-points. (b) Comparison of the bulk
silicon spectrum computed using an 8 × 8 × 8 shifted k-grid using our method and
the electron-hole implementation of the Yambo code [292]; in this case an energy
dependent broadening was used in order to compare with Ref. [292] (in the energy
range shown in the figure the broadening increases linearly from 0.02 eV to 0.15 eV
as a function of ω).

Figure 4.1.5: Absorption spectrum of bulk silicon computed with the nonsymmetric
k-point mesh proposed in Ref. [281]. A Lorentzian broadening of 0.11 eV has been
added to the curves. The different components of εM are represented by different
colors.
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Figure 4.1.6: Absorption spectrum of carbon diamond as computed with different
Monkhorst-Pack k-point grids, compared to the experimental results from Ref. [296].
We used 16 eigenvalues in Eq. 4.1.25. A Lorentzian broadening of 0.57 eV has been
added to the computed curves.

Figure 4.1.7: Absorption spectrum of silicon carbide as computed with an 8 × 8 ×
8 shifted Monkhorst-Pack k-point grid compared to the experimental results from
Ref. [298]. The results are shown for two different values of the Lorentzian broadening.
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4.1.4 Absorption spectra of WO3 and N2 intercalated WO3

Having found a good agreement between theory and experiment for the optical spec-
tra of several simple semiconductors, we proceeded to analyze the optical spectrum of
bulk WO3 first and then of N2 doped WO3. Most UV-vis spectra of WO3 [235, 300]
were measured over a narrow energy range nearby the fundamental absorption edge,
and they are likely to be very sensitive to optical transitions with small intensity.
Instead, measurements of reflectivity (e.g. with synchrotron radiation or by using
ellipsometry) over a large energy range far from the absorption edge are less sensi-
tive to the details of the edge, e.g. phonon-assisted transitions. Our spectra were
computed using the implementation of Refs [33, 30], at the BSE level of theory, and
then did not include phonon-assisted transitions and it is therefore meaningful to
compare them with ellipsometry data. However, the latter are limited for pure single
crystal RT-monoclinic WO3 [301], and rather uncertain. To the best of our knowl-
edge, they were reported only in Ref [301], where it was noted that the ellipsometry
measurements may have been influenced by contributions from domains with differ-
ent crystallographic orientations. Therefore we choose to compare the spectrum of
simple cubic WO3 with that of sodium bronze (Na0.65WO3) (see Fig. 4.1.8), which
has a band structure similar to that of simple cubic WO3: the extra electrons from
Na fill the conduction bands of the simple cubic lattice [154] without modifying its
original band structure. We note that even though simple cubic WO3 has a smaller
band gap than that of the RT-monoclinic phase, since the energy of the Fermi level
increases with increasing electron concentration from Na, and the Coulomb repulsion
increases within the filled states, the onset of inter band transitions shifts to higher
energies as sodium is added to the system [301]. This results in a similar O2p-W5d
gap in RT-monoclinic WO3 and in Na0.65WO3. Therefore, in order to compare with
experiment, the computed BSE absorption spectrum of simple cubic WO3 was shifted
to the blue by the difference of the simple cubic WO3 and RT-monoclinic WO3 band
gaps, both obtained at the G0W0 level. The overall shape of the computed spectrum
(Fig. 4.1.8) is in very good agreement with experiment.

To understand the influence of many body effects on the computed spectrum, we
compared calculations at the BSE and Random Phase Approximation (RPA) level
of theory (see Fig. 4.1.9). The RPA spectrum (including local field effects) using the
LDA band gap presents two characteristic features: the band edge is red shifted due
to the underestimate of the electronic gap by LDA, and the first peak has smaller
intensity compared with the BSE spectrum, due to the lack of excitonic effects; as
expected the RPA spectrum computed using the GW quasiparticle gap is shifted
to higher energy, compared to that with the LDA gap. The BSE spectrum, which
includes both quasiparticle corrections and excitonic effects is at lower energies, and
the excitonic effects lead to an enhancement of the oscillator strength of the first
peak, which compares well with experiment.

As mentioned in the introduction, for solar applications it is desirable to lower the
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Figure 4.1.8: Absorption spectrum (ImεM) of WO3 computed by solving the Bethe-
Salpeter Equation (BSE) and that of Na0.65WO3 obtained by reflectivity experi-
ments [302](EXP). A Lorentzian broadening of 0.04 Ry was added to the computed
curve. The low energy rise of the experimental spectra is due to extra electrons from
Na filling the bottom of the conduction band (see text).
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Figure 4.1.9: Absorption spectrum (ImεM) of WO3 computed at different levels of
theory: by solving the Bethe-Salpeter Equation (BSE); using the Random Phase
Approximation (RPA) with quasiparticle (QP) G0W0 gap; and the RPA with LDA
band gap. A Lorentzian broadening of 0.027 Ry was added to the computed curves.

absorption gap of RT-monoclinic WO3 towards the visible range, and it was recently
suggested that insertion of closed shell molecules in the oxide lattice may lead to a gap
decrease. In particular, Refs. [129, 130] showed that RT-monoclinic WO3 intercalated
with nitrogen molecules (N2@WO3) has a substantially smaller band gap than pure
WO3 (by about 0.8 eV), without exhibiting charged defects. Therefore we also exam-
ined the modifications of the absorption spectrum of the oxide upon insertion of N2,
although for computational convenience we considered a concentration higher than
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in experiments ( We carried out calculations of N2 in SC WO3, with a di-nitrogen
concentration of 1N2:1WO3. The latter is higher than reported experimentally [129]
and was chosen for computational convenience, and because we were interested in
probing a qualitative effect of N2 intercalation in WO3). The computed GW-BSE
spectrum of N2@WO3 in Fig. 4.1.10 shows two main features: the absorption edge
is red shifted compared with that of pure WO3, consistent with the experimental
observation; the oscillator strength of the first two peaks is redistributed to higher
energy. This indicates that the N2 presence increases the screening of the electron
hole interaction and hence it decreases the exciton binding between electron and hole
pairs. Indeed, we found that the lowest exciton binding energy decreased by 0.05 eV
upon N2 intercalation. The redistribution of the oscillator strength to higher energy
is not desirable for solar applications; however, the presence of N2 is mostly beneficial
as the light absorption within the visible spectrum is enhanced by the presence of
the molecule.
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Figure 4.1.10: Absorption spectrum of WO3 and dinitrogen intercalated WO3. A
Lorentzian broadening of 0.027 Ry was added to the computed curves.

In summary, in the section we have presented the extension to periodic systems of
the density matrix perturbation theory formalism [33] for the calculation of optical
absorption spectra. Within this approach the explicit calculation of empty electronic
states and the storage and inversion of the dielectric matrix for the calculation of
the screened Coulomb interaction are avoided. The use of both spatial and time-
reversal symmetries leads to a significant reduction of the computational workload.
As a proof of principle, we have applied our approach to the calculation of the optical
absorption spectra of bulk silicon, carbon diamond, silicon carbide and WO3. The
convergence of numerical parameters, such as the dimension of the k-point grid and
the number of eigenpairs used to expand the dielectric screening, have been carefully
discussed. The accuracy of the Tamm-Dancoff approximation for bulk systems has
been confirmed by the explicit calculation of absorption spectra and sum rules. Our
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results exhibit good agreement with previously published data [28, 281, 29] and with
experimental spectra [291, 296].

4.2 Absorption spectra of Si nanowires

Two main theoretical frameworks have been adopted in recent years to study absorp-
tion spectra of nanostructures: time dependent density functional theory (TDDFT) [12]
and many body perturbation theory (MBPT) [16, 29] (see chapter 2). In many cal-
culations using TDDFT appeared to date, local or semi-local approximations of the
exchange-correlation energy have been used, either at the local density approxima-
tion (LDA) or gradient corrected approximation (GGA) levels of theory. Within
these frameworks, a number of results in good or satisfactory agreement with exper-
iment have been reported for finite systems, but the theory fails to describe exci-
tons in solids [13] and charge transfer excitations in molecules [15, 14] as discussed
in chapter 2.2.3.3. The failure of TDLDA for extended systems has motivated ac-
tive researches on non local exchange correlation kernels, which may decribe bound
excitons[102, 104, 103, 107]. Within MBPT, the solution of the Bethe-Salpeter equa-
tion (BSE) [16, 29, 303, 304, 305, 306] may yield a correct description of excitations
in both solids and molecules, including charge transfer excitations. However we have
seen that the techniques used to solve the BSE are much more demanding, from a
computational standpoint, than those adopted to solve the time dependent Kohn-
Sham equations in the adiabatic approximation; thus the application of MBPT has
so far been limited to few, relatively small systems. In addition, fully converged nu-
merical results have been difficult to obtain, and this may have hampered a robust
assessment of the performance of the theory. Such an assessment is clearly important,
as the theory is approximate, and possibly not applicable with the same degree of
reliability to all classes of systems.

In this section we focus on semiconducting nanowires, and Si in particular, and
we present calculations of absorption spectra as obtained by solving the BSE in the
static approximation. We discuss the numerical accuracy of our calculations for semi-
infinite systems (section 4.2.2) and we demonstrate the need to evaluate error bars of
computed spectra, in order to carry out meaningful comparisons with results obtained
at the same level of theory, but with different algorithms and numerical parameters.
We then use our results to investigate absorption spectra as a function of surface
structure and we compare our findings with those obtained within TDLDA (section
4.2.3). Section 4.2.5 contains a discussion of the efficiency of the approach adopted
here.
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4.2.1 Numerical accuracy of the solution of the Bethe-Salpeter
equation for semi-infinite systems

We solved the BSE using pseudopotentials (PP) and plane wave basis sets and thus
periodic supercells. In order to assess the numerical accuracy achieved in the so-
lutions of Bethe-Salpeter equation, one needs to control the effect, on computed
spectra, of the following parameters: 1) kinetic energy cutoff (Ecut) used to represent
ground state wavefunctions; 2) number of eigenvalues and eigenvectors included in
the decomposition of the dielectric matrix (Eq. 2.2.5); 3) accuracy of the technique
adopted to integrate the divergence of the Fock operator; 4) number of k points used
for integrals over the Brillouin zone (BZ); 5) size of the supercell. We now proceed to
analyze each of these parameters, one at a time, for the case of a 0.4 nm Si nanowire
grown along the [100] direction. The core atomic structure was constructed from
bulk silicon. Both the cell dimension along the periodic direction and the internal
geometry were fully optimized using the QUANTUM ESPRESSO package [141].

4.2.1.1 Basis set for ground state wavefunctions

Ground state calculations have been carried out within the LDA using a norm con-
serving, von Barth-Car type PP [307] for both hydrogen and Si. We did not address
the accuracy of pseudopotential versus all electron (AE) calculations for excited state
spectra and all the results reported below have been obtained with the same PP as
in the ground state calculations. Comparisons between PP and AE calculations will
be discussed elsewhere[308].

The convergence of computed spectra as a function of Ecut has been investigated
at the TDLDA level and we established that Ecut = 12 Ry yields spectra converged
within 0.05 eV, as shown in Fig. 4.2.1. This is the value of the cutoff used throughout
the paper for Si NWs.

4.2.1.2 Eigenvalue decomposition of the dielectric matrix

As discussed in section 4.1.2 (see Eq. 4.1.25), we represent the inverse dielectric ma-
trix by an eigenvalue decomposition and thus the convergence of our calculations as
a function of the number Neig of eigenvalues and eigenvectors included in Eq. 4.1.25
need to be tested.The same number of Neig is used for all k points included in the BZ
integration. As seen in Fig. 4.2.2, the sum in Eq. 4.1.25 can be truncated to a rela-
tively small Neig : spectra computed with Neig = 72 and 88 are essentially identical
and they differ by a minimal amount with respect to that obtained with Neig = 56.
All calculations for wires reported below have been carried out by truncating the
summation to Neig = 72, which appears to be a rather conservative choice. We note
that the shape of the spectrum is preserved when Neig is further decreased to 28
and that the difference of peak positions with respect to converged spectra is about
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Figure 4.2.1: Convergence of the spectrum of a 0.4 nm Si nanowire grown in the
[001] direction, as a function of the kinetic energy cutoff used for the solution of the
Kohn-Sham equation. Calculations were carried out at the TDLDA level, with a
cubic cell of lateral dimension equal to 37 a.u. and 16 k-points.

0.3-0.4 eV.

4.2.1.3 Integration of the divergence of the Fock operator for semi-infinite
systems and Brillouin zone sampling

The evaluation of the screened Coulomb interaction amounts to evaluating the fol-
lowing term (following Eq.4.1.23):∑

v′

∑
k′∈BZ

1

Nk′
K1d
vk,v′k′|av′k′〉 =

∑
v′

∑
k′∈BZ

1

Nk′
Q̂k

(∫
W (r, r′; q)φo∗v′k′(r′)φovk(r′)dr′

)
|av′k′〉

=
∑
v′

∑
k′∈BZ

1

Nk′
Q̂k

(∫
υ(r, r′)φo∗v′k′(r′)φovk(r′)dr′

)
|av′k′〉

+
∑
v′

∑
k′∈BZ

1

Nk′
Q̂k

(∫
(ε−1(r, r′′,q)− δ(r− r′′))υ(r, r′′)dr′′φo∗v′k′(r′)φovk(r′)dr′

)
|av′k′〉

(4.2.1)

where we have defined q = k − k′. The first term on the right hand side includes
the integrable divergence of the Fock operator; the second term does not include any



4.2. Absorption spectra of Si nanowires 111

4 5 6 7 8 9
ω [eV]

Im
ε

M
(ω

)

28 
56 
72 
88 

Figure 4.2.2: Convergence of the spectrum of a 0.4 nm Si nanowire grown in the [001]
direction, as a function of the number of eigenvectors included in the decomposition
of the dielectric matrix (see Eq.8). Calculations were carried by solving the BSE, with
a kinetic energy cutoff of 12 Ry for the Kohn-Sham orbitals, a cubic cell of 37 a.u.
linear dimensions and 7 k-points. The divergence of the Fock operator was integrated
using the scheme of Ref. [69] and the head of the dielectric matrix was obtained from
the inverse of the dielectric constant. A scissor operator was used, by adjusting the
value of the band gap to that obtained within the G0W0 approximation.

divergence. We introduce the co-densities ρv
′,k′

v,k (r′) = φo∗v′,k′(r′)φov,k(r′) , with Fourier

transform ρv
′,k′

v,k (G). A Fourier transform of the first term of the right hand side of
Eq. 4.2.1 yields:

∑
v′

∑
k′∈BZ

1

Nk′
Q̂k

(∫
υ(r, r′)φo∗v′k′(r′)φovk(r′)dr′
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=
∑
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∑
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Ω
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∑
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v,k (G)ei(q+G).r′dr′
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=
∑
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Nk′
Q̂k

1

Ω

∑
G

ρv
′,k′

v,k (G)
4π

(q + G)2
ei(q+G).r|av′k′〉

(4.2.2)
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By substituting Q̂k = Î − P̂k = Î −
∑

v |φovk〉〈φovk|, Eq. 4.2.2 becomes:

1

Ω

∑
v′

∑
q∈BZ

1

Nq

∑
G

ρv
′,k′

v,k (G)
4π

(q + G)2
ei(q+G).rav′k′(r)

− 1

Ω

∑
v′

∑
q∈BZ

1

Nq

φovk(r′′)

∫
φo∗vk(r)

∑
G

ρv
′,k′

v,k (G)
4π

(q + G)2
ei(q+G).rav′k′(r)dr

(4.2.3)

The second term in Eq. 4.2.3 vanishes at q+G = 0 because the Fourier component
of φo∗vk(r)av′k′(r) at q + G = 0 is zero due to the orthogonality of |φovk〉 and |av′k′〉.
The summation in the first term of Eq. 4.2.3 exhibits an integrable divergence for
(q + G) = 0 and cannot be performed by using a special point integration technique.
We considered two approaches to tackle the divergence in the Fock operator: (i) the
use of the integration technique proposed by Gygi and Baldereschi (GB) [69] and (ii)
the use of a cylindrical cutoff for the Coulomb interaction [309, 310, 311]. We briefly
summarize the two techniques below and present results obtained with both of them.

Following Ref. [69], we add to and subtract from Eq. 4.2.3 a term with a known
analytic form, that exhibits the same divergent behavior as the one of the sum in
Eq. 4.2.3. We also add a correction term, as suggested in Ref. [62], to properly
account for the spherically averaged limit at q = 0. If we define Av,k(q + G) =∑

v′ ρ
v′,k−q
v,k (G)ei(q+G).rav′k−q(r), the first term of Eq. 4.2.3 is then given by:

4π

ΩNq

∑
G,q

Av,k(q + G)

|q + G|2
=

4π

ΩNq

[
′∑

G,q

Av,k(q + G)

|q + G|2
+〈〈lim

q→0

Av,k(q)− Av,k(0)

q2
〉〉]+DAv,k(0)

(4.2.4)

D =
4π

ΩNq

[−
′∑

q,G

e−α|q+G|2

|q + G|2
+ α] +

1

π

√
π

α
(4.2.5)

Nq is the number of q points and Ω is the unit cell volume, α = C
Ecut

is a parameter,

where C is a constant; the prime in the summation (
∑′) indicates that the term

q+G = 0 is excluded. We have verified that the computed value of the exact exchange
energy is independent on the choice of α. As pointed out in Ref. [62], the term

〈〈lim
q→0

A(q)− A(0)

q2
〉〉 is related to the gauge invariant spread of the occupied electronic

orbital manifold, as defined in the theory of maximally localized Wannier Functions
[312]. We note that neglecting such term in the evaluation of the summation of
Eq. 4.2.4 amounts to an error inversely proportional to the cell volume times the
number of q points included in the BZ sampling.

We first tested the accuracy of the GB integration scheme by performing time
dependent Hartree-Fock (TDHF) calculations as a function of the cell size and as a



4.2. Absorption spectra of Si nanowires 113

function of the number of k-points used for the BZ integration. Fig. 4.2.3a shows an
example for a 0.4 nm Si NW: when 16 k pts are used , nearly identical results are
obtained for cells with edges 37 and 55 a.u.; in addition, the difference with respect to
the spectrum computed with a cell of 27 a.u. is small. We also repeated a calculation
with 21 k pts and cell edge = 37 a.u., and found the same results as those shown in
Fig. 4.2.3b for 16 k pts.

Figure 4.2.3: Convergence of the spectrum of a 0.4 nm Si nanowire grown in the [001]
direction, as a function of the cell size (L) (a) and the number of k-points (kpts) used
in the BZ sampling (b). Calculations were carried out at the time dependent Hartree
Fock (HF) level, with a kinetic energy cutoff of 12 Ry for the Kohn-Sham orbitals,
and a scissor operator obtained by computing the difference between the lowest LDA
and HF energy gaps. The divergence of the Fock operator was integrated with the
techniques proposed in Refs. [62, 69]. In (a) we used 16 kpts and in (b) L=37 a.u.

An alternative way to evaluate the summation in Eq. 4.2.3 is to use a Coulomb
cutoff to truncate the long range Coulomb interaction in the direction perpendicular
to the wire growth direction, and thus avoid fictitious interactions between periodic
replica. Following Ref. [309], we define a region C of real space, outside which the
Coulomb interaction is assumed to be zero:

υ̃(r) = {
1
r
if r ∈ C

0 if r /∈ C (4.2.6)

For a cluster (0-dimension), C is a sphere; in the case of a wire C is an infinitely long
cylinder with a given radius R. A sharp cutoff in real space yields a rapidly oscillating
function in Fourier space; therefore care must be exercised in the choice of the plane
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wave cutoff, as in principle a value of Ecut larger than the one chosen for the charge
density is needed to represent the truncated Coulomb potential in G space.

After performing a Fourier transformation of the Coulomb potential in cylindrical
coordinates, one obtains [309]:

υ̃1D(G‖, G⊥) =
4π

G2
[1 +G⊥RJ1(G⊥R)K0(G‖R)

−G‖RJ0(G⊥R)K1(G‖R)] (4.2.7)

The term K0(G) diverges logarithmically for G → 0 and so does the truncated
Coulomb potential:

υ̃1D(G‖, G⊥) ∼ −log(G‖R) for G⊥ > 0, G‖ → 0+ (4.2.8)

In ground state calculations this divergence can be canceled by a divergence of the
same kind present in the Coulomb interaction between nuclear charges, that is the
sum of the interaction of electronic and nuclear charges gives rise to a non divergent
contribution to the total energy. However in calculations involving excited states, no
cancellation occurs. In most papers using a Coulomb cutoff (see, e.g. Ref. [309, 310]),
a finite cylinder of radius R and length h was considered. The cutoff length h was
usually chosen larger than the estimated exciton Bohr radius in the system, and
smaller than an effective supercell size [310]. An effective linear size of the supercell
is defined by the product of the unit cell size along the periodic direction and the
number of k points. We note that the use of a Coulomb cutoff in the periodic direction
is a mathematical tool to avoid the divergence at G‖ → 0+. It may be a reasonable
procedure for several systems, however if excitons turn out to be rather extended,
with respect to the chosen cell size, the use of a cutoff may become impractical or
lead to very slow convergence as a function of the number of k points used for the
BZ integration.

One may avoid the use of a cutoff in the periodic direction by using the scheme pro-
posed in Ref. [311] where the Coulomb interaction is truncated outside one Wigner-
Seitz cell centered on the wire, in the xy plane. In this case the divergence at q→ 0
is still present, although it is a logarithmic divergence instead of a 1/q2 divergence.
In Fig. 4.2.4 we compare TDHF calculations carried out using a Coulomb cutoff[309]
with those reported in Fig. 4.2.3 with the GB integration scheme. The radius R was
chosen equal to half the cell size and h equal to the number of k points times the
cell size, following the prescription 1 of Ref. [309],[310]. It is seen that a much larger
number of k pts (larger than 50) is needed to converge the spectrum computed with

1As long as R is large enough (.ie. it defines a region including more than 99% of the charge
density of the system), the computed spectra do not depend on R. However, results are very sensitive
to the choice of h. As noted in Refs. [309, 310], h has to be larger than the exciton length and shorter
than the number of k points times the cell size. In practice, it is hard to predict the exciton length
and different choices of h with the same number of k points may yield different results.
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a cylindrical Coulomb cutoff than with the GB technique. Similar results have been
obtained also for other systems, e.g. hydrogen chains. In the latter case, 180 k pts
were not sufficient to converge the spectrum computed with a cylindrical Coulomb
cutoff; instead 51 k pts are enough to converge the spectra by using the GB technique.
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Figure 4.2.4: Convergence of the spectrum of a 0.4 nm Si nanowire grown in the
[001] direction, as a function of the number of k-points (kpts) used in the BZ sam-
pling, using two different techniques for the evaluation of the Fock operator: the one
proposed in Refs. [62, 69] (GB) and a Coulomb cutoff (CC). Calculations were carried
out at the time dependent Hartree Fock (HF) level, with a kinetic energy cutoff of 12
Ry for the Kohn-Sham orbitals, a cell edge of 37 a.u. and a scissor operator obtained
by computing the difference between the lowest energy LDA and HF gaps.

4.2.1.4 Convergence of computed absorption spectra as a function of cell
size

Fig. 4.2.5 shows the convergence of computed spectra as a function of cell size for a
0.4nm Si wire. Calculations were carried out using the GB integration scheme and
16 k-pts for the BZ integration. Although one may obtain well converged TDHF
spectra with 37 a.u. cells (see Fig. 4.2.3), cells as large as 60 a.u. are required to
fully converge BSE spectra. As a function of cell size, the spectra are rigidly shifted
in energy, with respect to each other and the peak positions scale as the inverse of
the square of the cell size (L), as shown in Fig. 4.2.6a. This linear dependance on
1
L2 is the same as that of the head of the dielectric matrix, reported in Fig. 4.2.6b,
and it is largely responsible for the slow convergence of computed BSE spectra as a
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function of cell sizes. However also the elements of the wing of the dielectric matrix
have long range contributions and are partly responsible for the slow convergence. In
order to overcome such slow convergence, we used a Coulomb cutoff[311] to compute
the eigenpotentials of the dielectric matrix and to evaluate the difference between
bare and screened Coulomb interaction (See second term of Eq. 4.2.1). Within such
scheme, we obtain a fast convergence of the BSE spectra within 0.1 eV as a function
of both cell size and k-pts (see Fig. 4.2.7). We note that the Fourier components of
the Coulomb potential truncated with a cylindrical Coulomb cutoff exhibits strong
oscillations as q‖ → 0 which may cause numerical instabilities; instead the truncation
procedure proposed in Ref. [311] appears to be much more stable and the potentials
exhibit smaller oscillations in Fourier space for a given cutoff.
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Figure 4.2.5: Convergence of the spectrum of a 0.4 nm Si nanowire grown in the [001]
direction, computed by solving the BSE, as a function of the cell lateral dimension
(L) . We included 72 eigenvectors in the decomposition of the dielectric matrix (see
Eq. 4.1.25); we used 16 k points for the BZ integration, the technique of Refs. [62, 69]
to compute the Fock operator and the head of the dielectric matrix was computed
from the inverse dielectric constant.

4.2.2 Comparison between spectra obtained with different
levels of theory and with different numerical techniques

In this section we first discuss differences between our computed spectra, at the BSE
level of theory, and previously published ones, calculated with different algorithms
and numerical parameters. We then compare BSE spectra with those obtained by
carrying out TDLDA calculations.
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Figure 4.2.6: (a) Position of the first peak (∆E) of spectra of a 0.4 nm Si nanowire
grown in the [001] direction, computed by solving the BSE, as a function of the square
of the cell lateral dimension (L) . ∆E is defined as the energy difference between the
main peak position at a given L and the peak position at L = 60 a.u. We included 72
eigenvectors in the decomposition of the dielectric matrix (see Eq. 4.1.25); we used 12
Ry for the Kohn-Sham orbitals, 16 k points for the BZ integration, the technique of
Refs. [62, 69] to compute the Fock operator and the head of the dielectric matrix was
obtained from the inverse dielectric constant. (b) Macroscopic dielectric constant
(ε∞) as a function of the square of the cell lateral dimension (L), obtained from
density functional perturbation theory (DFPT) using the QUANTUM ESPRESSO
package [141].

Fig. 4.2.8 compares our computed spectrum for a 0.4 nm Si NW with that re-
ported in Ref. [313]. The agreement between number of peaks and peak positions is
satisfactory, although differences in intensities are present, probably due to the use of
different numerical techniques. We have also tested the accuracy of the TDA approx-
imation; only small differences in the high energy part of the spectra are observed,
when using the TDA. A comparison of our results obtained with and without the
TDA is shown in Fig. 4.2.9.

Fig. 4.2.10 shows a comparison with existing results for a wire with bigger diam-
eter (0.8 nm), grown in the [110] direction. The curve [b] was obtained by linearly
extrapolating the position of the BSE spectra as a function of the inverse of the cell
size, similar to the case of Fig. 4.2.6. The curve [a] was obtained by using a Coulomb
cutoff to evaluate the dielectric matrix[311] and shows very good agreement with the
extrapolated results of [b]. Our results are in very good agreement with those of
Ref. [313] but exhibit a shift of about 0.3-0.5 eV with respect to those of Ref. [316].
The use of G0W0 corrections in Ref. [316], instead of a scissor operator (as done here)
may be partially responsible for this difference; the orgin of the discrepancy may also
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Figure 4.2.7: Convergence of the BSE spectrum of a 0.4 nm Si nanowire grown in
the [001] direction, as a function of the cell size (L) (a) and k-points (kpts) used
in the BZ sampling (b). Calculations were carried out with a kinetic energy cutoff
of 12 Ry. The technique of Refs. [62, 69] was used to evaluate the Fock operator
and we employed a Coulomb cutoff to evaluate the dielectric matrix (see text). The
scissor operator was obtained by computing the difference between the lowest energy
gap within LDA and G0W0. We included 72 eigenvectors to evaluate the dielectric
matrix. In (a) we used 16 kpts and in (b) L=37a.u.

come from the use of different geometries for the surface of the NW. As discussed in
the next section, even a small difference in the chosen geometry of the surface may
lead to differences in the computed spectra.

In Fig. 4.2.11 we compare spectra obtained within MBPT and TDLDA, which
turn out to be rather different, in the case of the two thin wires investigated here. In
the case of the smallest wire the main identifiable peaks are the same, although the
relative intensity and positions of the two lowest energy ones differ substantially. In
the case of the 0.8 nm wire, the differences are much more substantial, including peak
positions and the overall width of the spectrum main peak. The TDLDA approxima-
tion does not describe properly bound excitons and thus the spectrum turns out to
be broader than the one obtained at the BSE level, with a larger number of peaks.
TDLDA has been known to fail for the description of the optical absorption spectra
of solids [13, 16]. The absence of long range interactions, that is of a 1/q2 term in
the exchange-correlation kernel is responsible for the error of TDLDA in extended
systems. We note that the RPA (fxc = 0) and TDLDA SiNW spectra are almost
identical except for a slight lower intensity in the RPA spectra.
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Figure 4.2.8: Spectra of a 0.4 nm Si nanowire grown in the [001] direction, as obtained
in this work and in Ref. [313], where an electron-hole approach was used to solve the
BSE. We used a cell size of 37 a.u. (40 a.u. in Ref. [313]), 16 k points (as in Ref. [313])
for the BZ sampling , a kinetic energy cutoff of 12 Ry to solve the Kohn Sham
equations (30 Ry in Ref. [313] with norm-conserving pseudopotentials[314, 315]), the
technique of Refs. [62, 69] to evaluate the Fock operator (the Random Integration
Method was used in Ref. [313]) and a Coulomb cutoff for the dielectric matrix (no
Coulomb cutoff was used in Ref. [313]). We included 72 eigenvectors in the evaluation
of dielectric matrix. The scissor operator was obtained by computing the difference
between the lowest energy gap within LDA and G0W0 (A scissor operator obtained
by computing the difference between the lowest energy gap within LDA and G0W0

was also used in Ref. [313]).

4.2.3 Effect of surface structure on absorption spectra of thin
Si nanowires

Fig. 4.2.12a shows the BSE spectrum for a 0.8 nm Si NW grown in the [110] direction
for two different surface geometries. Both surfaces are hydrogen terminated. It is seen
that in a broad energy range, the spectrum is very sensitive to the surface structure.
This indicates that care must be used when comparing theoretical and experimental
results, as apparently small differences in the atomic arrangement may give rise to
substantial differences in the band structure close to the Fermi level, and also to
substantial differences in the matrix elements entering the definition of absorption
spectra. Differences are also visible at the TDLDA level (see Fig. 4.2.12c), especially
at low energy space, where transitions between levels close to the top of the valence
bands and bottom of the conduction bands are involved. An analysis of the band
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Figure 4.2.9: Spectra of 0.4 nm Si nanowire grown in the [001] direction compuated
by solving the BSE with and without the Tamm Dancoff approximation (TDA).
Calculations were carried out with a kinetic energy cutoff of 12 Ry. The technique
of Refs. [62, 69] was used to evaluate the Fock operator and we adopted a Coulomb
cutoff for the dielectric matrix. The scissor operator was obtained by computing the
difference between the lowest energy gap within LDA and G0W0. We included 72
eigenvectors to evaluate the dielectric matrix, 16 k-points (kpts) in the BZ sampling,
and the cell lateral dimension (L) is 37 a.u.

structure for the two geometries (not shown) reveals that the position of levels close
to the top of the valence bands is greatly influenced by the surface structure (e.g.
the HOMO of the wire with a canted surface is 0.2 eV lower than the one of the
wire with a symmetric surface). The first peak to which the HOMO has a large
contribution is blue shifted in the wire with a canted surface. However, in the wire
with a canted surface the main excitonic peak is red shifted and merged with the
first peak, indicating a stronger exciton binding. Before summarizing our results in
section 4.2.6, we briefly discuss the efficiency of our technique, in the next section.

4.2.4 Efficiency of calculations of absorption spectra within
density matrix perturbation theory

The scaling and overall efficiency of the technique used here to solve the BSE have
been discussed in Ref. [33]. In this section we point out additional advantages of the
approach and present ways to further speed up the calculations by taking advantage
of the localization of dielectric eigenvectors in Fourier space.

As shown by Eq. 4.2.1, the evaluation of the screened Coulomb interaction involves
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Figure 4.2.10: Spectra of a 0.8 nm Si nanowire grown in the [110] direction, as
obtained in this work and in Ref. [313] and Ref. [316]. In both [a] and [b] we used a
kinetic energy cutoff of 12 Ry to solve the Kohn Sham equations (30 Ry in Ref. [313],
12 Ry in Ref. [316]), the technique of Refs. [62, 69] to evaluate the Fock operator (the
Random Integration Method was used in Ref. [313], a cylindrical Coulomb cutoff was
used in Ref. [316]). In [a] we used a cell size of 50 a.u. (same as Refs. [313, 316]),
and 16 k points, (16 k points in Ref. [313], 192 k points in Ref. [316]) for the BZ
sampling and a Coulomb cutoff[311] to evaluate the dielectric matrix (see text). In
[b] we did not use any cutoff for the dielectric matrix but extrapolated the spectrum
as a function of cell size, by performing calculations with cells of 50, 60 and 70
a.u. In this case, the head of the dielectric matrix was computed from the inverse
dielectric constant. In both [a] and [b] we included 114 eigenvectors in the evaluation
of dielectric matrix. The scissor operator was obtained by computing the difference
between the lowest energy gap within LDA and G0W0 (A scissor operator was also
used in Ref. [313], G0W0 quasi particel energies were instead used in Ref. [316]).

the calculations of the following integral:∫
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(4.2.9)

We found that the summation over G vectors can be carried out using a much
smaller cutoff than that used for the charge density and even the wavefunctions. In
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Figure 4.2.11: Spectra of Si nanowires compuated by solving the BSE and obtained
within TDLDA. (a) 0.4 nm Si nanowire grown in the [001] direction; (b) 0.8 nm
Si nanowire grown in the [110] direction. The numerical parameters used in the
calculations are the same as those of Fig. 4.2.10 and Fig 4.2.8.

Fig. 4.2.13 we show for which cutoff (Ēcut) one may recover 90, 99 and 99.9 % of their
norm. We find that a cutoff of ' 6 (3) Ry yields an error in the evaluation of the norm
that is less than 1 (10) %. It turns out that even by allowing an error of about 10%
in the norm one obtains spectra that are well converged. Fig. 4.2.14 shows the BSE
spectra of a SiNW in the [001] growth direction, with 0.4nm diameter, computed by
truncating the sums over G vectors in Eq.4.2.9 to 3, 6 and 48 Ry, respectively. Results
obtained with 6 and 48 Ry (the cutoff used for the charge density in these calculations)
are nearly identical, with relatively small differences with respect to those obtained
with only 3 Ry. Our findings imply that the calculation of the screened Coulomb
interaction may be considerably sped up by performing all Fourier transforms on
grids that are much smaller than those used for the wavefunctions and charge density.

In summary, in this section we have presented calculations of absorption spectra
of thin Si NWs using a technique to solve the BSE based on density matrix pertur-
bation theory[33, 30]. Within this approach, the static BSE equation is derived from
the linearized quantum Liouville equation, and solved in the frequency domain by
employing the iterative algorithm proposed in Refs. [66, 317]. The dielectric matrix ε
entering the definition of the screened Coulomb interaction is not explicitly diagonal-
ized; rather we use a spectral decomposition[60, 61, 62]of ε and iteratively compute
its eigenvalues and eigenvectors, using density functional perturbation theory[53].

We have shown that it is sufficient to compute a small number of eigenvalues
and eigenvectors of ε to obtain fully converged spectra of nanowires. Similar re-
sults have been found for small molecules and Si nanoclusters[33]. An additional
advantage of the spectral decomposition of ε regards the control of convergence of
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Figure 4.2.12: Spectra of a 0.8 nm Si nanowire grown in the [110] direction with canted
(d) and symmetric (b) surface geometries. (a) BSE spectra for Si NWs with different
surface geometries. We used a cell size of 50 a.u., 16 k points for the BZ sampling ,
a kinetic energy cutoff of 12 Ry to solve the Kohn Sham equations, the technique of
Refs. [62, 69] to evaluate the Fock operator, and a Coulomb cutoff[311] to evaluate
the dielectric matrix. We included 114 eigenvectors in the evaluation of dielectric
matrix. A scissor operator was obtained by computing the difference between the
lowest energy gap within LDA and G0W0. (c) TDLDA spectra for Si NWs with
different surface geomentries, obtained with a cubic cell of lateral dimension equal to
50 a.u. and 16 k-points for the BZ sampling.
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Figure 4.2.13: The cutoff used to represent the square moduli of the dielectric eigen-
vectors as a function of the number of eigenvectors for a 0.4 nm Si nanowire grown

in the [100] direction. Ēcut is the kinetic energy cutoff such that
∑Ḡmax

G
|vi(G+q)|
|G+q| =

C ∗
∑Gmax

G
|vi(G+q)|
|G+q| where C = 0.9, 0.99, 0.999 for the black, red and blue curves, re-

spectively, and Ēcut = 1
2me
|k+ Ḡmax|2. Gmax corresponds to the maximum G vectors

used to represent the charge density.

the calculations of spectra, which can be achieved in a straightforward manner by
systematically increasing the number of eigenvalues and eigenvectors included in the
spectral decomposition (Eq. 4.1.25). We have also found that the eigenvectors of the
dielectric matrix exhibit good localization properties in Fourier space, and thus they
can be represented with a cutoff much smaller than that used for the single particle
electronic orbitals, leading to a substantial computational saving.

In addition, we have shown that the divergence in the Fock operator can be
accurately and efficiently integrated by using the scheme proposed by Gygi and
Baldereschi [69, 62] also in the case of wires. Such a scheme is superior to the one
employing a Coulomb cutoff, in terms of both efficiency and control of convergence
as a function of k points and cell size. The convergence of absorption spectra as a
function of cell size is much more delicate at the BSE level of theory than within
TDHF. This originates from the slow convergence of the head of the dielectric matrix
as a function of cell sizes. In the BSE case we have found that the most accurate and
computationally efficient approach consists in using the cutoff procedure proposed in
Ref. [311] to compute the dielectric matrix.

Our analysis of the solutions of the BSE for semi-infinite systems has shown how
to control all the numerical parameters entering the calculation and thus how to
evaluate error bars on computed spectra. It is key to take into account numerical
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Figure 4.2.14: Convergence of the BSE spectrum of a 0.4 nm Si nanowire grown in
the [001] direction, as a function of the cutoff used to represent the square moduli of
the dielectric eigenvectors. Calculations were carried out with a kinetic energy cutoff
of 12 Ry for the solution of the Kohn-Sham equations, and a cell edge of 37 a.u. We
used the technique of Refs. [62, 69] to evaluate the Fock operator and a Coulomb
cutoff[311] for the dielectric matrix (see text). A scissor operator was obtained by
computing the difference between the lowest energy gap within LDA and G0W0.

errors and the convergence criteria used in the calculation, when comparing with
experiments and with results obtained using the same level of theory but different
algorithms.

The workload of the algorithm used here to compute absorption spectra scales as
that of Hartree-Fock ground state calculations, and therefore our approach is suitable
for computations using large basis sets (e.g. plane wave calculations) and it is scalable
to systems with hundreds of electrons.

Finally we have presented calculations of absorption spectra of wires with different
surface geometries, indicating that even small differences in atomic configurations
may lead to substantial changes in the spectrum.
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Chapter 5

Summary and conclusions

This dissertation focused on the study of electronic excited state properties of bulk
systems and nanostructured materials by using advanced theoretical and computa-
tional techniques based on first principles, encompassing Density Functional Theory
(DFT), many body perturbation theory (MBPT) and time-dependent DFT. We both
developed post-DFT methods and computer codes for accurate predictions of pho-
toemission and absorption of light by semiconducting and insulating materials, and
we applied these techniques to promising systems for use as photocathode and pho-
toanode in water splitting devices.

The many body perturbation theory techniques include the GW approximation
for the study of photoemission processes and the Bethe-Salpeter Equation for the cal-
culation of absorption spectra including excitonic effects. We also used first-principles
calculation to predict the best alignment between the valence and conduction bands
of oxides and the redox potential of water.

MBPT was applied to study semiconducting solids , semiconducting nanowires,
tungsten oxide solids and CuW1−xMoxO4 solid solutions. The choice of these mate-
rials was motivated by a collaboration with two experimental groups: that of Prof.
N.S.Lewis at Caltech, where silicon wires and tungsten oxide based materials are
being explored as promising, cheap and abundant light absorbers, for water reduc-
tion and oxidation respectively; and the group of Prof. K-S.Choi at University of
Wisconsin, Madison where several promising solid solutions for water oxidation were
synthesized.

Below we summarize in more details each of the chapters. The theory and the
numerical methods were presented in Section 2 and the examples of band edge cal-
culations and absorption spectra were given in Sections 3 and 4, respectively.

In particular, we presented the basic definitions of Green’s function theory and
introduced the equations satisfied by single and two-particle Green’s functions, the
Dyson’s equation [35, 17] and the Bethe Salpeter Equation [26](BSE), respectively.
The poles of the single particle Green’s function represent the energies necessary to
add or remove an electron from a given solid or molecule. These energies are directly
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comparable to those measured, e.g. in photoemission experiments. The poles of the
correlation function defined from the two-particle Green’s functions correspond to
neutral excitation energies of interacting electrons. These neutral excitations may be,
for example, an electron and a hole in a semiconductor, created by the interaction
with incident light, and they are directly related to those measured in absorption
experiments.

The Dyson’s equation relates the single-particle Green’s function to the effective
many body potential of interacting electrons. Such complex interaction potential
is called self-energy, and one may define a Schrödinger-like equation where the self-
energy enters as a mean field potential acting on single-particle states. Those, among
such states, with a long lifetime are called quasi-particles. The concepts of self-
energy and quasi-particles are central concepts in MBPT, and in the interpretation
of spectroscopic measurements of solids and molecules.

While the single-particle Green’s function satisfies the Dyson’s equation, the two
body correlation function satisfies the BSE. The self-energy enters the Dyson’s equa-
tion, while the derivative of the self-energy with respect to the single-particle Green’s
function enters the BSE . In the recent literature, solving the BSE to obtain ab-
sorption spectra has been the strategy of choice for most solids [27, 28, 29, 30]; in
the case of molecules many calculations of absorption spectra are carried out using
time dependent DFT [66, 318, 319, 320]. We emphasize that the BSE may be used
for both molecules and solids and, in principle, for any material, irrespective of its
morphology.

After introducing the basic concepts of Green’s function theory, we discussed their
relation to the key concepts entering linear response theory, including reducible and
irreducible polarizabilities and the dielectric matrix. We used linear response theory
to describe optical absorption experiments because the electric field of the incident
light (the perturbation) is small compared to the internal field of the system. One
of the key quantities of linear response theory and MBPT is the dielectric matrix,
which describes how an external perturbing potential is screened within a solid and
a molecule, by the presence of interacting electrons. The dielectric matrix is also
used to define an effective, screened Coulomb potential (W) acting among the elec-
trons. Using a perturbative series in terms of the screened Coulomb potential and an
approximation of the self-energy in terms of such potential, we introduced the GW
approximation [42] to compute quasiparticle energies. Calculations at the GW level
of theory represent the most advanced computations of band structures and band
edges carried out at present for complex materials, including photoelectrodes.

Having established the basic concepts of Green’s function, many body pertur-
bation and linear response theories, we turned from theory to computation. We
discussed numerical techniques to compute quasi-particle energies and optical spec-
tra, with emphasis on algorithms that do not require the explicit calculation of empty
(virtual) single particle states. Such algorithms are instrumental in making possible
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calculations of large systems and thus of realistic materials. We emphasize that in
order to assess the accuracy of the theory, numerical parameters need to be controlled
with great care. The same level of theory implemented with different levels of accu-
racy, from a numerical standpoint, may lead to qualitatively different predictions or
interpretation of experiments. An example of such differences was presented for the
optical gaps of WO3.

In our discussion of specific calculations, we chose representative photoanode and
photocathode materials and we summarized first-principles results of band edges and
absorption spectra. We mostly focused on two oxide materials for the photoanode,
WO3 and CuMoxW1−xO4 and on silicon for the photocathode including bulk silicon
and silicon nanowires. We have proposed methods to modify the structural and
electronic properties of oxides in order to improve their light absorption and band edge
alignments with H2O redox potential: for example, by small molecule intercalation
for WO3 and by Mo doping of CuMoxW1−xO4 solid solution.

Although much progress was made in recent years to compute the electronic prop-
erties of molecules and solids from first principles, beyond approximate DFT theo-
ries, outstanding challenges remain in the theoretical and computational description
of materials for photoelectrochemical energy conversion. An accurate determina-
tion of band alignments of photoeletrodes with water redox potentials requires the
explicit calculation of the electronic properties of semiconductor-liquid interfaces.
This remains a challenging task, as it encompasses the determination of the inter-
face structural properties, and GW calculations of systems with possibly thousands of
electrons. Although GW calculations for systems containing several hundreds of elec-
trons [24, 23] are now feasible, they are not yet routine tasks: they require substantial
computational resources and are thus difficult to carry out for multiple samples at
a time (and multiple samples may be required, e.g. to investigate different types of
defects at the interface). In addition simulations of liquid water themselves, even in
the absence of interfaces, are challenging [321, 322], as the level of theory necessary to
obtain, at the same time, reasonably good structural and electronic properties is yet
unclear. Furthermore, one would need to simulate water with dissolved ions under
different pH conditions, interfaced with a semiconductor, not just pure water. An
accurate description of certain solvated ions (e.g. most of the anions) requires the use
of hybrid functionals [323], as semi-local ones often yield an incorrect localization of
charge around the anion, and hybrid functional calculations of liquid water are still
computationally demanding [321] for large samples. As for absorption spectra, even
with methods that avoid the explicit calculation of empty single particle states, the
solution of the BSE for several hundreds of electrons is a heavy computational task.
In addition improvements of the theory are necessary to include indirect transitions
at the absorption onset and electron-phonon interaction.

We note in closing that here we only dealt with light absorbers for water splitting
and thus with electronic structure calculations; clearly one will need to go beyond
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static electronic properties and acquire capabilities to describe charge transport, in
order to fully understand water splitting processes.
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Chapter 6

Appendices

6.1 Appendix I: Structrual properties of WO3

Computational Details

In most of our calculations we treated the exchange-correlation potential within
either the local-density approximation (LDA) or the generalized gradient approx-
imation (GGA) using the parameterization proposed by Perdew-Burke-Ernzerhof
(PBE) [324]. In some cases we performed calculations using the hybrid functional
PBE0 [144], the non local van der Waals functional DF2 [145, 146, 147, 148, 149],
and the modified self-consistent field method proposed in Ref. [150]. We used norm-
conversing Hartwigsen-Goedecker-Hutter (HGH) type [325] pseudopotentials. The
pseudopotentials were extensively tested by comparing the computed lattice con-
stant of WO3 with experimental data, as well as with results obtained with the
projected augmented wave (PAW) technique (see Tables 6.1 and 6.2). To optimize
the cell parameters and the internal geometry of all crystal structures (variable cell
calculations), we used a smooth kinetic-energy cutoff scheme [326]. We employed a
(3× 3× 3) Monkhorst-Pack k-point grid [166] for self-consistent ground state calcu-
lations for most phases other than simple cubic (6× 6× 6) and a refined (6× 6× 6)
k-point grid for the projected density of states (PDOS) analysis for most phases other
than simple cubic (12× 12× 12).

Table 6.1: Equilibrium lattice constant (a0) and band gap (Eg) of simple cubic WO3

as obtained using the local density (LDA) and the gradient corrected approximation
(PBE). Results obtained in Ref. [155] using the PBE functional are given within
brackets for comparison.

LDA PBE

a0 ( Å) 3.79 3.81 [3.80]
Eg (eV) 0.54 0.63 [0.69]
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Table 6.2: Equilibrium lattice parameters (a0, b0, c0) of monoclinic WO3 and its band
gap (Eg) at both the experimental geometry (Vexp) and the geometry optimized within
density functional theory (VDFT,0). LDA/HGH (PAW) denotes results of calculations
carried out within the LDA with HGH pseudopotentials [158],(PAW results with
PAW pseudopotentials from the Ref. [153]); “PBE/HGH” denotes results of PBE
calculations with HGH pseudopotentials, “vdW-DF2/HGH” denotes results of vdW-
DF2 calculations [145, 146, 147, 148] with HGH pseudopotentials derived using the
PBE approximation; and “Exp” experimental values from Ref [161]. “∆-sol” denotes
results of the modified self-consistent field (SCF) approach for solids (Ref.[150]). β
is the angle between the a and c axes, and ∆V is the relative difference between the
computed and the experimental volumes.

Method lattice parameters (Å) β (◦) ∆V (%) Eg (eV) Eg-∆-sol (eV)
a0 b0 c0 Vexp VDFT,0 Vexp VDFT,0

LDA/HGH 7.35 7.45 7.66 90.6 -0.9 1.87 1.30 2.90 2.39
LDA/PAW [153] 7.38 7.47 7.63 – – 1.31
PBE/HGH 7.44 7.67 7.77 90.6 4.5 1.97 1.53
vdW-DF2/HGH 7.54 7.56 7.77 90.8 4.6 2.04 1.80
Exp. 7.306 7.540 7.692 90.88 2.62

Table 6.1 and Table 6.2 show the equilibrium lattice parameters and band gap
of simple cubic WO3 and of room temperature (RT) monoclinic WO3, respectively.
Due to a second order Jahn-Teller distortion, the simple cubic WO3 structure is not
stable at atmospheric pressure. However, a cubic phase of WO3 was prepared at 0.66
Gpa and 700℃ [136]. For the simple cubic structure considered here, we found good
agreement between our results and those obtained with ultrasoft pseudopotentials by
Chatten et al [155]. In the case of monoclinic WO3, we evaluated the band gap both
at the experimental and at the DFT-optimized geometry (including cell parameter
optimization). We denote the corresponding unit cell parameters as Vexp and VDFT,0

respectively, where the subscript ”0” in VDFT,0 refers to the case of the pure WO3

crystal. Our LDA results are in good agreement with previous PAW calculations [153]
and the predicted equilibrium volume deviates from experiment by less than 1%,
whereas PBE overestimates the equilibrium volume by 5%.

6.2 Appendix II: Band edges of WO3

In appendix 6.2.1 and 6.2.2, we report the computational details of ∆SCF and G0W0

calculations, respectively.
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6.2.1 Computational details of ∆SCF calculations

We computed the band gap of WO3 using the ∆SCF method proposed in Ref [11]
as Eg = [E(N0 + n) + E(N0 − n) − 2E(N0)]/n, where N0 is the number of valence
electrons in the unit cell and n = N0/N

∗, where N∗ is the number of electrons
assumed to belong to the exchange and correlation (XC) hole; N∗ was parametrized
for hundreds of compounds in Ref [11]. For our WO3 calculations (LDA XC functional
and spd valence electrons), N∗ = 63. The band gap was computed at the room
temperature experimental lattice constants. In the equation defining Eg, E is the
total energy of the solid. The calculations were performed for charged periodic cells
with neutralizing backgrounds. We note that the ∆SCF method of Ref [11] only yields
the smallest band gap of the solid and it can not be used to compute the direct band
gap for materials with indirect fundamental gaps. The results of ∆SCF calculations
are reported in Table 3.7 and Table 3.8 for simple cubic and RT-monoclinic WO3,
respectively.

6.2.2 Computational details of G0W0 calculations

In our G0W0 calculations we used the plasmon pole approximation(PPA) [327] to rep-
resent the frequency dependence of the dielectric matrix. PP models have proven to
be relatively accurate for some energy bands of semiconductors and insulators, such
as Si, Ge and LiCl [20]. However, Ref [197] found that the use of the Hybertsen-Louie
PPA [20] leads to an overestimate of the gap of TiO2 by 0.7-0.9 eV [197]. In addition,
in Ref [59], the Hybertsen-Louie (HL) and von der LindenHorsch (vdLH) PP models
were shown to strongly overestimate the band gap of ZnO compared with the full
frequency integration, e.g. the contour-deformation (CD) approach [328]. Interest-
ingly, the Godby-Needs (GN) [327] PP model gave results close to the CD approach
for ZnO, and the convergence of GW calculations utilizing this model, with respect
to the number of empty bands, was faster than that of the CD approach. Therefore
we adopted the GN PP model and, for the case of the simple cubic structure, we
compared the results with those of direct real frequency integration [329, 330] (RA,
see Fig. 6.2.1), as implemented in the YAMBO package [90]. At the Γ point, the dif-
ference between G0W0 eigenvalues obtained with RA and the PPA (GN) was found
to be less than 0.1 eV, while the difference between the direct band gap values is
0.14.

We also tested the convergence of the G0W0 direct band gap at Γ with respect
to the number of bands included in the calculation (see Fig. 6.2.2), when using the
GN model. For the simple cubic phase, the G0W0 direct gap extrapolated using the
fitted function E(N) = E0 − b.exp(−N/c) is 2.76 eV (see Fig. 6.2.2 (left), where in
the fit we used 6 points corresponding to the inclusion of 200 to 700 bands); the
extrapolated value differs by only 0.05 eV from the one obtained with 300 bands.
For the RT-monoclinic phase, the convergence was found to be slightly slower than
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Figure 6.2.1: The difference between G0W0 eigenvalues at Γ for simple cubic WO3,
obtained using a plasmon pole approximation (EPPA) and integration along the real
axis (ERA).

Figure 6.2.2: G0W0 direct band gap at Γ as a function of the number of bands (Nbands)
included in the calculation, for simple cubic WO3 (left panel) and RT-monoclinic
WO3 (right panel). Spheres and stars represent the calculated G0W0 gaps using the
PPA [327] for simple cubic and RT-monoclinic WO3, respectively. The results are
fitted using two different functional forms described in the text, and displayed as red
(E(N) = E0 − b.exp(−N/c)) solid line and blue dotted line(E(N) = E0 − b/N).

for the simple cubic phase; we applied two different empirical fitting functions (see
Fig. 6.2.2 right panel, where in the fit we used 6 points corresponding to the inclusion
of 300 to 800 bands): E(N) = E0 − b/N and E(N) = E0 − b.exp(−N/c) which gave
extrapolated values of 3.18 and 3.26 eV, respectively. The latter has a smaller root-
mean-square relative error, therefore we retained this value as the best computed one.
It differs by less than 0.05 eV from the band gap computed with 800 bands (3.30 eV).
The numerical parameters entering our G0W0 calculations are: 37.5 Ry(16 Ry) for
the size of the dielectric matrix and screened Coulomb potential of simple cubic (RT-
monoclinic) WO3, which yielded converged eigenvalues within 0.1 eV compared to 60
Ry energy cutoff for the dielectric matrix; we used 6×6×6 (3×3×3) kpts sampling for
simple cubic (RT-monoclinic) WO3 and 120 Ry for the ground state wavefunctions.

We also computed G0W0 eigenvalues for band edges at different k points (Ta-
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ble 6.3).

Table 6.3: Valence band maximum (VBM), conduction band minimum (CBM) and
fundamental gap computed using DFT/LDA and G0W0 methods for RT-monoclinic
WO3 at different k points.

Γ B Z D Y A C E
VBM
LDA 0 -0.21 -0.024 -0.36 -0.14 -0.33 -0.48 -0.47
G0W0 0.29 0.025 0.26 -0.11 0.094 -0.12 -0.25 -0.24
CBM
LDA 1.81 2.65 1.84 3.11 2.16 3.53 3.08 3.75
G0W0 3.59 4.49 3.62 4.98 3.98 5.42 4.93 5.67
Gap
LDA 1.81 2.92 1.87 3.47 2.30 3.86 3.57 4.22
G0W0 3.30 4.46 3.36 5.09 3.88 5.54 5.18 5.91

The smallest LDA and G0W0 band gaps are direct at Γ(see Table 6.3), although
the VBM and CBM at Z (0,0,1) are very close (within 0.05 eV) to respective eigenval-
ues at Γ (see Table 6.3). In fact, the lowest conduction state is between Γ to Z with
a G0W0 eigenvalue of 3.58 eV, which indicates that the difference between direct and
indirect gaps is negligible in RT-monoclinic WO3. As shown in Table 6.3, the G0W0

correction to the LDA gap is nearly the same at different k points, with variations
less than 0.2 eV.

6.3 Appendix III: First-principles calculations of

WO3 clathrates

6.3.1 Computational Details

In the calculations of the intercalated systems, we primarily used the LDA. For N2

intercalated RT-monoclinic WO3, we used a (1× 1× 1) unit cell containing 8 WO3.
Some calculations were performed with a (3×1×1) unit cell containing 24 WO3. The
cell parameters optimized upon intercalation are denoted as VDFT,doped.We calculated
the vibrational properties of inserted N2 using density functional perturbation theory
(DFPT), in the harmonic approximation and at the LDA level. We found that a plane
wave cutoff of 140 Ry is sufficient to converge the vibrational frequencies within 5
cm−1 and bond lengths within 10−4 Å. For comparison, we performed calculations
for gas phase N2 in a cubic supercell with a lattice parameter of 15.9 Å.

For rare gas intercalated RT-monoclinic WO3, similar to the case of N2 interca-
lation, we used a (1× 1× 1) unit cell containing 8 WO3, and we obtained results for
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structures relaxed with the optimized cell parameters found upon intercalation, and
corresponding to the volume VDFT,doped.

We tested the accuracy of local DFT to describe the interaction and electronic
coupling between WO3 and the rare gas atoms, in the case of a simple molecule. The
tetrahedral structure of the XeO4 molecule is experimentally known and we computed
the Xe-O bond length (d(Xe-O)) to validate our calculations. d(Xe-O) predicted by
DFT/LDA (1.800 Å) is in satisfactory agreement with experiments [331] (1.736 Å)
and with that obtained using the CCSD(T) method [332](1.758 Å). Our DFT/LDA
result is in close agreement with the GGA results of Ref. [333] (1.82 Å)

6.3.2 Electronic Structure of N2-Intercalated Simple Cubic
WO3

To separate structural effects from those of charge overlap between the molecule
and the host lattice, we investigated the changes in the electronic structure of N2

intercalated in simple cubic WO3, as a function of N2 concentration. We fixed the
volume to that of pure simple cubic WO3. The band gap of the oxide vanishes and
the system becomes metallic with 1:1 (N2:WO3) ratio, at the LDA level (Fig. 6.3.1).
However, a finite band gap (1.18 eV) was obtained by applying a modified ∆SCF
method [150] corresponding to a reduction of 0.4 eV with respect to pure simple cubic
WO3. When one decreases the N2 concentration to 1:8 (Fig. 6.3.2), the coupling
between the N 2p states with those of WO3 becomes weaker. The calculated LDA
band gap is 0.52 eV which is only 0.02 eV lower than that of pure WO3. The charge
density maps (Fig. 6.3.3) show that the charge overlap at 1:8 N2 intercalation is much
smaller than that at 1:1 N2 intercalation, consistent with the different magnitude of
gap reduction observed in the two cases. N2-intercalated RT-monoclinic WO3 crystal
(1N2:8WO3) exhibits a charge overlap of a similar magnitude as N2 intercalated in
simple cubic WO3 at 1:8 ratio, indicating that the electronic effect of N2 intercalation
may lead to a similar band gap reduction (<0.1eV) in monoclinic and simple cubic
WO3.

6.3.3 Oxygen Vacancy and Nitrogen Substitution in Mono-
clinic WO3

Here we compare the electronic structure of the crystal with O vacancies to that
of N and N2 substitutional crystals. The presence of oxygen vacancies in WO3 has
been extensively studied [155, 334, 335]. An oxygen vacancy per unit cell of room
temperature monoclinic WO3 leads to a decrease in the gap by 0.50 eV and to a shift
of the absorption coefficient to lower energies. The PDOS of monoclinic WO3 with
two O vacancies in a unit cell (not shown) shows that the conduction band shifts
downward, and the band gap is reduced to 0.9 eV, consistent with the results of
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Ref. [334] and [335]. In addition, a small peak appears at the conduction band edge
in the PDOS (not shown), which is not present in the PDOS of pure WO3. This peak
is mainly composed of W 5d states which can contribute to visible light absorption;
however these states can also act as electron-hole recombination centers, leading to
a decrease in the photocatalytic activity of WO3. Similar results have been reported
in Ref. [336] and [337] for an O vacancy in TiO2.

In the presence of two substitutional N atoms, a sharp peak contributed by hy-
bridized O and N 2p states appear near the VBM in the PDOS (not shown). The
valence band is shifted upward, thus reducing the band gap by about 0.5 eV com-
pared to that of pure WO3. The band gap reduction by N substitution is consistent
with that found in previous studies [221, 153]. Although the band gap reduction is a
desired property, the sharp peak near the VBM suggests that localized p states have
very low mobility and may act as carrier recombination centers, an undesired effect.

When an O atom is substituted with a N2 molecule in one monoclinic WO3 unit
cell, a mid-gap impurity band appears in the band structure (not shown). Due to the
small width of impurity bands, the absorption edge at low energy is not significantly
enhanced. Overall our calculations showed that the most promising way of reducing
the gap of WO3 is by N2 intercalation, as shown experimentally [129] and not by N
or N2 substitution.

Figure 6.3.1: Band structure (left panel) and projected density of states (PDOS)
(right panel) of N2 intercalated simple cubic WO3 (1N2:1WO3) as obtained by
DFT/LDA calculations. In the right panel, the zero of energy has been chosen at the
Fermi level (EFermi).
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Figure 6.3.2: Projected density of states (PDOS) and total density of states (TDOS)
of N2 intercalated in simple cubic WO3 at 1:8 ratio, as obtained by DFT/LDA cal-
culations. The zero of energy has been chosen at the VBM (EV BM).

Figure 6.3.3: Electron density difference between pure simple cubic WO3 and N2

clathrates with concentration 1N2:1WO3 (a) and 1N2:8WO3 (b). Yellow (blue) indi-
cates electron depletion (accumulation). W and O atoms are represented by silver
and red spheres, respectively; N atoms are represented by green spheres. The figures
show isosurfaces of charge 0.0015 e/a3

0
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6.4 Appendix IV: Absorption spectra of bulk sys-

tems

Time-reversal symmetry

In order to simplify the implementation described in Sec. 4.1.1, it is useful to exploit
the time-reversal symmetry in the solution of the Bethe-Salpeter equation, which
consists in assuming vext(r, t) = vext(r,−t) in Eq. 4.1.4. The use of this symmetry
yields a real perturbed density matrix in the frequency domain (Eq. 4.1.12), and the
actual number of k-points needed in Eqs. 4.1.11-4.1.12 is decrease by about 50%.
For the sake of simplicity we will first illustrate the time-reversal symmetry result
for a generic real non-local Hamiltonian which satisfies the property Ĥ(r, r′, t) =
Ĥ(r, r′,−t). We consider the corresponding time-dependent Schrödinger equation

i
dφvk(r, t)

dt
=

∫
Ĥ(r, r′, t)φvk(r′, t)dr′. (6.4.1)

By time inversion one has:

− idφvk(r,−t)
dt

=

∫
Ĥ(r, r′, t)φvk(r,−t)dr′ (6.4.2)

and the complex conjugate of this equation is:

i
dφ∗vk(r,−t)

dt
=

∫
Ĥ(r, r′, t)φ∗vk(r,−t)dr′. (6.4.3)

By comparing Eq. 6.4.3 with the time-dependent Schrödinger equation corresponding
to −k

i
dφv−k(r, t)

dt
=

∫
Ĥ(r, r′, t)φv−k(r, t)dr′ (6.4.4)

we have that

φv−k(r, t) = φ∗vk(r,−t); (6.4.5)

by Fourier transforming Eq. 6.4.5 one has:

φv−k(r, ω) = φ∗vk(r, ω). (6.4.6)

It is important to note that ĤCOHSEX in Eq. 4.1.4 is a self-consistent Hamiltonian,
namely it depends on the solution of the time-dependent Schrödinger equation. Under
the assumption of Eq. 6.4.5, it is easy to see that the COHSEX Hamiltonian under
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time-reversal symmetry transforms as ĤCOHSEX(r, r′, t) = Ĥ∗COHSEX(r, r′,−t). This
property is consistent with the derivation of this appendix. Indeed for the COHSEX
Hamiltonian Eq. 6.4.2 would become

− idφvk(r,−t)
dt

=

∫
ĤCOHSEX(r, r′,−t)φvk(r,−t)dr′ =

∫
Ĥ∗COHSEX(r, r′, t)φvk(r,−t)dr′(6.4.7)

and Eq. 6.4.3 remains unchanged, when a complex conjugate operation is applied.
Since φvk(r, t) = φ◦vk(r) + φ′vk(r, t) the properties in Eqs. 6.4.5-6.4.6 are still valid
for perturbed orbitals, namely φ′v−k(r, t) = φ′∗vk(r,−t) and φ′v−k(r, ω) = φ′∗vk(r, ω).
For this reason, assuming the time-reversal symmetry in the external time-dependent
potential, the perturbed density matrix in Eq. 4.1.12 can be considered as real. Fur-
thermore, since for every perturbed orbital at k we can obtain the corresponding
−k by a simple complex conjugate operation, the total cost of the calculation is
significantly decreased (except of the Γ point and the k-points at the boundaries).
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