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Abstract

Thermoelectric materials, which can either generate electricity from waste heat

or use electricity for solid-state Peltier cooling, are to date inefficient, compared to

conventional generators and refrigerators. One way to obtain systems with improved

efficiency is to engineer nanostructured semiconductors, so as to reduce the thermal

conductivity of the crystalline material, while preserving its electronic properties.

Such a strategy has been recently applied to Si, an Earth abundant, cheap and non-

toxic material, and promising results have been obtained for Si nanowires and thin

films of nanoporous Si. Mass disorder may also help reduce the thermal conductivity

of semiconductors and indeed SiGe alloys are efficient thermoelectric materials, but

unfortunately only at high temperature.

This dissertation presents a theoretical investigation of the microscopic mecha-

nisms responsible for heat transport in Si and SiGe alloys at the nanoscale, with

the goal of providing insight into design rules for efficient thermoelectric semicon-

ductors. We carried out a detailed atomistic study of the thermal conductivity (κ)

of crystalline, amorphous and nanostructured Si and SiGe alloys, using several the-

oretical and computational approaches — equilibrium molecular dynamics (EMD),

non-equilibrium molecular dynamics (NEMD), the Boltzmann transport equation

(BTE) and the Allen-Feldman (AF) theory. We also studied the thermal properties

of SiO2, which is most often present on surfaces of Si based materials, when exposed

to air.
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We first investigated heat conduction in crystalline Si and Ge to test the numer-

ical and theoretical approximations adopted in our study, including the size of the

molecular dynamics cells, the simulation time and the interatomic potentials. Our

findings permitted to understand and reconcile apparently conflicting results reported

in the literature for these materials. We then carried out simulations for amorphous

Si (a-Si) and disordered SiGe alloys, to study the effect of structural disorder and of

mass disorder on heat conduction.

In the case of a-Si we found that the majority of heat carriers are quasi-stationary

modes; however the small proportion (about 3%) of propagating vibrations con-

tributes to about half of the value of κ. We showed that in bulk samples the mean

free path of several long-wavelength modes is of the order of microns; this value may

be substantially decreased either in thin films or in systems with etched holes, re-

sulting in a smaller thermal conductivity. Our results provided a unified explanation

of several experiments and showed that kinetic theory cannot be applied to describe

thermal transport in a-Si at room temperature.

Heat transport in amorphous silica was found to be qualitatively different from

that in a-Si due to the absence of propagating modes. In the case of SiGe alloys,

heat transport is dominated by mass disorder; we found that a small amount of

propagating modes with long mean free paths is responsible for most of the value of

the thermal conductivity measured in SiGe materials.

Building on our results for crystalline and disordered Si and SiGe, we then stud-

ied nanostructured Si and SiGe. In particular we focused on nanoporous Si and

nanoporous SiGe, that is bulk Si and stoichiometric SiGe samples with nano holes,

and we considered different geometrical arrangements of holes, and ordered and dis-

ordered hole surfaces. Using molecular dynamics simulations and lattice dynamics
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calculations, we showed that the thermal conductivity of nanoporous silicon may at-

tain values 10∼20 times smaller than in the bulk for porosities and surface-to-volume

ratios similar to those obtained in recently fabricated nanomeshes. We also showed

that further reduction of almost an order of magnitude is obtained in thin films with

thickness of 20nm, in agreement with experiment. Our lattice dynamics analysis

indicated that the presence of pores has two main effects on the heat carriers: the

appearance of non-propagating, diffusive modes and the reduction of the group veloc-

ity of propagating modes. The former effect is enhanced by the presence of disorder

at the pore surfaces, while the latter is enhanced by decreasing film thickness.

The thermal conductivity of stoichiometric SiGe alloys may be decreased as well

by nanostructuring. Our MD simulations showed that it may be reduced by more

than one order of magnitude, by etching nanometer-sized holes in the material, and

it becomes almost constant as a function of temperature between 300 and 1100 K for

samples with 1 nm wide pores. In nanoporous SiGe, thermal conduction is largely

determined by mass disorder and boundary scattering, and thus the dependence of

κ on pore distance and on structural, atomistic disorder is much weaker than in the

case of nanoporous Si. These results indicate that one may minimize the thermal

conductivity of the alloy with less stringent morphological constraints than for pure

Si.

These results found quantitative validation in several recent experiments and pro-

vide an atomistic description of the microscopic mechanisms of heat transport at the

nanoscale.
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1

Chapter 1

Introduction

1.1 Review of thermoelectricity

The thermoelectric effect consists of the conversion of a temperature difference into

electric voltage and vice versa. Below we briefly review experimental and theoretical

studies of the thermoelectric effect, starting from its discovery at the end of the 19th

century.

Research into thermoelectricity dates back to the 19th century. In 1821, Thomas

Seebeck [1] discovered that a compass needle is deflected if placed near a closed loop

made of two dissimilar metals when one of the metal junctions is heated. However

he attributed this phenomenon to magnetic effects. The generated voltage differ-

ence (∆V ) at the end of the junction depends on the temperature difference (∆T )

between the pair of materials: ∆V = S • ∆T , where S is now known as Seebeck

coefficient. In 1833, Jean Peltier [2] discovered that there is a temperature change

at a junction of dissimilar metals when current flows: J = ΠI, here J is the rate at

which heat is absorbed, I is the electric current and Π is now known as the Peltier

coefficient. The Peltier effect was further demonstrated and explained by Lenz in
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1838. In 1851, William Thomson [3], Lord Kelvin found that a material may be

heated and cooled by imposing an electric current in the presence of a temperature

gradient: q = ρJ2
e − µJe

dT
dx

, where Je is the current density, ρ is the resistivity of

the conductor, dT/dx is the temperature gradient between two sides of the conduc-

tor, and µ is now known as the Thomson coefficient. In 1854, Thomson established

the proportionality relationships among Seebeck, Peltier and Thomson coefficients :

µ = T dS
dT

and Π = S • T , where T is the absolute temperature. The Thomson coeffi-

cient is a property of individual materials, while the Seebeck and Peltier coefficients

may only be determined for pairs of materials.

The possibility of using the thermoelectric effect in power generation was first

proposed by Rayleigh in 1885, who, however, incorrectly calculated the efficiency of

thermoelectric generators. In 1909 [4] and 1911 [5], Altenkirch developed a correct

theory of thermoelectric generation, and showed that efficient thermoelectric materi-

als should possess large Seebeck coefficients (S), and small thermal conductivity (κ)

to retain the heat at the junctions, and low electrical resistance (or large electrical

conductivity σ) to minimize the Joule heating. These transport properties may be

used to define a figure of merit: Z = S2σ/κ with unit 1/K. A dimensionless quan-

tity ZT is generally used to describe the efficiency of thermoelectric materials, where

T is the average working temperature. The efficiency of thermoelectric devices is

proportional to the material’s Figure of Merit ZT .

In the 1920s, researchers investigated a large number of materials to search for

systems with large ZT . The search was focused on metals and metal alloys. In these

materials, the ratio of electrical and thermal conductivity (σ/κ) is a constant accord-

ing to Wiedemann-Franz law [6]. It is not possible to increase one while decreasing

the other. Therefore, the efficiency of thermoelectric generators made from metals or
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metal alloys is rather low, about 1%. In the 1930s, semiconductors were synthesized

and were predicted to have larger Seebeck coefficients than metals. Unfortunately,

the ratio of electrical to thermal conductivity in semiconductors is much smaller than

that of metals, so that the thermal efficiency of semiconductors turned out to be on

average an improvement of only 5% with respect to that of metals. In 1956, Ioffe and

his co-workers [7] showed that the ratio σ/κ could be increased in semiconducting

compounds with isomorphous elements (that is elements belonging to same group

of the periodic table), e.g. SiGe. Following Ioffe’s discovery, in U.S. laboratories,

several other semiconductor alloys were synthesized with thermoelectric efficiency

upto 10%, paving the way to many applications. For example, in 1961 [8], the first

radioisotope thermoelectric generator (RTG) was built and launched in space, where

the heat released by the decay of radioactive material was converted into electricity

by an array of thermocouples based on the Seebeck effect. RTGs built out of silicon

germanium alloys, lead telluride and tellurides of antimony are still used in space

missions. In the late 1970s, due to the increasing price of oil and awareness about

global warming, scientific activities to search for and develop environmentally friendly

sources of electrical power based on thermoelectric effects were greatly increased. At

the same time, thermoelectric applications became interesting also in other fields,

including solid state refrigeration, electronics and optoelectronics, and devices for

several applications, including in medical physics, and marine explorations.

A typical thermoelectric module is an array of n-type and p-type semiconducting

materials connected electrically in series via a conductive metal and thermally in

parallel between ceramics, as shown in Fig. 1.1.1. In n-type materials electrons are

charge carriers, while in p-type materials holes are charge carriers. When heating one

side of the module, the generated temperature gradient causes the carriers to diffuse
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Figure 1.1.1: Schematic diagram of a typical thermoelectric module. Small legs of
n-type(red) and p-type(blue) materials are connected in series by a conductive metal
and then sandwiched between ceramic substrates.(Figure from Sigma-Aldrich Co.
LLC.)

from the hot to the cold side, generating a thermoelectric voltage or thermoelectric

electromotive force (EMF).

It can be shown [9] that the maximum efficiency (ηMAX) of thermoelectric devices

is given by :

ηMAX = (
TH − TC

TH

)(

√
1 + ZT − 1√

1 + ZT + TC

TH

) (1.1.1)

where TH is the temperature at the hot side of the module, TC is the temperature

at the cold side, T is the average temperature between the hot and cold sides, and

ZT is the material’s figure of merit. At a desired working temperature, the efficiency

of thermoelectric devices may be increased by increasing the value of ZT. However

this is a very challenging task, since S, σ and κ are tightly interdependent and may

not be independently controlled. Therefore, over the past decade, the efficiency of

thermoelectric power generators has remained low compared to that of conventional

generators (See Fig. 1.1.2).
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Figure 1.1.2: An illustrative plot of efficiency versus size for thermoelectrics (TE)
and conventional steam engines(Figure from C. B. Vining, Nature Mater. vol. 8,
p.83, 2009 [10]).

1.2 Thermoelectricity in semiconductor nanostruc-

tures

To be competitive compared with conventional refrigerators and generators, one

must develop thermoelectric materials with ZT > 3 [11]. However, in the last five

decades, the room-temperature ZT of bulk semiconductors has increased only from 0.6

to 1 [11]. In the last 10 years, theoretical and experimental investigations have showed

that thermoelectric efficiency may be enhanced through nanostructural engineering

[12, 13]. For examples, recent experiments [14, 15, 16] on Bi2Te3-Sb2Te3 and PbTe-

PbSe films have shown that lattice thermal conductivity in nanostructured materials

can be reduced to values as low as 0.2-0.5 W/m1K−1 [17, 18]. In addition, materials

such as skutterudites, clathrates, half-Heuslers phases and novel oxides have received

much attention. Fig. 1.2.1 shows the ZT values of Bi2Te3 and Si1−xGex materials
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Figure 1.2.1: The figure of merit ZT, as a function of the time frame of several
key TE materials relative to their discovery year, thus showing many of the recent
advancements in both thin-film and bulk thermoelectric materials. Abbreviations:
LAST, PbAgSbTe compounds; QDSL, quantum dot superlattice; SL, superlattice
(Figure from Terry M. Tritt, Annu. Rev. Mater. Res. 2011. 41:433-48).

and of their more recently discovered nanocomposite forms, as well as the ZT values

of several bulk and thin-film materials developed over the past several years.

As the basic constituent of semiconductor electronics, Silicon is one of the most

studied materials of the last 50-60 years. It is Earth-abundant, cheap and non-

toxic. Unfortunately, bulk crystalline silicon is not a good thermal-to-electrical energy

converter, with ZT = 0.01 [17], and lattice thermal conductivity ≈ 150 W/mK [19]

at room temperature. However, at the nanoscale, silicon thermoelectric properties

can be greatly improved. For example, silicon wires [20] have been fabricated with κ

up to 100 times smaller than that of crystalline silicon and ZT = 0.6. The thermal

conductivity of nanomeshes [21] and porous membranes [22] has been made even

smaller than those of nanowires for specific choices of the pore size and spacing,

without degrading the electronic properties of crystalline silicon.
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Even though both experimental and theoretical studies demonstrated that nanos-

tructuring can significantly improve the value of ZT by reducing lattice thermal

conductivity, the microscopic origin of the reduction of κ in nanostructured mate-

rials is poorly understood, and theoretical and computational techniques to study

thermoelectric complex materials are not very well developed.

1.3 Motivation and outline of the thesis

In this dissertation, by using a series of equilibrium and non-equilibrium molec-

ular dynamics simulations and lattice dynamics techniques to obtained approximate

solutions of the Boltzmann Transport equation, we have studied heat transport in

bulk and nanostructured Si and SiGe based materials. In particular we have explored

the microscopic origin of the reduction of the thermal conductivity at the nanoscale,

to understand design rules for the prediction of optimized thermoelectric materials.

The dissertation consists of five chapters. Chapter 1 contains a brief review of

thermoelectricity in bulk materials and thermoelectricity in semiconductor nanostruc-

tures. Chapter 2 introduces the theoretical approaches for computing lattice thermal

conductivity, including equilibrium molecular dynamics, non-equilibrium molecular

dynamics, the Boltzmann transport equation and the Allen-Feldman theory. In Chap-

ter 3, our study of heat transport in bulk ordered semiconductors is presented, in-

cluding bulk crystalline silicon, bulk crystalline germanium and bulk crystalline silica

(α-cristobalite). Chapter 4 describes our results on heat transport in bulk disordered

materials, including amorphous silicon (structural disorder), silicon germanium alloys

(mass disorder) and amorphous silica (structural disorder and local mass disorder).

Chapter 5 discusses our findings on heat transport in nanostructured bulk materials,

e.g. nanoporous silicon, and nanoporous silicon germanium.
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Chapter 2

Theoretical approaches

2.1 Thermal conductivity

According to Fourier’s law the thermal conductivity of a system is defined as

the ratio of the heat current in the direction of heat flow (e.g. z direction) and the

negative local temperature gradient (− dT
dz

) along that direction:

Jz = −κz
dT

dz
(2.1.1)

In solids heat may be transmitted via electrical carriers (electrons or holes), lattice

vibrations (phonons), electromagnetic waves, spin waves, or other excitations. In

metals electrons represent the majority of the heat carriers, while in insulators lattice

vibrations are the dominant heat carriers. The total thermal conductivity (κ) can be

written as a sum of all the components arising from various excitations [23]:

κ =
∑

n

κn (2.1.2)

where n denotes an excitation.
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In this thesis we focused on semiconductors, and therefore we carried out calcula-

tions of the lattice thermal conductivity of a variety of materials, using equilibrium

molecular dynamics (EMD), non-equilibrium molecular dynamics (NEMD), and the

Boltzmann transport equation (BTE). The aim of this chapter is to review these

methods and discuss the different approximations on which they rely upon.

2.2 Molecular dynamics simulations

Molecular dynamics (MD) is a computer simulation technique, in which classical

Newton’s equations of the motion of N particles interacting via a given potential

are integrated by using numerical algorithms. Molecular dynamics may be used to

simulate the microscopic properties of gases, solids and liquids: for ergodic systems

one can show that the statistical ensemble averages are equal to the time averages [24].

Fig. 2.2.1 summarizes the basic steps of a molecular dynamics simulation.

To start a simulation, one needs to set up the initial positions and velocities of

all particles in the system. The positions of particles may be chosen according to the

experimental data. The initial velocities may be chosen e.g. according to a Gaussian

distribution, and then scaled to the desired temperature : < v2
α >= kBT/m, here

< vα > is the α component of the velocity of a given particle, kB is the Boltzmann

constant, T is temperature, and m is the mass of the particles. In addition, the

scaled values of velocities must be chosen in such a way as to guarantee that the

total momentum of the system is conserved. The acceleration (ai) of particle i is

calculated from the total force (Fi) on the particle i by Newton’s law : Fi = miai.

The total force exerted on particle i can be obtained by the gradient of the total

potential energy (W ) of the system with respect to the position of the particle :

Fi = −∆W (ri).
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Figure 2.2.1: Simplified diagram of a molecular dynamics simulation. The simulation
proceeds iteratively by solving the Newton’s equations of motion of an N-particle
system.
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There are various integration algorithms used to solve the ordinary differential

equations of an N particles system. The Verlet algorithm is one of the most widely

used techniques. There are three forms of the Verlet algorithm: Verlet’s original

form, the leap-frog and the velocity Verlet algorithm. In the original form, positions

at time (t + ∆t) can be predicted based on positions at time t (r(t)), accelerations

a(t), and previous positions r(t − ∆t):

r(t + ∆t) = 2r(t) − r(t − ∆t) + ∆t2a(t) (2.2.1)

The velocities are obtained from the formula:

v(t) =
r(t + ∆t) − t(t − ∆t)

2∆t
(2.2.2)

The original Verlet form is simple, reversible in time, and allows one to conserve

the linear momentum and energy within a simulation. However, it does not allow

one to calculate the positions and velocities at the same time. Velocities can only

be computed once r(t + ∆t) is known. To tackle this deficiency, the basic Verlet

scheme has been modified into the leap-frog [25] and the velocity [26] schemes. The

leap-frog algorithm is defined as follows:

r(t + ∆t) = r(t) + ∆tv(t +
1

2
∆t) (2.2.3)

v(t +
1

2
∆t) = v(t − 1

2
∆t) + ∆ta(t) (2.2.4)

The quantities stored in the memory in the course of a simulations are the current

positions r(t) and accelerations a(t) together with the mid-step velocities v(t− 1
2
∆t).
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The current velocities are computed by

v(t) =
1

2
(v(t +

1

2
∆t) + v(t − 1

2
∆t)) (2.2.5)

As Eq. 2.2.5 shows, the leap-frog algorithm does not yet handle the calculation of

velocities in a completely satisfactory manner, since it only improves the calculation

of velocities by half step. When using the velocity Verlet algorithm, one does store

positions, velocities and accelerations all at the same time, and it takes the form:

r(t + ∆t) = r(t) + ∆tv(t) +
1

2
∆t2a(t) (2.2.6)

v(t +
1

2
∆t) = v(t) +

1

2
∆ta(t) (2.2.7)

v(t + ∆t) = v(t +
1

2
∆t) +

1

2
∆ta(t + ∆t) (2.2.8)

The new positions at time (t+∆t) are calculated using Eq. 2.2.6, and the velocities

at mid-step are computed using Eq. 2.2.7. After the forces and accelerations at time

(t + ∆t) are evaluated, the velocities at time t + ∆t can be obtained using Eq.

2.2.8. In addition, kinetic energy, potential energy and other quantities of interest

may be evaluated at this time. Therefore, the numerical stability, convenience, and

simplicity of velocity Verlet make it perhaps the most widely used algorithm to date.

The simulations in this thesis used the velocity Verlet integration algorithm.

In order to carry out a molecular dynamics simulation, it is essential to choose

or determine the interatomic potential W , which in turn determines the forces be-

tween particles. For covalently bonded solids, such as silicon and germanium, there
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are several proposed empirical potentials: Stillinger-Weber [27], Pearson et al. [28],

environment dependent interatomic potential (EDIP) [29] and Tersoff potential [30].

The Tersoff potential has been used to study surface reconstructions and the phase

diagram of silicon germanium alloys [31], and gave results consistent with several ex-

periments [32]. In addition, the Tersoff potential describes accurately the properties

of nontetrahedral forms of Si [33]. This potential has been employed for the heat

transport calculations reported in this dissertation, and it is defined as:

Wij = fC(rij)[fR(rij) + bijfA(rij)] (2.2.9)

fR(rij) = Aijexp(−λijrij) (2.2.10)

fA(rij) = −Bijexp(−µijrij) (2.2.11)

fC(rij) =































1, rij < Rij

1
2

+ 1
2
cos[π(rij − Rij)/(Sij − Rij)], Rij < rij < Sij

0, rij > Sij

(2.2.12)

bij = χij(1 + βni

i ζni

ij )−1/2ni (2.2.13)

ζij =
∑

k 6=i,j

fC(rik)ωikg(θijk) (2.2.14)

g(θijk) = 1 + c2
i /d

2
i − c2

i /[d2
i + (hi − cosθijk)

2] (2.2.15)
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λij = (λi + λj)/2 (2.2.16)

µij = (µi + µj)/2 (2.2.17)

Aij = (AiAj)
1/2 (2.2.18)

Bij = (BiBj)
1/2 (2.2.19)

Rij = (RiRj)
1/2 (2.2.20)

Sij = (SiSj)
1/2 (2.2.21)

Here the indices i j and k run over all atoms in the system, rij is the length of the

ij bond, θijk is the bond angle between bonds ij and ik. The repulsive pair potential

fR(rij) and the attractive pair potential fA(rij) have a Morse potential form. fC is a

smooth potential cutoff function. The function bij accounts for the dependence of the

potential on bonds’ order. The Tersoff potential has eleven parameters determined

by fitting to a set of physical properties obtained from experiments and ab initio

calculations, including cohesive energy, bulk modulus and lattice constant. Tab.

2.2.1 and 2.2.2 give the parameters for Si, Ge and O used in this dissertation [30, 34].

To avoid surface effects (that in real experiments one avoids by using macroscopic

samples), one uses periodic boundary conditions in MD simulations. A simulation

box with a relatively small number of atoms is replicated throughout space to form
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Table 2.2.1: Parameters entering the definition of the Tersoff empirical potential for
silicon and germanium (Table from J. Tersoff, Phys. Rev. B, vol. 39, 5566 (1989)
[30])

Si Ge
A(eV ) 1.8308 × 103 1.769 × 103

B(eV ) 4.7118 × 102 4.1923 × 102

λ(Å−1) 2.4799 2.4451
µ(Å−1) 1.7322 1.7047
β 1.1000 × 10−6 9.01666 × 10−7

n 7.8734 × 10−1 7.5627 × 10−1

c 1.0039 × 105 1.0643 × 105

d 1.6217 × 101 1.5652 × 101

h −5.9825 × 10−1 −4.3884 × 10−1

R(Å) 2.7 2.8
S(Å) 3.0 3.1

χSi−Ge=1.00061

Table 2.2.2: Parameters entering the definition of the Tersoff empirical potential for
silicon and oxygen in silica (Table from S.Munetoh et al., Comput. Mater. Sci, vol.
39, 334 (2006) [34])

Si O
A(eV ) 1.8308 × 103 1.88255 × 103

B(eV ) 4.7118 × 102 2.18787 × 102

λ(Å−1) 2.4799 4.17108
µ(Å−1) 1.7322 2.35692
β 1.1000 × 10−6 1.1632 × 10−7

n 7.8734 × 10−1 1.04968
c 1.0039 × 105 6.46921 × 104

d 1.6217 × 101 4.11127
h −5.9825 × 10−1 −8.45922 × 10−1

R(Å) 2.5 1.7
S(Å) 2.8 2.0

χSi−O=1.17945
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Figure 2.2.2: Schematic representation of a two-dimensional periodic system. Parti-
cles can enter and leave each box across each of the four edges. In a three-dimensional
periodic system, particles would be free to cross any of the six edges. (Figure from
http://creativecommons.org/licenses/by-nc-sa/3.0/)
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an infinite lattice without any free surfaces. In the course of the simulation (See

Fig. 2.2.2), as a particle moves in the original box, its periodic image in each of

the neighboring boxes moves in, in exactly the same way. When a particle leaves

the central box, one of its images will enter through neighboring units. Since the

dynamics of atoms in the original box is exactly the same as that of atoms in the

replicated boxes, it is not necessary to store the trajectories of all the images in a

simulation, but only the coordinates of the particles in the central box are recorded.

The properties of systems are then computed based on the coordinates of atoms in

the central box only. The effects of a finite simulation domain on computed quantities

have to be tested by increasing the size of the central box for each of the computed

properties.

2.2.1 Equilibrium molecular dynamics

We now turn to the discussion of how MD is used to compute thermal conductivity.

In a molecular dynamics simulation, considering a system at equilibrium within the

microcanonical ensemble (NVE, where N is the number of atoms, V is the volume of

system, and E is the total energy), the average heat flux is zero. The lattice thermal

conductivity can be obtained from the variations of the instantaneous heat current

using the Green-Kubo relation based on the fluctuation-dissipation theorem [35]:

κα =
V

kBT 2

∫ ∞

0

< Jα(t)Jα(0) > dt, (2.2.22)

where kB is the Boltzmann constant, V is the volume of the system, T is the temper-

ature, and < Jα(t)Jα(0) > is the average heat current (J) autocorrelation function

(HCACF) along the α direction.



18

The heat current may be derived from local energy conservation:

Ḣ + ∆ · J = 0 (2.2.23)

where H is the Hamiltonian of the system, and ∆ is the Laplace operator. Within

the classical approximation, Eq. 2.2.23 becomes:

1

V

∂ε(r, t)

∂t
+ ∆ · J = 0 (2.2.24)

where ε(r, t) is the instantaneous local energy density and J is the instantaneous

local heat current. Eq. 2.2.24 can be rewritten as:

J(r, t) =
1

V

d

dt

∑

i

riεi (2.2.25)

here ri is the position of atom i, and εi can be expressed as:

εi =
1

2
miv

2
i + Wi (2.2.26)

where vi and Wi are the velocity vector and the local potential energy assigned to

atom i, respectively. For a many body interaction potential, such as the Tersoff

potential, the heat current can then be expressed as follows [36].

J =
1

V
[

N
∑

i

εivi +
1

2

N
∑

i,j;i6=j

(Fij · vi)rij +
1

6

N
∑

i,j,k;i6=j 6=k

(Fijk · vi)(rij + rik)], (2.2.27)
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Equivalently, the heat current can also be calculated from the following expression:

J =
1

V
[

N
∑

i

εivi −
N

∑

i

Si · vi] (2.2.28)

Si is 3 × 3 atomic stress tensor, given by:

Si,αβ = −mivi,αvi,β − 1

2

N
∑

j

(ri,αF ′
ij,β + rj,αF ′

ij,β) (2.2.29)

The first term of the right hand side is the kinetic energy contribution from atom i.

The second term is the potential energy contribution. ri,α and rj,α are the projection

of the positions of atom i and j on the α direction. F ′
ij,β is the β component of

the interatomic many-body force. In this work, molecular dynamics was used to

obtain the coordinates, velocities, forces and stress tensors needed to compute the

heat current (Eq. 2.2.27).

In analogy with the calculation of diffusion coefficients in Brownian motion the-

ory [37], the thermal conductivity can also be computed from equilibrium molecular

dynamics simulations by fitting the mean square displacement R of the integrated

heat current by an Einstein type relation [38]:

< (Rα(t) − Rα(0))2 >= 2kBT 2V κα[t + τ(e−t/τ − 1)] (2.2.30)

where Rα is the integrated heat current R along the α direction. τ provides a

rough estimate of the average ballistic propagation time.



20

2.2.2 Non-equilibrium molecular dynamics

The thermal conductivity can also be computed using non-equilibrium molecular

dynamics ( NEMD). We implemented an NEMD method based on the approach

proposed by Plathe [39]. According to Fourier’s law, in an isotropic system, the

thermal conductivity κ in the heat propagation direction e.g. the z direction, is

defined by the following formula:

κ = lim
∂T/∂z→0

lim
t→∞

−< Jz(t) >

∂T/∂z
(2.2.31)

Instead of computing the heat flux, the strategy here is to impose a well defined

heat flux on the system and then measure the resulting temperature gradient. In

order to obtain the temperature gradient, the simulation box is divided into Ns equal

slabs perpendicular to the z direction (see Fig. 2.2.3). Slab 0 is defined as the ’hot’

slab and slabs Ns/2 and -Ns/2 as the ’cold’ slabs. The artificial heat flux is generated

by interchanging the kinetic energy of the hottest atom in the cold slab and the kinetic

energy of the coldest atom in the hot slab so that the temperature decreases in the

cool slab and increases in the hot slab. The simulation cell is periodically replicated.

The instantaneous local temperature Tk in the slab k is given by:

Tk =
1

3nkkB

nk
∑

i∈k

miv
2
i (2.2.32)

where nk is the number of atoms in the slab k, mi and vi are the mass and velocity

of atom i, respectively. A temperature profile is then calculated by computing an

average Tk. A temperature gradient ∂T/∂z is obtained by the slope of the least-

square fit of the temperature profile. As the transfered kinetic energy is balanced by

the thermal energy in the opposite direction caused by the temperature difference
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Figure 2.2.3: Periodic simulation cell composed of Ns slices used in non-equilibrium
MD simulations. Slab 0 is the ’hot’ slab, slab Ns/2 and −Ns/2 are ’cold’ slabs.
Thermal energy flows through the system as indicated by the colors. The red color
represents the hottest region while the blue color represents the coldest region.

between the cold and hot slabs, the system reaches a steady state. The imposed heat

flux is given exactly by the kinetic energy transferred during the simulation:

Jz = −
∑

transfers
m
2
(v2

h − v2
c )

2tLxLy

(2.2.33)

where t is the simulation time, vh is the velocity of the hottest atom in the cold

slab, vc is the velocity of the coldest atom in the hot slab, Lx and Ly are the box

length in x and y directions, respectively. The factor 2 in the denominator arises

from the fact that thermal energy flows in two directions from the middle of slab 0.

2.3 Boltzmann transport equation

An alternative way to compute the thermal conductivity is provided by the ap-

proximate solutions of the Boltzmann transport equation (BTE). The approximate
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solutions used in this thesis are based on lattice dynamics which we introduce in the

next section before discussing the BTE.

2.3.1 Lattice dynamics

Using the harmonic approximation, the energy of a crystal within the Born-

Oppenheimer (BO) approximation [40] can be written as [41]:

Eharm =
1

2

∑

jj′,ll′

∑

αβ

uα(jl)Φαβuβ(j ′l′) (2.3.1)

where j and j ′ are the indexes of atoms, l and l′ are the indexes of unit cells, and

α and β are the indexes of dimensions. The vector u(jl) is:

u(jl) =













ux(jl)

uy(jl)

uz(jl)













(2.3.2)

and the force constant matrix Φ is a 3 × 3 matrix, with elements:

Φαβ







jj ′

ll′






=

∂2W

∂uα(jl)∂uβ(j ′l′)
(2.3.3)

In the general case, the equation of motion for the jth atom in the lth unit cell is

given by:

mjü(jl, t) = −
∑

j′l′

Φ







jj ′

ll′






· u(j ′l′, t) (2.3.4)

where mj is the mass of the jth atom. The solution for u(jl, t) is a linear super-

position of traveling harmonic waves with different wave vector k and mode label ν:
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u(jl, t) =
∑

k,ν

U(j,k, ν)exp(i[k · r(jl) − ω(k, ν)t]) (2.3.5)

where r(jl) is the position of the atom (jl), U(j,k, ν) is the displacement vector

of atom j in the reciprocal space. Substituting the wave Eq. 2.3.5 into the Eq. 2.3.4

gives:

mjω
2(k, ν)U(j,k, ν) =

∑

j′l′

Φ







jj ′

0l′






·U(j ′,k, ν)exp(ik · [r(j ′l′) − r(j0)]) (2.3.6)

here the reference atom is in the unit cell l = 0. The equations of motion for a

single solution can be expressed in vector form:

ω2(k, ν)e(k, ν) = Ω(k) · e(k, ν) (2.3.7)

The column vector e(k, ν) is composed of the displacement vector U weighted by

the square root of the atomic mass, so that it has 3n elements (n is the number of
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atoms per unit cell):

e(k, ν) =













































√
m1Ux(1,k, ν)

√
m1Uy(1,k, ν)

√
m1Uz(1,k, ν)

√
m2Ux(2,k, ν)

·

·

·
√

mnUz(n,k, ν)













































(2.3.8)

We define the dynamical matrix Ω(k) as the 3n× 3n matrix with elements given

by:

Ωαβ(jj ′,k) =
1

√
mjmj′

∑

l′

Φαβ







jj ′

0l′






exp(ik · [r(j ′l′) − r(j0)]) (2.3.9)

where l = 0 labels the reference unit cell.

Since e(k, ν) has 3n components, there are 3n solutions corresponding to the

3n branches in the dispersion diagram. Defining the frequency matrix Ξ(k) as the

diagonal matrix of the squares of the angular frequencies, the general displacement
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equations assume a compact form:

Ξ(k) =

































ω2(k, 1)

ω2(k, 2)

ω2(k, 3)

·

·

ω2(k, 3n)

































(2.3.10)

e(k) · Ξ(k) = Ω(k) · e(k) (2.3.11)

The dynamical matrix is Hermitian,

Ω(k) = (Ω∗(k))T (2.3.12)

The eigenvalues of a Hermitian matrix are real, and the eigenvectors satisfy the

following orthonormality and completeness relations:

(e(k))T · (e(k))∗ = (e(k))T · e(−k) = 1 (2.3.13)

(e(k, ν))T · e(−k, ν ′) = δνν′ (2.3.14)

We will compute and diagonalize dynamical matrices in the evaluation of approx-

imate solutions of the BTE, which we discuss next.
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2.3.2 Approximate solutions for ordered systems

At the end of the nineteenth century, Boltzmann introduced a

dynamical equation for the distribution function of rarefied gases:

∂f

∂t
+ v · ∂f

∂r
+

F

m
· ∂f

∂v
= (

∂f

∂t
)coll. (2.3.15)

The right-hand side expresses the variation per unit time of the distribution func-

tion f(r, v, t) due to collisions. When out of equilibrium, a gas evolves toward an

equilibrium state due to collisions. The nonlinear collision term in Eq. 2.3.15 is

usually very difficult to explicitly compute. One may give a rough approximation of

this term based on the so-called relaxation time model.

(
∂f

∂t
)coll. ' −f − f (0)

τ
(2.3.16)

here τ is a relaxation time which the system takes to return to equilibrium, f (0) is

the equilibrium distribution function of the system. In the stationary regime, and

without external fields, the Boltzmann equation in the relaxation time approximation

leads to :

v · ∆rf = −f − f (0)

τ
(2.3.17)

where v is the group velocity (v = dω
dk

, where ω is the frequency defined in the previous

section).

One may seek a solution of the BTE by using perturbation theory and a distri-

bution function of the form:

f = f (0) + λ · f (1) + λ2 · f (2) + · · · (2.3.18)



27

where λ is an expansion parameter. For small deviations from equilibrium, Eq.

2.3.18 can be rewritten as:

f = f (0) + δf (0) (2.3.19)

here δf 0 is a small variation with respect to the equilibrium distribution f 0. Substi-

tuting Eq. 2.3.19 into Eq. 2.3.17, one finds:

δf (0) = −τ
∂f (0)

∂T
v · ∆rT (2.3.20)

We now consider the phonons in a solid as a gas satisfying the Bose-Einstein

statistics, and we use Eq. 2.3.20 to describe the deviations from equilibrium of the

phonon distribution in the presence of a temperature gradient in the system.

Using a normal mode representation of the system vibrations described in Chapter

2.3.1, the heat flux , giving rise to the perturbation δf 0 (Eq. 2.3.19), is:

J =
∑

s

∫

BZ

d3k

8π3
(δf (0) +

1

2
)~ωk,s∆kωs (2.3.21)

Substituting Eq. 2.3.20 into Eq. 2.3.21, and using Fourier’s law yields an ex-

pression of the thermal conductivity. Since ∆kωs is equal to the group velocity v,

ignoring the zero energy contribution and assuming to consider an isotropic system,

the lattice thermal conductivity κ is:

κ =
1

3

∑

s

∫

BZ

d3k

8π3
τv2

k,s

∂f (0)

∂T
~ωk,s (2.3.22)

here, v2
k,s = v2

x;k,s + v2
y;k,s + v2

z;k,s (vx;k,s = vy;k,s = vz;k,s). Rewriting Eq. 2.3.22 in the
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single mode relaxation time approximation, yields:

κi =
1

3
τiv

2
i

∂f
(0)
i

∂T
~ωi (2.3.23)

The specific heat capacity per volume contributed by a mode i is:

ci,V =
∂f

(0)
i

∂T
~ωi (2.3.24)

and Eq. 2.3.23 becomes:

κi =
1

3
τiv

2
i ci,V (2.3.25)

The total thermal conductivity is the sum of each mode’s contribution:

κ =
1

3

∑

i

τiv
2
i ci,V (2.3.26)

Where vi and τi are the group velocity and lifetime of mode i.

In our work we have used lattice dynamics to obtain the group velocities from

phonon dispersion curves; we have computed the lifetimes from the normalized au-

tocorrelation function of eigenmode energy (Ei(q, t)) [42] using molecular dynamics:

τi =

∫ ∞

0

< Ei(q, t)Ei(q, t) >

< Ei(q, 0)Ei(q, 0) >
(2.3.27)

Ei(q, t) =
ω2

i S
∗
i (q, t)Si(q, t)

2
+

S
′∗
i (q, t)S

′

i(q, t)

2
(2.3.28)

Si(q, t) =
√

N
∑

j

√

Mje
−iq·rj,0e∗i (q) · uj(t) (2.3.29)

where, S
′

is the time derivative of S, and uj is the displacement vector of atom j.



29

The validity of the Boltzmann transport equation depends on the characteristic

length scales in the system. We define the characteristic length scale (i.e. the size of

the system or the size of grain boundaries in the system) as L, and we introduce it

into the Eq. 2.3.17, we obtain:

v

L
v∗ · ∂f

∂r∗
= −f − f (0)

τ
(2.3.30)

Here the quantities marked with an asterisk are all dimensionless. By substituting

Eq. 2.3.18 into Eq. 2.3.30 and keeping only the first order terms in λ, one has:

v

L
v∗ · f (1)

∂r∗
= −λ

τ
f (1) (2.3.31)

One can see that the variation of f is driven by the dimensionless number λ = vτ
L

= l
L
,

where l is the mean free path of the system vibrations.

Depending on the value of λ, we may identify three heat transport regimes:

(1) if λ << 1, the regime is diffusive. The system is close to local thermodynamic

equilibrium, and perturbation theory under linear response can be used to seek a

solution.

(2) if λ >> 1, the regime is ballistic. In this regime, the particles are scattered mainly

by the system boundaries, not by collisions. Perturbation theory may not be used.

(3)if λ ∼ 1, the regime is semi-ballistic. It is an intermediate regime in which it is

very difficult to simplify the Boltzmann transport equation. In principle one should

seek a solution of the full equation. Perturbation theory can not be used.
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2.3.3 Approximate solutions for disordered systems

Eq. 2.3.26 is valid for propagating modes. The typical mean free path of phonons

may become so short that its wavelength and even the mean free path itself are no

longer well defined; in other words, not all modes are propagating in a disordered

system. Allen and Feldman proposed an alternative theory for calculating the thermal

conductivity of disordered materials [43] and to take into account heat transport by

non-propagating modes. Assuming the dominant scattering is correctly described by

a harmonic Hamiltonian, a Kubo formula is derived by using off-diagonal elements of

the heat current operator. In the harmonic approximation, the heat current operator

is:

S =
1

2V

∑

l,m

∑

α,β

(Rl − Rm)
plα

ml

∂2W

∂u(lα)∂u(mβ)
u(mβ) (2.3.32)

where V is the volume of system. W is the potential energy of the system. l and m

are the indexes of atoms. α and β are the indexes of dimensions. R is the position

of atoms. plα is the momentum of atom l in α direction. umβ is the displacement of

atom m along β direction.

Now considering a periodic system of N cells, with n atoms per cell, labeled by

b = 1, 2 · ··, n:

S = − 1

2V

∑

l,m

n
∑

b,b′=1

3
∑

α,β=1

(Rlb − Rmb′) ×
plbα

mb
Φbb′

αβ(0, m − l)umb′β (2.3.33)

where l and m are the index of the cell; Φbb′(0, m− l) is the force constant tensor
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between atoms lb and mb′. In the normal mode coordinates:

ulbα =
1√
mb

∑

j

eα(b;k, j)Q(k, j)eik·Rl (2.3.34)

plbα =
√

mb

∑

j

eα(b,k, j)P(kj)eik·Rl (2.3.35)

here Q(k, j) and P(k, j) are the position and momentum of vibrational mode

with the band branch of j and wave vector k, written in the terms of mode creation

and annihilation operators [44]:

Q(k, j) = −i

√

~

2ω(k, j)
(a†(k, j)) − a(−k, j) (2.3.36)

P(k, j) =

√

~ω(k, j)

2
(a(k, j) + a†(−k, j)) (2.3.37)

Substituting these expressions into Eq. 2.3.33 gives:

S = − 1

2V

∑

j,j′

∑

αβ

∑

m,b,b′

P(k, j)Q(−k, j ′)eα(b;k, j)

×eβ(b′;k, j ′)Ωb′b
βα(0, m)

×(Rm + Rbb′)e
ik·Rm (2.3.38)

Ωk′k
αβ (0, m) are mass-scaled elements of the force constants matrix Φ, namely:

Ωbb′

αβ(0, m) =
√

mbmb′Φ
bb′

αβ(0, m) (2.3.39)
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Eq. 2.3.38 can be written in terms of mode creation and annihilation operators:

S =
∑

i,j

Sija
†
iaj (2.3.40)

Sij =
~

2V
vk,ij(ωk,i + ωk,j) (2.3.41)

vk,ij =
i

2
√

ωk,iωk,j

∑

αβ

∑

m,b,b′

eα(b;k, i)Ωb′b
βα(0, m)

×(Rm + Rbb′)e
ik·Rm

×eβ(b;k, j) (2.3.42)

Eq. 2.3.41 defines the matrix elements Sij of the heat current operator S. It

is then used to compute a microscopic, temperature-independent quantity, a “mode

diffusivity” Di :

Di =
πV 2

3~2ω2
i

∑

j 6=i

|Sij|2δ(ωi − ωj) (2.3.43)

The δ function may be described as a Lorentzian function:

δ(ωi − ωj) =
1

π

η

(ωi − ωj)2 + η2
(2.3.44)

Where η is the Lorentzian width, specifying half width at the half-maximum.

The thermal conductivity of disordered systems can then be calculated from the
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Table 2.4.1: Ability of the techniques used in this thesis in describing disorder,
anharmonicity and in including the proper phonon statistics (Bose-Einstein) in the
calculations of thermal conductivity. EMD and NEMD denote equilibrium and non-
equilibrium molecular dynamics, respectively. BTE denotes solutions of the Boltz-
mann Transport Equation in the relaxation time approximation.

Physical Effect EMD NEMD BTE
disorder yes yes no
anharmonicity yes yes approximate
Bose-Einstein no no yes

diffusivity :

κ =
1

V

∑

i

ci,V (T )Di (2.3.45)

here ci,V is the specific heat per volume contributed from mode i.

2.4 Summary

In the next chapters, we use the concepts and formulas described here to compute

the thermal conductivity of ordered, disordered and nanostructured semiconducting

systems. Tab. 2.4.1 shows a summary of the methods used in this thesis.

Equilibrium molecular dynamics simulations (EMD) were carried out with two

codes: DLPOLY [45] and LAMMPS [46]. The calculation of the thermal conductivity

in DLPOLY was developed by Dr. Davide Donadio, and it was used to study heat

transport in small bulk systems (< 10,000 atoms). The author implemented the non-

equilibrium molecular dynamics (NEMD) method in DLPOLY described in Chapter

2.2.2. The NEMD was used to study the thermal conductivity of crystalline Si film

and of amorphous Si film.
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Chapter 3

Heat transport in ordered bulk

materials

3.1 Background and objectives

Before presenting the results of our simulations of Si, Ge and SiO2, we summarize

the existing experimental and theoretical results for these systems.

3.1.1 Silicon

Bulk crystalline silicon (c-Si) is not a good candidate material for thermoelec-

tric power generation, due to its large lattice thermal conductivity, even though

it has a larger Seebeck coefficient (few hundreds µV/K) than metals (few µV/K).

Recent experimental and theoretical studies have showed that nanostructuring can

enhance the thermoelectric efficiency of Si-based materials by reducing the lattice

thermal conductivity without degrading the electronic properties [20, 21]. Since Si

is a Earth abundant, cheap and nontoxic material, if nanostructuring may improve
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the ZT, Si may then become a good candidate for thermoelectric applications. At

room temperature, heat transport in silicon is mainly dominated by lattice vibrations

(phonons) [47], and thus a quantity of interest is the lattice thermal conductivity.

The earliest value of κ of c-Si was reported by Koenigsberger and Weiss in 1911 [48]

who found 84 W/mK at 290◦K for a natural sample (92.23% 28Si, 4.67% 29Si and 3.1%

30Si). Later Stuckes [49],Morris and Hust [50], Shanks et al. [51] and Glassbrenner

and Slack [47] all measured the κ of natural Si by employing different techniques

(see Tab.3.1.1 ). The measured value of κ was found to be 130∼150 W/mK. In 1997,

Capinski et al. [19] used an optical pump-and-probe technique to measure the κ of

isotopically pure Si. The sample was made from 99.7% 28Si and obtained by liquid

phase epitaxy. They found ∼ 60% increase in κ of isotopically pure silicon compared

to that of the natural samples at 300K. Later Ruf et al. [52] re-measured the κ of

highly enriched 28Si (99.8588%) by means of a steady-state heat flow technique. They

obtained a result consistent with that of Capinski [19] at room temperature. In 2004,

Kremer and co-authors [53] measured the κ of isotopically enriched 28Si indepen-

dently in three laboratories on a total of four samples of different shape and degree of

isotope enrichment. They claimed that the results in the different laboratories were

in good agreement with each other. They indicated that at room temperature the

thermal conductivity of isotopically enriched 28Si exceeds the thermal conductivity

of natural Si by ∼ 10± 2%, but not ∼ 60%. This finding is in disagreement with the

earlier reports from Capinski [19]. As of yet no complete consensus has been reached

about the measured value of κ of isotopically enriched 28Si.

On the theoretical side, the κ of c-Si was first computed by Volz and Chen [36]

in 2000. By using direct integration of the heat current autocorrelation function ob-

tained from the Green-Kubo formula, they computed κ using the Stillinger-Weber
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(SW) potential [27] in equilibrium molecular dynamics simulations. They found a

strong size-dependence of the computed κ. For example, the calculated κ at 500K

could not be converged even when using cells with 8000 atoms. To obtain a con-

verged value, they employed the spectral Green-Kubo formula with a model-based

extrapolation. The fitted results at 300K are about 70% higher than the measured

thermal conductivity of natural Si (150 W/mK) [47], but correspond very well to the

experimental results for 28Si [52](237 W/mK). However, using the same empirical

potential (SW), several authors (e.g. Schelling [51]g et al. [54], Sellan et al. [55]

and Goicochea et al. [56] ) later reported that there is only a weak domain size

effect on κ of c-Si. Schelling reported that the value of κ (≈ 66 W/mK at 1000K)

can be obtained by performing EMD with only 1728 atoms. Goicochea showed that

the value of κ of c-Si at 300 K was about 350 W/mK by using a system with 512

atoms. This result is 48 % higher than the measured thermal conductivity of enriched

28Si (237 W/mK). A specific study of domain size effects on κ of c-Si was reported

by Sun and Murthy [57]. Using the environment dependent interatomic potential

(EDIP) [29], here authors claimed that a converged value of κ could be obtained

using a small system with 216 atoms. Tab. 3.1.1 summarizes the values of κ of c-Si

obtained from both experimental measurements and theoretical calculations using

different empirical potentials.

To the best of our knowledge, there is no study of κ of c-Si using Tersoff potential

[31]. By calculating κ using the full solution of the BTE with three different empirical

potentials: Tersoff, Stillinger-Weber (SW) and EDIP, Broido et al. [58] showed that

Tersoff may be a relatively accurate potential for the study of heat transport in silicon.

In this dissertation we employed the Tersoff potential to compute the κ of c-

Si and compared the results with those obtained from other potential models and
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Table 3.1.1: Experimental and theoretical values of κ of c-Si obtained by EMD,
reported in the recent literature at 300K. ( Natural Si: m̄=28, 28Si=92.23%, 29Si=4.67
%, 30Si=3.10%)

Experimental method κ (W/mK) Sample Ref.
∼84 natural [48]

Absolute, steady-state, radial heat flow ∼130 natural [49]
Absolute, steady-state, radial heat flow ∼130 natural [50]
Variable state, thermal diffusivity ∼142 natural [51]
Absolute, steady-state, radial heat flow ∼ 156 natural [47]
Optical pump-and-probe technique ∼240 28Si [19]
Absolute, steady-state, radial heat ∼240 28Si [52]
Absolute, steady-state, radial heat ∼165 28Si [53]

Empirical potential κ (W/mK) number of
atoms

Ref.

Stillinger-Weber ∼255 8000 [36]
Stillinger-Weber ∼350 512 [56]
Environment dependent interatomic
potential

∼170 216 [57]

experiments.We also carried out extensive convergence studies using MD cells with

million of atoms.

3.1.2 Germanium

In order to gain insight into the heat transport in silicon germanium alloys (see

Chapter 4), and to generate reference results, the thermal conductivity of bulk crys-

talline germanium (c-Ge) has also been studied in this dissertation. The measured

values of the κ of natural c-Ge ( 35.94 % 74Ge, 27.66% 72Ge, 21.23% 70Ge, 7.73%

73Ge and 7.44% 76Ge) are about 50 ∼ 60 W/mK [59, 60, 47] at room temperature.

The measured κ of enriched 70Ge is 78 W/mK at 300K [19] [19] (See Tab. 3.1.2).

There is only one theoretical result reported in the literature of κ of Ge obtained

using MD simulations: ∼90 W/mK [61].
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Table 3.1.2: Experimental results of κ of c-Ge at 300K. (Natural Ge: m̄=72.61,
74Ge=35.94% , 72Ge=27.66 %, 70Ge=21.23%, 73Ge=7.73%, 76Ge=7.44%)

Experimental method κ (W/mK) sample Ref.
Absolute, steady-state, longitudinal
heat flow

∼ 50 natural [59]

Variable state, thermal diffusivity ∼ 50 natural [60]
Absolute, steady-state, radial heat flow ∼ 60 natural [47]
Optical pump-and-probe technique ∼ 78 70Ge [19]

3.1.3 Silicon dioxide

Silicon dioxide (SiO2) is the most abundant mineral in the Earth’s crust. Because

of its special chemical, electronic and optical properties, it has been used in a number

of different applications. SiO2 layers and surfaces are considered to be essential

elements in modern electronic devices. Therefore, understanding heat transport in

silicon dioxide is of great interest for heat management in electronic devices and to

effectively optimize the efficiency of these devices.

There is only a limited amount of data on the thermal conductivity of the many

forms of crystalline silica due to their complex structures. Recently many experimen-

tal studies have only focused on the thermal conductivity of zeolites [62, 63, 64, 65].

To the best of our knowledge, there is no available experimental value of κ for crys-

talline α-cristobalite.

On the theoretical side, the NEMD approach has been widely used to compute

the thermal conductivity of crystalline and amorphous silica [66, 67, 68, 69, 70]. Mc-

Gaughey and Kaviany [71] found that it was very difficult to compute κ of crystalline

silica by using EMD simulations, where κ is obtained by integrating the computed

heat current autocorrelation functions < J(t)J(0) >= CJ(T ) (See Chapter 2). They

observed large oscillations in CJ(t) of crystalline silica samples, and such oscillations
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made it difficult to perform either a direct integration or an exponential fitting to

obtain κ. The oscillations were attributed to the relative motion of bonded atoms

with different masses [72].

In this dissertations, the κ of bulk crystalline α-cristobalite (α-SiO2) was cal-

culated by directly integrating CJ(t) in EMD simulations. A simple strategy (see

Chapter 3.4) was employed to effectively eliminate the large oscillations in the com-

puted CJ(t). Our goal in studying crystalline α-SiO2 is to generate reference results

with which to compare our simulations for amorphous silica, and interpret the effect

of amorphous silica present on the surfaces of Si nanowires.

In order to interpret our MD simulations, we carried out lattice dynamics calcula-

tions for all three solids: c-Si, c-Ge and α-SiO2. The calculated mean free paths and

group velocities obtained by using the Boltzmann transport equation provided insight

into understanding the fundamental physics of heat transport in these materials.

3.2 Thermal transport in bulk crystalline silicon

At room temperature and low pressure, silicon has a diamond structure, as shown

in Fig. 3.2.1. In this study, the initial configurations of all bulk crystalline silicon (c-

Si) samples are supercells obtained from the replicated diamond cubic unit cell with

lattice constant a=5.4 Å (experimental value). We carried out EMD simulations using

the LAMMPS code and the Tersoff potential [33]. Periodic boundary conditions were

applied to all three directions. The chosen time step is 0.5fs. Each sample has been

first heated to 300K for 400ps by using NPT and NVT ensemble simulations, and

then equilibrated at this temperature for 200ps within NVE (constant number of

particles N, volume V and energy E). After equilibration, computation of the heat

current was started and the heat current was obtained using Eq. 2.2.28. The thermal



40

Figure 3.2.1: Schematic diagram of the diamond structure adopted by Si and Ge
(Figure from http://worldscheaper.com).

conductivity was calculated using the Green-Kubo formula (see Eq. 2.2.22). The heat

current autocorrelation function was evaluated with fast Fourier transforms [24]. The

convergence of κ of c-Si as a function of simulation time was carefully tested. Our

results show that 10 ns simulations are necessary to obtain converged value of κ. All

MD runs for c-Si were carried out for 10ns (see Tab. 3.2.1).

The convergence of κ with respect to the truncation time used in the integration

of the heat current autocorrelation function < J(t)J(0) >= CJ(t) in Eq. 2.2.22

was also tested. Fig. 3.2.2 shows the computed CJ(t) and κ for a silicon sample

with 4096 atoms. A truncation time of 200 ps yielded well converged values. In

order to test size effects, we carried out simulations for various supercells containing

64(2x2x2),216(3x3x3x), 512 (4x4x4),1000(5x5x5),1728(6x6x6),2744 (7x7x7),and 4096

(8x8x8), 27000(15x15x15), 64000(20x20x20), 216000 (30x30x30), 1000000(50x50x50)

atoms (see Tab. 3.2.1). We find that to obtain a reliable value of κ of c-Si, one has to

use cells with at least 27000 atoms. As shown in Fig. 3.2.3, the calculated values of κ

using supercell with 64000, 216000 and 1000000 atoms are the same within error bars.
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Figure 3.2.2: The normalized heat current autocorrelation function of a crystalline
silicon sample with 4096 atoms at room temperature. The in-set shows the calculated
thermal conductivity as a function of different truncation times.

Our results on size convergence may explain the conflicting results for κ reported in

the literature [36, 56, 57]. Our converged value of κ of c-Si is about 200 W/mK.

Given the complexity of real silicon materials (including defects, grain boundaries,

and impurities), we consider the agreement with experiment as satisfactory.

We also computed κ of c-Si using NEMD simulations (see Chapter 2.2.2). This

approach is analogous to experimental methods, where a temperature gradient is

created within the material, and the thermal conductivity is obtained by the ratio

between the measured heat flow and the temperature gradient. In order to use

Fourier’s law (Eq. 2.2.31) to calculate the thermal conductivity, one has to find

the linear response regime in which the inverse of the thermal conductivity linearly

depends on the inverse of the simulation sample length . Sellan et al. [55] pointed out

that a linear extrapolation procedure is only accurate when the minimum size used in

NEMD simulations is comparable to the largest mean-free-paths of the phonons that
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Table 3.2.1: Computed thermal conductivity of bulk crystalline silicon from equilib-
rium molecular dynamics (MD) as a function of the number of atoms in the simulation
supercells at room temperature. For each cell size we carried out five independent
runs, each 10ns long. All values of the thermal conductivity are calculated by inte-
grating the heat current autocorrelation function ( Green-Kubo formula) with a 200
ps truncation time. The density of all samples is ∼ 2.31g/cm3. n1, n2 and n3 denote
the number of times a unit cell is repeated along the x, y, z direction, respectively.

Number of atoms in
MD cell

κ (W/mK) n1 × n2 × n3

64 94.18±3.75 2 × 2 × 2
216 214.44±21.65 3 × 3 × 3
512 253.31±14.22 4 × 4 × 4
1000 204.27±42.14 5 × 5 × 5
1728 210.29±30.65 6 × 6 × 6
2744 248.89±18.92 7 × 7 × 7
4096 220.72±20.02 8 × 8 × 8
27000 225.38±30.29 15 × 15 × 15
64000 198.39±20.86 20 × 20 × 20
216000 205.38±24.99 30 × 30 × 30
1000000 198.39±20.86 50 × 50 × 50
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Figure 3.2.3: Thermal conductivity of crystalline silicon as a function of the number
of atoms in the simulation supercell at 300 K, computed within equilibrium molecular
dynamics, using the Green-Kubo formula (Eq. 2.2.22). The red dashed line is the
experimental result for natural silicon [47]. The blue dashed line is the experimental
result for enriched 28Si [52].
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Figure 3.2.4: The exchange of kinetic energy between an atom in the cold slab and a
atom in the hot slab in non-equilibrium molecular dynamics simulations of crystalline
Si. A cell with 11520 atoms was used in this case. Top panel: The black curve shows
the kinetic energy of atoms with the largest kinetic energy in the cold slab. The red
curve shows the kinetic energy of atoms with the smallest kinetic energy in the hot
slab. Bottom panel: accumulation of transferred kinetic energy between the two sets
of atoms as a function of simulation time.

dominate the thermal transport. In general, this condition has not been satisfied in

previous works [54, 73, 74, 75].

In this work, we chose samples with the cross section of 2.17nm × 2.17nm for

calculations of the thermal conductivity at both 300K and 1000 K. For the same

cross section, the artificial heat current is inversely proportional to w, where w is

the number of time steps by which the kinetic energy is exchanged (see Fig. 3.2.4).

By computing κ with various values of w (w=20, 40, 60, 80, 100, 140 and 180) for a

sample of dimensions 2.17×2.17×16.57nm, we found that linear temperature profiles

can be obtained by using w=100 steps i.e. 50fs.

In order to check whether a steady state was reached in our simulations, we
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Figure 3.2.5: The temperature profile for a bulk silicon sample simulated using non-
equilibrium molecular dynamics in a cell of dimensions 2.17×2.17×16.57nm at 1000
K. The simulation was run for 500ps. The heat source is located in the middle of
the simulation box, and the heat sinks are placed at two ends of the simulation box.
The insets show the linear fits of the temperature gradient on the left and right of
the heat source, respectively.

computed the temperature profile of the systems for two different simulation time,

as shown in Fig. 3.2.5. and Fig. 3.2.6. Before the system reaches a steady state, the

temperature profile calculated from the instantaneous local kinetic temperature in

each slab is changing abruptly as a function of the simulation time. After the steady

state is reached, the temperature profile becomes smooth, and shows an equal value

of the temperature gradient on both sides of the heat source.

Once the heat current is obtained from the transfered kinetic energy and the

temperature gradient is obtained from the temperature profile, the thermal conduc-

tivity can be calculated based on Fourier’s law: κ = lim∂T/∂z→0 limt→∞ −<Jz(t)>
∂T/∂z

.

Fig. 3.2.7 shows the calculated κ of c-Si for various lengths of the simulation cell
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Figure 3.2.6: The temperature profile for a bulk silicon system simulated using non-
equilibrium molecular dynamics in a cell of dimensions 2.17×2.17×16.57nm at 1000
K. The simulation was run for 2 ns. The heat source is located in the middle of
simulation box, and the heat sinks are placed at two ends of the simulation box. The
insets show the linear fits of temperature gradient on the left and right of the heat
source, respectively.
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at T=300K ( L=48.88nm, 65.17nm, 86.90nm,119.48nm, 195.52nm, 249.82nm) and

T=1000K (L=97.76nm, 152.07nm, 195.52nm) . The linear fit was done following

Schelling’s work [54]. At 300K, only the values obtained for the four largest cells

were used in our fitting procedure. We can see that 1/κ is not linear as a function

of 1/L when using small simulation cells. The extrapolated value of κ from the lin-

ear fits of Fig. 3.2.7 yields 58.45±3.1 W/mK at 1000 K, and 295.81±20.06 W/mK

at 300K. Both results are larger than those obtained from EMD calculations. For

equilibrium MD calculations, the κ of silicon at 1000K is 48.85±8.60 W/mK, and at

300K is 253.31± 14.22 W/mK when considering systems of size comparable to that

used in our NEMD (with size 2.17 × 2.17 × 2.17nm). We note that values of κ for

silicon samples with same sizes in both equilibrium and non-equilibrium simulations

are compared, to avoid possible domain size effects due to periodic boundary con-

ditions. Sellan et al. [55] predicted that to obtain accurate κ of bulk silicon using

NEMD, one need to simulate systems with length of 3.3 µm at 500K, and 1.5 µm at

1000K. Therefore, the lengths of our simulation cells may not be large enough to give

consistent results with equilibrium MD calculations. We find that κ is overestimated

with respect to equilibrium MD calculations, while Sellan et al. [55] found that κ

was underestimated with small samples. In addition, the rate of change of 1/κ with

1/Lz is not temperature-dependent, which is different from the finding of Schelling

et al. [54] using a Stillinger-Weber potential.

In order to understand the microscopic properties of heat carriers in bulk crys-

talline silicon, lattice dynamics calculations (see Chapter 2.3.1) were carried out using

cells (2.17×2.17×2.17nm) with N =512 atoms. We used the Γ point only. Although

this system is small and results will not be fully converged as a function of size, these

calculations can provide us a qualitative picture of lattice vibrations. The dynamical
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Figure 3.2.7: Calculated inverse of the thermal conductivity (κ) in bulk silicon as a
function of the inverse of the size of simulation cell (Lz) along the heat flow direction.
Black circles correspond to 1000K simulations and black squares to 300K. Blue and
red lines are linear fits to the 1000K and 300K results, respectively.
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matrix Ω was obtained by computing derivatives of forces acting on atoms as finite

differences. Ω was then diagonalized to obtain 3N eigenvectors (e) and 3N eigen-

values (ω) for the Γ point (q=0) and a number of small wave vectors q close to the

Γ point, in the supercell Brillouin zone. The group velocities were computed by a

linear fit around Γ with five q points, according to the definition vq=0 = ∆ω
∆q

. The

lifetime of mode i was calculated from the normalized autocorrelation function of the

eigenmode energy (Ei(q, t))(see Chapter 2 ) [42].

Fig. 3.2.8 and 3.2.9 show the calculated group velocities (vg) and lifetimes (τ)

of vibrational modes in bulk crystalline silicon, respectively. The estimated speed of

sound from longitudinal and transverse group velocities is 6347 m/s by the formula

v = vL+2vT

3
which is larger than the experimental value (5639 m/s). The advantage

of calculating lifetimes from eigenmodes’ energies in molecular dynamics is that it

includes the full description of anharmonic effects without any approximations. As

shown in Fig. 3.2.9, the calculated lifetime in bulk silicon scale as ν−1.6 over a broad

spectrum range, while at low frequencies, it approaches the Klemen’s prediction of

τ ∝ ν−2 [76].

The mean free paths were computed from group velocities and lifetimes: λ = vg ·τ .

We find that the mean free paths in silicon are strongly dependent on frequencies

(see Fig. 3.2.10). At low frequencies, they are of the order of a micrometer, and

gradually decrease to nanometer at very high frequencies. The micron long mean

free paths observed here confirm that the sizes of simulation cells used in our non-

equilibrium molecular dynamics simulations are too small to fully account for the

thermal conductivity of c-Si by a linear fitting procedure.

Using lattice dynamics calculations, we computed the thermal conductivity of

bulk silicon using the Boltzmann transport equation (BTE) under the single mode
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Figure 3.2.8: The magnitude of group velocities of vibrational modes as a function of
frequency for a crystalline silicon sample with 512 atoms, as obtained by anharmonic
lattice dynamics calculations.
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Figure 3.2.9: Lifetime of vibrational modes as a function of frequency for a crys-
talline silicon sample with 512 atoms, as obtained by anharmonic lattice dynamics
calculations.



51

0 5 10 15 20
ν (THz)

0

500

1000

1500

2000

m
fp

 (n
m

)
Si

Figure 3.2.10: Mean free paths of vibrational modes as a function of frequency for a
crystalline silicon sample with 512 atoms, as obtained by anharmonic lattice dynamics
calculations.
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Figure 3.2.11: The ratio between quantum and classical values of the heat capacity
of bulk crystalline silicon as a function of temperature.
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Figure 3.2.12: Contribution to the thermal conductivity of bulk crystalline silicon
from vibrational modes as a function of their frequency, computed using cells with 512
atoms. The black (red) curve denotes results obtained using the classical (quantum)
distribution for the specific heat.

relaxation time approximation [42] from the formula:

κ =
1

3

∑

i

τiv
2
i ci,V (3.2.1)

where, τi is the lifetime, vi is the group velocity and ci,V is the specific heat per

volume of mode i.

Fig. 3.2.11 shows the calculated ratio between quantum and classical values (C =

kB) of the heat capacity at constant volume. The quantum value is computed by

using the Bose-Einstein distribution:

C =
∑

i

cV (i) =
∑

i

kBx2 ex

(ex − 1)2
(3.2.2)

with x = ~ω(i)
kBT

; kB is Boltzmann constant, and T is temperature.
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As shown in Fig. 3.2.12, the calculated classical value is 20% higher than the

quantum one. We note that here we only considered the quantum effects arising

from the specific heat. If quantum effects on lifetimes are also taken into account,

then the difference between classical and quantum values of κ should be smaller

than 20%. Finally the classical value obtained by the BTE is compared with the

results calculated by equilibrium MD. The BTE value is only compared to that of κ

obtained with a cell of size 2.17 × 2.17 × 2.17 nm to avoid discrepancies due to size

effects. The classical value of κ computed from BTE is 266 W/mK, and it is in good

agreement with the results of equilibrium MD (253.31± 14.22 W/mK for a cell of

2.17 × 2.17 × 2.17nm).

3.3 Thermal transport in bulk crystalline germa-

nium

Germanium (Ge) crystallizes in the diamond structure, as Si. In this work, the

initial configurations of all bulk crystalline germanium (c-Ge) samples are obtained

from replicas of the diamond cubic unit cell with lattice constant a=5.66 Å (experi-

mental value). The EMD simulations were carried out using LAMMPS code and the

Tersoff potential [33] with periodic boundary conditions in all three directions. The

chosen time step is 0.5fs. Each sample has been first heated up to 300K for 400ps

in NPT and NVT ensemble simulations, and then equilibrated at this temperature

for 200ps within the NVE ensemble. After equilibration, the calculations of the heat

current was started and the heat current was obtained through Eq. 2.2.28. The

thermal conductivity was calculated using the Green-Kubo formula (see Eq. 2.2.22)

and fast Fourier transforms [24]. All MD simulations for c-Ge were run for 10ns (see
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Figure 3.3.1: The normalized heat current autocorrelation function of a crystalline
germanium sample with 4096 atoms at room temperature. The in-set shows the
calculated thermal conductivity as a function of different truncation times.

Tab. 3.3.1).

The truncation time was chosen as 200ps according to the tests shown in Fig.

3.3.1. Size effects were also carefully tested. In order to do so, we carried out

simulations for various supercells containing 64 (2x2x2), 216 (3x3x3x), 512 (4x4x4),

1000 (5x5x5), 1728 (6x6x6), 2744 (7x7x7), and 4096 (8x8x8), 27000 (15x15x15), 64000

(20x20x20) and 216000 (30x30x30) atoms (see Tab. 3.3.1). We find that to obtain a

converged value of κ of c-Ge, one has to consider cells with at least 27000 atoms. The

value of κ averaged over the three largest sizes is 69.73±12.45 W/mK. Compared with

c-Si, the calculated κ of c-Ge is in better agreement with the experimental results.

This is understandable given the Debye temperature of the two systems. The Debye

temperature of silicon is 645 K, and that of germanium is 360 K. Therefore, we believe

that EMD simulations for c-Ge at 300 K are more accurate than those for c-Si.

Similar to our study of Si, to understand the microscopic properties of heat carriers
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Table 3.3.1: Computed thermal conductivity of bulk crystalline germanium from
equilibrium molecular dynamics (MD) as a function of the number of atoms in the
simulation supercells at room temperature. For each cell size we carried out five in-
dependent runs, each 10ns long. All values of the thermal conductivity are calculated
using integration of the heat current autocorrelation function ( Green-Kubo formula)
with 200 ps truncation time. The density of all samples is 5.3 g/cm3. n1, n2 and
n3 denote the number of times a unit cell is repeated along the x, y, z direction,
respectively.

Number of atoms in
MD cell

κ (W/mK) n1 × n2 × n3

64 50.64±5.30 2 × 2 × 2
216 111.14±15.91 3 × 3 × 3
512 87.30±9.77 4 × 4 × 4
1000 89.78±7.10 5 × 5 × 5
1728 74.67±10.94 6 × 6 × 6
2744 81.25±15.27 7 × 7 × 7
4096 83.86±3.39 8 × 8 × 8
27000 70.27±6.01 15 × 15 × 15
64000 73.42±11.12 20 × 20 × 20
216000 65.50±12.26 30 × 30 × 30
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Figure 3.3.2: Thermal conductivity of crystalline germanium as a function of the
number of atoms in the simulation supercell at 300 K, computed with equilibrium
molecular dynamics, using the Green-Kubo formula (Eq. 2.2.22). The red dashed
line is the experimental result for natural germanium [47]. The blue dashed line is
the experimental result for 70Ge [19].
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Figure 3.3.3: Density of states for bulk crystalline germanium (black) and bulk crys-
talline silicon (red), computed from Fourier transforms of the velocity-velocity auto-
correlation function in MD simulation at 300K. Cells with 512 atoms were used for
both Si and Ge.

in c-Ge, lattice dynamics calculations were carried out using germanium supercells

of size (2.26 × 2.26 × 2.26nm) with N =512 atoms. Velocities and lifetimes were

computed following the same procedure as the one described in the case of crystalline

Si.

The computed phonon spectrum of c-Ge (see Fig. 3.3.3) in MD simulations at

300K is similar to that independently calculated by lattice dynamics. There is no

strong dependence of the phonon spectrum on temperature observed in this work,

especially at low frequency.

Fig. 3.3.4 shows the calculated group velocities (vg) of the vibrational modes of

c-Ge. Compared to c-Si, all values of vg are reduced. The estimated speed of sound

obtained from longitudinal and transverse modes is 4056 m/s, in good accord with

the experimental value of 4003 m/s. Unlike c-Si, the computed lifetimes (τ) (see Fig.
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Figure 3.3.4: The magnitude of group velocities of vibrational modes as a function
of frequency for a crystalline germanium sample with 512 atoms, as obtained by
anharmonic lattice dynamics calculations.
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Figure 3.3.5: Lifetime of vibrational modes as a function of frequency for a crystalline
germanium sample with 512 atoms, as obtained by anharmonic lattice dynamics
calculations.
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Figure 3.3.6: Mean free paths of vibrational modes as a function of frequency for
a crystalline germanium sample with 512 atoms, as obtained by anharmonic lattice
dynamics calculations.

3.3.5) in Ge behave as ν−1.0, and at low frequency, they do not exhibit like τ ∝ ν−2

predicted by Klemen [76].

The mean free paths in c-Ge were calculated as λ = vgτ , and they are shown in

Fig. 3.3.6. Most modes have values of λ < 200 nm, except for some low frequency

modes, which have λ of about 700 nm.

We then computed the κ of c-Ge at 300K using the BTE under the single mode

relaxation time approximation. The specific heat of vibrational modes was computed

using both the classical and quantum distributions (see Fig. 3.3.7). We find that

the classical value of κ is 10% larger than the quantum one as shown in Fig. 3.3.8.

Again, here we only considered the quantum effects arising from the specific heat. If

the quantum effects on lifetimes are taken into account, the quantum value of κ for c-

Ge is expected to be closer to that obtained with EMD. The classical value of κ from
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Figure 3.3.7: The ratio between quantum and classical values of the heat capacity of
bulk crystalline germanium as a function of temperature.
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Figure 3.3.8: Contribution to the thermal conductivity of bulk crystalline germanium
from vibrational modes as a function of their frequency, computed using cells with 512
atoms. The black (red) curve denotes results obtained using the classical (quantum)
distribution for the specific heat.
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Figure 3.4.1: Tetragonal unit cell of crystalline α-cristobalite. Red spheres
represent oxygen atoms and gray spheres are silicon atoms (Figure from
http://en.wikipedia.org).

BTE is 78.56 W/mK, and it is consistent with the EMD result (87.30± 9.77 W/mK)

within error bars. This EMD result was computed with a cell of 2.26 × 2.26 × 2.26

so as to carry out a consistent comparison.

3.4 Thermal transport in bulk crystalline silicon

dioxide

Silica has a number of distinct crystalline forms, which are all built from SiO4

tetrahedra. In this work, the bulk crystalline α-cristobalite (α-SiO2) structure is

studied, which has a tetragonal crystal structure with lattice constants a=b=4.9717

Å and c=6.9223 Å (experimental values), as shown in Figure 3.4.1. The initial con-

figurations of all α-SiO2 supercells were obtained from replicas of the tetragonal unit

cell. The EMD simulations were carried with the LAMMPS code and a parameter-

ized Tersoff potential [77]. Periodic boundary conditions were applied to X, Y and
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Figure 3.4.2: Computed bond angle distribution of Si-O-Si (black) and O-Si-O (red)
in a sample of crystalline α-cristobalite with 4116 atoms, generated by EMD simula-
tions.

Z directions. The chosen time step is 0.2fs. Each sample has been first heated up

to room temperature for 500ps in NPT and NVT ensemble simulations, and then

equilibrated at 300K for 200ps within NVE. To investigate our simulation samples,

we calculated several structural properties. Fig. 3.4.2 shows that the average bond

angles of Si-O-Si and O-Si-O are 148o and 109o, respectively. The average bond of

Si-O is 1.62 Å ( see Fig. 3.4.3). These calculated structural properties are in fairly

good agreement with the experimental measurements [78, 79]. In addition, the com-

puted coordination number in Fig. 3.4.4 shows that in our α-cristobalite samples, the

oxygen bridges between the two silicon atoms and the silicon is perfectly coordinated

by four oxygen neighbors. The estimated average density of the equilibrated samples

is 2.1 g/cm3 to be compared with the experimental value of 2.3 g/cm3 [78].

As described in Chapter 2.2.1, in EMD simulations, κ is computed using the
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Figure 3.4.3: Partial radial distribution functions for a crystalline α-cristobalite sam-
ple with 4116 atoms, generated by EMD simulations.
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Figure 3.4.4: Computed coordination numbers of oxygen atoms (left) and silicon
atoms (right) in a crystalline α- cristobalite sample with 4116 atoms, generated by
EMD simulations.
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Green-Kubo formula:

κα =
V

kBT 2

∫ ∞

0

< Jα(t)Jα(0) > dt, (3.4.1)

In general, the heat current vector is computed by the following expression:

J =
1

V
[

N
∑

i

εivi −
N

∑

i

Si · vi] (3.4.2)

here v is the velocity vector. εi is the total energy (potential and kinetic) of atom

i. Si is the 3 × 3 stress tensor of atom i. The first term of Eq. 3.4.2 represents

the convective heat current, and the second term is the conductive heat current.

Convective heat transfer occurs if matter is displaced within the sample; for example

in a liquid matter may be displaced due to density fluctuations. In a solid, conduction

is the most significant means of heat transfer by the lattice vibrations. To understand

the contributions of these two mechanisms to the κ of α-SiO2, we computed the κ of

a sample with 768 atoms by evaluating the convective (Jv) and conductive (Jc) heat

flux separately:

Jv =
1

V
(

N
∑

i

εivi) (3.4.3)

and

Jc =
1

V
(

N
∑

i

Si · vi) (3.4.4)

Five simulations with five statistically independent configurations were carried

out. The samples were first equilibrated at room temperature, and then the cal-

culation of the heat current was started using Eq. 3.4.3 and 3.4.4. All five MD
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Table 3.4.1: Thermal conductivity of bulk crystalline α-cristobalite as a function
of the number of atoms in the simulation supercell at room temperature, in the xy-
plane (κxy) and in the z direction (κz), respectively. Each value of the conductivity
is obtained from averages over the results of 5 runs, each 5ns long. All values are
calculated using integration of heat current autocorrelation function according to the
Green-Kubo formula, with a 20 ps truncation time. The density of all α-SiO2 samples
is 2.1 g/cm3. n1, n2 and n3 denote the number of times a unit cell is repeated along
the x, y, z direction, respectively.

Number of
atoms in the
MD cell

κxy (W/mK) κz (W/mK) n1 × n2 × n3

768 3.00±0.43 3.39±0.39 4 × 4 × 4
4116 4.51±0.30 4.83±0.38 7 × 7 × 7
8748 4.24±0.22 4.74±0.20 9 × 9 × 9
20736 4.53±0.12 4.88±0.45 12 × 12 × 12
49152 4.71±0.32 4.50±0.26 16 × 16 × 16
96000 4.50±0.23 4.75±0.47 20 × 20 × 20

simulations were run for 5ns which is a time long enough to obtain a converged value

of κ according to our tests.

We found that the large oscillations in CJ(t) are caused by the convection term

(see Fig. 3.4.5). The contribution of the convective term to κ is extremely small

(∼ 10−3), and can be neglected (see Fig. 3.4.6). Our results show that the conductive

term is sufficient to predict the κ in the solid. After removing the convective heat

flux component, we find that the computed κ has no oscillations as shown in Fig.

3.4.6. Therefore, in this study all calculations of κ of α-cristobalite samples were

carried out using only the conductive heat flux term (Eq. 3.4.4 ) according to the

Green-Kubo formula (Eq. 2.2.22). The values of κ in both the xy-plane and the z

direction were calculated (see Tab. 3.4.1).

To check size effects, we carried out simulations for various supercells contain-
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Figure 3.4.5: The normalized heat current autocorrelation functions of crystalline α-
cristobalite simulated with 768 atoms on the xy-plane; contributions from convective
(red) and conductive (black) terms are shown. Calculations were carried out at room
temperature.
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ing 768(4x4x4),4116(7x7x7), 8748 (9x9x9), 20736(12x12x12),49152(16x16x16), 96000

(20x20x20)(see Tab. 3.4.1). Unlike c-Si and c-Ge whose computed κ strongly depends

on the size of the simulated system, Fig. 3.4.7 shows that the κ of α-cristobalite be-

comes size-independent for box sizes larger than 4116 atoms, both in the xy-plane and

in the z directions. The average values of κ over the five largest systems (N=4116,

8748, 20736, 49152, 96000) is 4.50 ± 0.27 W/mK in the xy-plane and 4.74 ± 0.41

W/mK in the z direction. To the best of our knowledge, there is no theoretical value

of α-cristobalite reported in the literature. Domingues et al. [80] computed κ of

β-cristobalite at 1800 K using EMD by fitting the heat current autocorrelation func-

tion. They obtained a value of κ=5.5 W/mK. Later, by using NEMD simulations,

Huang et al. [69] studied the κ of β-cristobalite films, and found that κ appears to be

thickness-independent and temperature-independent for thicknesses > 5.5nm. They

found that κ of a 7.2nm thick film is about 4.2 W/mK at 300K. These calculated

values of κ in β-cristobalite are consistent with that of α-cristobalite computed here,

since these two materials have similar crystal structures.

To understand the microscopic properties of heat carriers in α-cristobalite, lattice

dynamics calculations were carried out using a cristobalite supercell of dimension

3.48× 3.48× 4.84 nm with N = 4116 atoms. The dynamical matrix, frequencies, ve-

locities and lifetimes were obtained using the same approach as discussed in the case

of Si. We also computed the vibrational density of states (DoS) using the velocity-

velocity autocorrelation functions obtained in MD simulations (see Fig. 3.4.8). The

frequency spectra independently predicted by MD and by lattice dynamics are con-

sistent with each other. We find that the computed DoS of α-cristobalite is analogous

to that of α quartz [80, 81] obtained at room temperature using the Beest-Kramer-

Santen (BKS) potential [82]. This is consistent with the experimental finding of
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Figure 3.4.7: Thermal conductivity of crystalline α-cristobalite as a function of the
number of atoms (N) in the MD cell ( N = 768, 4116, 8748, 20736, 49152, 96000) at
300 K. Red squares and black dots denote the conductivity in the z direction and the
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Figure 3.4.8: Vibrational density of states (DoS) of a crystalline α-cristobalite sample
computed from the velocity-velocity autocorrelation function obtained in molecular
dynamics simulation with a cell of 4116 atoms.

similar force constants for the two SiO2 polymorphs. [83]. Fig. 3.4.9 shows that in

cristobalite, most of the vibrational modes have large group velocities compared to

those of c-Si and c-Ge. However, the computed lifetimes τ are much smaller than

those in Si and Ge (see Fig. 3.4.10). The calculated mean free paths (λ = vgτ)

turn out to be quite small ( about few nanometer) except for several low frequency

modes whose λ are few hundred nanometers (see Fig. 3.4.11). The presence of mostly

small mean free paths may be related to the crystal structure of cristobalite. In α-

cristobalite, the arrangement of SiO4 tetrahedra around Si sites is locally disordered.

The local disorder has a minor effect on the group velocities, but a major effect on

lifetimes.

Fig. 3.4.12 shows the κ contributions as a function of their mean free paths

computed using the BTE. We find that there are 4% of propagating modes which
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Figure 3.4.9: Calculated magnitude of the group velocities of vibrational modes as a
function of frequency for a crystalline α-cristobalite sample, computed with cells of
4116 atoms.
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Figure 3.4.10: Calculated lifetimes of vibrational modes as a function of frequency
for a crystalline α-cristobalite sample, computed with cells of 4116 atoms.
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Figure 3.4.11: Calculated mean free paths of vibrational modes as a function of
frequency for a crystalline α-cristobalite sample, computed with cells of 4116 atoms.

contribute to 60% of κ, where we have defined modes with λ > 2Å as propagating

modes; non-propagating modes contribute to the remaining 40% of the conductivity.

The solutions of the BTE under the single mode relaxation time approximation

may not effectively describe the vibrational modes with λ smaller than interatomic

distances. These modes are non-propagating, and usually found in disordered sys-

tems. Consistent with our results, also McGaughey and Kaviany [71] found that there

are two independent thermal transport mechanisms in quartz, giving rise to two con-

tributions to the thermal conductivity, one which is temperature-independent and

the other one which is temperature-dependent. They suggested to develop a model

for the conductivity of crystalline silica based on the Allen-Feldmann theory [43] de-

scribed in Chapter 2.3.3. However we found here that the use of the Allen-Feldman

approximation is not straightforward for SiO2. Unlike the case of amorphous sili-

con, Fig 3.4.13 shows that the κ of α-cristobalite is very sensitive to the Lorentzian
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Figure 3.4.12: Thermal conductivity of a crystalline α- cristobalite sample at 300K
computed from the formula

∑∞
mfp civiλi, as a function of the maximum mean free

path (mfp), included in the summation: the index i denotes vibrational modes. Cal-
culations were performed in a cell with 4116 atoms.
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Figure 3.4.13: Thermal conductivity of a crystalline α- cristobalite sample calculated
for a sample with 4116 atoms, using the Allen-Feldman formula, as a function of the
Lorentzian width used to evaluate the diffusivity.

width η used in the calculation of the diffusivity (see Eq. 2.3.43). The κ obtained by

choosing η larger than the maximum spacing of the frequency spectrum is about 10

W/mK, which is much larger than the value calculated by EMD. Therefore, the AF

model may not be suitable to describe the heat transport in crystalline α-cristobalite.
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Chapter 4

Heat transport in disordered bulk

materials

4.1 Background and objectives

The study of thermal transport in disordered systems is much less advanced, from

a theoretical standpoint, than that of ordered systems. Different types of modes con-

tribute to the conductivity of disordered solids, not only phonons (that is propagating

vibrations) as in ordered systems. In this chapter we describe our study of disordered

materials, in particular amorphous Silicon, SiGe alloys and amorphous silica and we

analyze the microscopic origin of their thermal conductivity.

4.2 Thermal transport in amorphous silicon

Thermal transport in amorphous silicon (a-Si) has been extensively investigated.

Numerous experiments have appeared in the literature [84, 85, 86, 87, 88, 89, 90, 91],

along with several theoretical studies [92, 93, 94, 95, 96, 97, 98], motivated not only by
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thermoelectric and solar applications, but also by the broader goal of understanding

heat propagation in glasses [99]. However, fundamental questions on the microscopic

properties of heat carriers remain unanswered, and the apparent differences between

various experimental results [84, 85, 86, 87, 88, 89, 90, 91] have not been understood.

This section presents a series of molecular dynamics (MD) and lattice dynam-

ics calculations aimed at characterizing heat transport in a-Si. As shown by Allen

and Feldman (AF) [93, 97, 92], the majority of heat carriers are non-propagating

modes, usually called diffusive modes or diffusons. Our work showed that these car-

riers contribute only to about half the value of the total conductivity. A minority

(3%) of long-wavelength, propagating vibrations accounts for the remaining half. In

amorphous silicon, by either reducing the material thickness (below several tens of

a micron), or etching holes in bulk samples, the mean free path of low frequency

vibrations may be modified so as to substantially reduce κ of the bulk system. Our

results were used to interpret several experiments [85, 86, 84, 91, 90] and show that

a simple kinetic model is not applicable to describe thermal transport in a-Si at room

temperature.

The κ of a-Si was computed using equilibrium (EMD) [35] and non-equilibrium

(NEMD) molecular dynamics [39] using the DLPOLY code with the empirical po-

tential proposed by Tersoff [30]. All a-Si samples were independently generated by

quenching from the melt. The amorphous silicon (a-Si) samples were generated using

an approach similar to that proposed by Bording [100]. We carried out both EMD

and NEMD simulations. We first describe EMD results. We generated four samples

with the following number of atoms in the unit cell: 512, 4096, 13824 and 17576.

In equilibrium molecular dynamics simulations, a bulk crystalline silicon sample was

heated up to 3500K within a NPT ensemble [101](constant pressure and temper-
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Figure 4.2.1: (a) Radial distribution function (g(r)) of a-Si (4096 atoms) generated by
MD simulations (b) Structure factors of the MD generated a-Si model (4096 atoms),
obtained by the Fourier transform of the g(r) (black solid curve), and of evaporated
a-Si measured by neutron diffraction (red dashed curve) [103]

ature). We note that the melting temperature for silicon modeled by the Tersoff

potential is about 2500K, this is greatly overestimated compared to the experimental

value (the experimental value of the melting temperature of Si is 1683K). The molten

state was first cooled down to 1400K, and annealed for a time (20ns) long enough to

avoid being trapped into a supercooled states. The experimental value of the density

(ρa) of a-Si is estimated to be 97 % of that of bulk crystalline silicon (ρc) [102]. The

density of the all generated amorphous silicon samples in our MD is 2.26 g/cm3,

which is 97.5 % of the density of the crystalline silicon sample optimized using the

same Tersoff potential. Fig. 4.2.1(a) shows the calculated pair correlation function

g(r) of a-Si model generated in our MD simulation with 4116 atoms. Fig. 4.2.1(b)

shows a comparison between the structure factors S(k) obtained in our simulations

and the one measured by neutron diffraction[103].

The agreement between computed and measured S(k) is good, considering the fast

cooling rate [100] used in our MD simulations and the approximation introduced by
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Figure 4.2.2: (a)Angle distribution function of the a-Si model obtained using MD
simulations with cells with 4096 atoms; (b) Coordination number distribution of the
generated a-Si model.

the use of a model of interatomic potential [30].

Fig. 4.2.2 shows the calculated bond angle distribution and coordination num-

bers of our model sample. The peak of the bond angle distribution is at 109.33o,

which is consistent with the bond angle in a regular tetrahedral structure. We find

that 95.5 % of atoms are fourfold coordinated in our a-Si sample as shown in Fig.

4.2.2 (b), indicating that the sample is indeed a tetrahedrally coordinated amorphous

semiconductor. All the physical properties were calculated by averaging over five sta-

tistically independent a-Si samples (each one with 4096 atoms), corresponding to five

statistically independent runs.

In EMD simulations, κ was obtained from the time integral of the heat current(J)
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Figure 4.2.3: The time variation of the normalized heat current autocorrelation func-
tion and the thermal conductivity of an a-Si sample (4116 atoms) as a function of
truncation time.

autocorrelation function (HCACF), using the Green-Kubo relation (Eq. 2.2.22) based

on the fluctuation, dissipation theorem [35]. Fig. 4.2.3 shows a normalized HCACF

and an accumulated κ for the a-Si sample with 4096 atoms. The time dependence

of HCACF and its integral (κ) are consistent with findings reported by McGaughey

and Kaviany in Lennard-Jones amorphous argon [42]. In amorphous systems, the

HCACF shows a very different behavior than in crystals. It drops below zero in its

initial decay, then converges to zero with oscillations between positive and negative

values. The integral of HCACF converges with 10ps truncation time as shown in Fig.

4.2.3. Our results showed that it is necessary to consider samples with about 20,000

atoms to obtain a reasonably well converged value of κ from EMD (see Fig. 4.2.5

(a)).

We also carried out NEMD simulations (see Fig. 4.2.5 (b)) and independently

generated five samples with 7680, 12800, 23040, 46080 and 58880 atoms each. Fig.
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Figure 4.2.5: (a) Thermal conductivity (κ) of a-Si computed using equilibrium molec-
ular dynamics (MD) as a function of the number of atoms in the supercell. Each point
is an average over 5 independent samples. The blue square corresponds to a sample
with holes (see text). (b) Inverse of κ computed using non-equilibrium MD, as a
function of the inverse lateral dimension (Lz) of the sample used in our simulations.
Circles and squares denote results for fully amorphous systems, and for systems ob-
tained by periodically repeating a 512 supercell, respectively. For the five annealed
samples, from right to left, the number of atoms and thickness of the system range
from 7680, to 58880, and from 33nm to 250nm, respectively.
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Figure 4.2.6: (a) Computed temperature gradient as a function of simulation time in
the same a-Si sample as the one reported in Figure 4.2.5. The black solid curve shows
the fitted temperature gradient on the left of the temperature profile. The red solid
curve shows the fitted temperature gradient on the right of the temperature profile.
(b) Computed heat flux as a function of simulation time. The inset shows the heat
flux in the first 20ps of the simulation.

4.2.4 shows the calculated temperature profile of an a-Si sample with 12800 atoms

(unit cell size : 2.17x2.17x54.3 nm). The calculated heat current and temperature

gradient in the same sample are shown in Fig. 4.2.6.

In order to use the Fourier’s law to calculate κ, one has to find a linear response

regime, which is affected by the amount of imposed heat flux in the simulations.

In our approach, the imposed heat flux is determined by the interval w (number of

steps) between kinetic energy exchanges and the cross section (LxXLy) of the system.

A unit cell of 2.17x2.17x10.8 nm was chosen to check the relationship between the

heat flux and temperature gradient using several w values (w=20,40,60, 80,100). The

results show that a linear relationship between heat flux and temperature gradient is

found even for the small value of w =20 corresponding to J= 6.4 W/m2. Hence, in
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all of NEMD simulations for a-Si, we chose the cross-section of 2.17x2.17 and w=20.

In NEMD, the mean free path of heat carriers is limited to about half of the cell

size (Lz) in the direction of heat propagation, due to boundary scattering at heat

reservoirs. Therefore to obtain the macroscopic limit of the thermal conductivity

(κ∞), it is necessary to extrapolate the computed values (κMD) as a function of

increasing Lz. In general 1/κMD is a non linear function of 1/Lz; however a linear

extrapolation of the type 1/κMD = 1/κ∞ + A
Lz

, (where A depends on the density

and speed of sound of the material) may be justified in cases where an average mean

free path of majority carriers, all of the same type, may be defined, i.e. in cases

where there is one type of majority carriers with frequencies falling in a narrow

range; the extrapolation may also be justified when Lz is larger than the longest

vibrational mean free path [55]. As discussed below, in a-Si two distinct types of

modes are present (propagating and quasi-stationary) and thus a linear extrapolation

may lead to an underestimate of the value of κ obtained by NEMD. Therefore, several

simulations with large systems are needed, with thickness up to about 0.25 µm (60,000

atoms), so as to have a significant MD data set to fit by using a quadratic fit. We

obtained κ ' 3.0 W/m K which is fully consistent with our EMD result (κ: 2.8±0.5

W/m K). The size converged MD simulations yield a value of κ in much closer

agreement with experiments on bulk samples (see Tab. 4.2.1) than former studies

based on lattice dynamics [92], and/or using smaller MD cells [94] (κ ∼ 1 W/m K).

The NEMD data provide interesting information on the dependence of κ on order

at the mesoscopic level, and on the sample thickness. The results represented by the

red squares in Fig. 4.2.5(b) have been obtained with supercells built by periodically

repeating a 512 atoms a-Si cell, instead of generating the sample by quenching from

the melt for each system size. These values of κ are systematically higher than those
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Figure 4.2.7: (a) Lifetimes τ (b) and effective mean free path (mfp) of the vibrational
modes of an a-Si sample with 4096 atoms as a function of frequency ν. The sample
is one of those used in equilibrium MD simulations (see Fig. 4.2.5).

of fully annealed systems (black dots), indicating that medium range order (over few

nm) contributes to increasing the thermal conductivity of a-Si. The increase found in

the specific case of the simulation is substantial: from 3 to 4.1 W/m K. Fig. 4.2.5(b)

also shows that κ of a 0.1 µm film (Lz = 100 nm) is lower (1.7 W/mK) than that

of a bulk sample (∼3.0 W/mK), indicating a dependence of κ on film thickness (tf ),

consistent with several measurements. A strong dependence on tf up to 2µm was

reported by Kuo et al. [88], but it was later dismissed by several authors(e.g. Ref

[104]), who however investigated κ(tf ) for tf ≥ 2 µm. Several experimental results

for low H content a-Si are reported in Tab. 4.2.1. Samples with tf ≤ 1µm appear to

have conductivity of ∼2 W/mK or lower, whereas κ of thicker films may reach values

between 4 and 6 W/mK, depending, presumably, on the amount of order both at the

atomistic and mesoscopic scale.

To analyze the physical origin of κ and the reasons for the observed thickness

dependence, lattice dynamics calculations were carried out, which can yield effective
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Table 4.2.1: Measured values of the thermal conductivity κ as a function of film
thickness (tf) and preparation conditions, compared to the results obtained in our
simulations. Chemical vapor deposition (CVD) and low pressure CVD (LPCVD)
data are shown. Hydrogen content (between brackets) is believed to be negligible
when not specified.

κ(W/mK) tf (µm) Prep.Cond.(H-cont.) Ref.
1.8 0.1∼0.3 sputtered [84]
2 0.13 e-beam [85]
∼2 0.2 HWCVD [86]
∼1.8 0.27 e-beam [85]
≤ 2.0 0.52 sputtered(1%) [87]
1∼4 0.4∼2.0 sputtered [88]
1.5∼2.4 0.5∼2 LPCVD [89]
∼ 4 1.2 thermal evap. [91]
4∼6 1.6∼2.8 HWCVD [86]
4.8±0.5 2∼3.6 CPCVD [91]
∼ 4 80 HWCVD (1%) [90]
1.7 0.1 melting-annealing this work
3.0 bulk melting-annealing this work

group velocities (v), lifetimes (τ) and effective mean free paths (λ) of vibrational

modes. The elements of the 3N ×3N dynamical matrix were obtained by computing

the derivatives of atomic forces by finite differences, and eigenvectors and eigenvalues

were computed by direct diagonalization. Effective group velocities (∆ω
∆q

) were calcu-

lated by differentiating dispersion curves ω(q) over a grid of about 20 points close to

the Γ point. In a disordered system, at Γ vg = 0, except for the three acoustic modes;

however in the case of a-Si, inspection of dispersion curves shows that low frequency

modes are indeed propagating and one can define an interval ∆ω(q) in close proximity

of Γ over which dω(q)
d(q)

is well defined and finite. We therefore defined effective group

velocities as ∆ω
∆q

, without taking the limit q → 0.”. Lifetimes were obtained from the

normalized autocorrelation function of the eigenmode energies [105](Eq. 2.3.27).
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Fig. 4.2.7 (a) and (b) show the computed lifetimes and effective mean free paths

of all the vibrational modes of an a-Si sample with 4096 atoms, respectively. Such a

number of atoms is sufficient to yield a reasonably well converged density of vibra-

tional states as shown in Fig. 4.2.8. At low frequency (ν ≤ 3 THz), the minority of

modes have effective mean free paths larger than 10 nm, with some up to about 0.5

µm (possibly up to 1 or several µm, if computed with larger supercells). These are

propagating vibrations whose mean free paths (λph) is determined by phonon-phonon

scattering, in the absence of defects and boundaries in the system. The majority of

vibrations above 3 THz, have instead effective mean free paths smaller than inter-

atomic distances and thus they are effectively non propagating or quasi-stationary

modes, also called diffusons, following Ref. [97]. Diffusons are very weakly localized

and overlap with each other and hence they transport heat, although in a manner

much less efficient than propagating vibrations, and by a different mechanism (energy

transfer). In qualitative agreement with AF [97], we find that the majority (95%)

of heat carriers are quasi-stationary modes in a-Si, while only a small proportion of

carriers (3%) are propagating (the rest are localized high frequency modes not con-

tributing to thermal transport). The contribution of diffusons (κAF ) to the total value

of κ can be evaluated by using the theory proposed by AF [97], and that of propagat-

ing modes (κBTE) by using non self-consistent solutions of the Boltzmann transport

equation (BTE): κAF =
∑

i ciDi where ci is the specific heat per unit volume and

the diffusivity of mode i is given by: Diα = V 2

8π2~2ν2

i

∑

j 6=i | < ei|Jα|ej > |2δ(νi − νj),

where ν denotes the mode frequency, < ei|Jα|ej > is the α-th component of the heat

current operator projected on eigenvectors ei and ej. Within a single mode relaxation

time approximation, κBTE =
∑

i civ
2
i τi. The relative contributions of κAF and κBTE

are shown in Fig. 4.2.9, where it is seen that propagating vibrations contribute to



86

0 5 10 15 20
ν  (THz)

0

0.5

1

1.5

2

2.5

3

D
O

S

Figure 4.2.8: Vibrational density of states (DOS) of a-Si computed from velocity-
velocity correlation functions for several system sizes, compared with experimental
results( black line) [106]. Orange, green, red and blue curves are for samples with
17576, 13824, 4096 and 512 atoms, respectively. Note the absence of low frequency
(ν) modes in the DOS of the 512 atoms sample.

about half of the value of the total thermal conductivity, and diffusons account for

the remaining half. The contribution of propagating modes is much more substantial

than predicted in previous simulations based on small MD cells or by previous lattice

dynamics calculations [94, 97, 92]. The same results were approximately obtained for

κAF when using the 512 or 4096 atoms sample: κAF ' 1/2κ, where κ is the converged

value from our MD simulations (see Fig. 4.2.5 (a)). Therefore, the convergence of

κMD as a function of cell size is mainly determined by the convergence of κBTE .

The presence of long-λ waves in a-Si is responsible for the observed dependence

of κ on tf , and the observed decrease of the thermal conductivity for tf ≤ 1µm. The

results are in agreement with those of Ref. [90], showing that modes with λ up to

0.6 micron contribute to κ, and that Time Domain Thermo-reflectance data depend

on frequency. Our findings are also in accord with those of Ref. [85], reporting data

for samples 0.1-0.27 µm thick (see Tab. 4.2.1). These authors find values of ' 2
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obtained using equilibrium Molecular Dynamics. The total conductivity obtained by
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W/mK, consistent with the results in this work for a 0.1 µm thin film (see Fig. 4.2.5

(b)). However, comparison with experiment is not completely straightforward. For

example, the macroscopic density ρ of experimental samples is not known with great

accuracy, and one might expect that varying ρ and the medium-range structure of

a-Si may lead to some variation of its thermal conductivity.

Another possibility of decreasing κ of bulk a-Si may come from etching nano-holes

in the sample. Building on the recent study of nanoporous crystalline Si [108], The

MD simulations were carried out for samples with porosity φ=0.07 (diameter of pore

dp =2.2 nm; distance between pore ds =4.8nm), where φ is defined as φ=πd2
p/(2dp +

2ds)
2. With respect to bulk samples, the conductivity of nanoporous a-Si is decreased

by almost a factor of 2 in the direction perpendicular to the pores (see Fig. 4.2.5

(a)) while it is only weakly affected in the parallel direction. The presence of pores

affects again the mean free path of propagating modes, greatly decreasing the κBTE
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contribution to the total conductivity.

4.3 Thermal transport in silicon germanium alloy

Silicon germanium (SiGe) alloys are systems with structural order but mass and

chemical bond disorder. They are promising candidates for thermoelectric applica-

tions due to their low thermal conductivity. As mentioned in the introduction, they

have long been used to build thermoelectric modules for the international Solar Polar

mission to convert radio-isotope heat into electricity [109, 110]. However, the effi-

ciency of thermoelectric devices built from bulk SiGe alloys is still not large enough

to make them competitive with conventional generators, and they can only work

efficiently at high temperature. Recent progress in nanotechnology has triggered in-

terest in trying to reduce the thermal conductivity of bulk silicon germanium alloys

by using low dimensional and nano-confined structures.

NEMD simulations have been used to estimate the thermal conductivity of bulk

silicon germanium [111], but failed to yield results in good agreement with exper-

iments. On the other hand, a recent anharmonic lattice dynamics study, based on

first principle density functional perturbation theory [112] has successfully repro-

duced the experimental κ of bulk silicon germanium. However the cell used in the

first principle study are of moderate sizes. In our work we carried out equilibrium

molecular dynamics (EMD) calculations of the thermal conductivity of bulk silicon

germanium at stoichiometric compositions, and an analysis using lattice dynamics.

Our goal is twofold: (i) to establish the validity of MD in predicting the conductivity

of SiGe; (ii) to analyze the microscopic origin of κ in mass disordered systems.

Our work mainly focuses on the study of thermal transport in Si0.5Ge0.5. The

heat current was computed using Eq. 2.2.28 in LAMMPS code with 10ns long sim-
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Figure 4.3.1: The normalized heat current auto-correlation function for a stoichio-
metric SiGe sample with 4096 atoms at 300K. The inset shows the calculated thermal
conductivity as a function of the truncation time.

ulations in the NVE ensemble with a time step of 0.5fs. The thermal conductivity

was calculated using the Green-Kubo formula (Eq. 2.2.22). Contrary to c-Si and

c-Ge, where the truncation time was found to be independent on the size of the

system, we find that in Si0.5Ge0.5, the truncation time strongly depends on the size

of the simulation cell, varying from 20ps to 400ps for systems with 1000 through 2

million atoms. Fig. 4.3.1 shows the calculated heat current auto-correlation func-

tion (HCACF) for a Si0.5Ge0.5 sample with 4096 atoms. To test the convergence

of κ of Si0.5Ge0.5 with respect to the system size, we carried out simulations with

supercells containing 1000(5x5x5),4096 (8x8x8), 8000 (10x10x10), 64000 (20x20x20),

216000 (30x30x30) and 1728000 (60x60x60) atoms (see Fig. 4.3.2). The larger cells

mean also more disordered and realistic systems. We find that we can not obtain a

fully converged thermal conductivity of Si0.5Ge0.5 even when using an extremely large

cell with about 2 million atoms. However, our extrapolated value is consistent with

existing measurements contrary to the results reported using NEMD [113].
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Tersoff potential (GeGe); Green diamond represents system with different masses, but
the same bond description using the Si Tersoff potential (SiSi); Blue shaded region
indicates the range of measured κ of Si1−xGex in experiments, x=0.2∼0.3 [114, 115].
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Figure 4.3.3: Mean free paths of vibrational modes in Si0.5Ge0.5 computed with cells
with 1000 atoms (a) and cells with 4096 atoms (b)
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Figure 4.3.4: The normalized heat current autocorrelation function of Si0.5Ge0.5

samples with various sizes. The black, red, green and blue curves represent cells with
1000, 8000 216000 and 1728000 atoms, respectively. (a) and (b) show the correlation
function between 0 and 1 ps and between 5 and 25 ps, respectively.

To understand the convergence issues encountered in MD simulations, and the

microscopic properties of heat carriers in Si0.5Ge0.5, lattice dynamics (LD) calcula-

tions were carried out on samples with two different sizes, 1000 and 4096 atoms. The

calculated mean free paths of the two systems (see Fig. 4.3.3) show that when the size

of the simulation cell is increased, an increasing number of low frequency modes is

explored, and these low frequency modes have quite large mean free paths, while the

mean free paths of high frequency modes in both systems are very similar and much

smaller than at low frequency. These results indicate that the low frequency modes

are responsible for the size-dependence observed in our MD results. Another way

to analyze the size effect is to compare the decay rates of HCACF [42] for different

cell sizes. The short time scale found in HCACF is associated with high frequency

vibrations. The longer one is associated with low frequency vibrations.

Fig. 4.3.4 shows that the decay rate of the short time scale is similar for the

different system sizes. However, the decay rate of longer time scale is significantly
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different, and gradually increases as the size of the systems increases. Since the decay

rate of HCACF is proportional to the lifetime of vibrations, our results indicate that

the vibrations at low frequencies are responsible for the size-effect on κ observed

for MD simulations of Si0.5Ge0.5. This result is consistent with our lattice dynamics

(LD) studies (see Fig. 4.3.3). Both MD and LD results suggest that systems even

larger than 2 million atoms should be simulated in order to achieve a converged κ

of Si0.5Ge0.5. However this rises a second issue. The truncation time of HCACF

in Si0.5Ge0.5 is size-dependent. For simulation cells larger than 2 million atoms,

the truncation time must be larger than 400ps. Unfortunately, the density of low

frequency modes in large Si0.5Ge0.5 systems is not large enough to correct for the

statistical noise in the long tail of HCACF. This problem represents an open issue.

Most experimental values of κ are evaluated for Si1−xGex samples with x=0.2∼0.3.

In order to compare with experimental results, the κ of Si1−xGex as a function of Ge

fraction x was computed by using a small system with 4096 atoms, which can be used

to probe the effect of Ge mass disorder on κ . We first computed lattice constants as

a function of the Ge fraction x. We found that the simulated lattice constants are

linearly dependent on composition, except for a small positive deviation with respect

to experimental results (see Fig. 4.3.5).

Our results for the thermal conductivity (see Fig. 4.3.6) show that κ of Si1−xGex

alloy becomes composition-independent at 0.2< x <0.5. Therefore, the calculated κ

of Si0.5Ge0.5 is representative of and compatible with experimental results [114, 115].

To investigate whether mass disorder is the main effect in determining the low

thermal conductivity of Si0.5Ge0.5, two simulations were carried out: we considered

one system with the same mass disorder as in Si0.5Ge0.5, but whose Si bonds and Ge

bonds are described by the Si Tersoff potential (SiSi); we than considered a system
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computed in MD simulations, using 4096 atoms at 300K.
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with the same mass disorder as in Si0.5Ge0.5, but whose Si bonds and Ge bonds are

described by the Ge Tersoff potential (GeGe). The results show that the difference

in chemical bonds between Si and Ge plays a minor role in determining the reduction

of the value of κ, while mass disorder has a major effect (see Fig. 4.3.2).

4.4 Thermal transport in amorphous silicon diox-

ide

Amorphous silicon dioxide (a-SiO2) is a common glass material. It has been widely

used in the production of optical fibers, water filtrations and DNA purification. In

addition a-SiO2 plays an important role in microelectronics. It is a high-quality

electrical insulator and has been extensively used as a barrier material for electrical

isolation of semiconductor devices, such as MOS transistors, or as an interlayer dielec-

tric in multichip modules. As the microelectronic industry has driven toward smaller

and smaller devices, thermal management of electronic devices is becoming more

challenging in order to maintain the reliability of devices. Therefore, it is crucial to

understand heat transport in each component substance of the devices. Since a-SiO2

is an important constituent in microelectronics, understanding the heat transport in

a-SiO2 is of considerable interest.

Recently, various silicon-based nanostructures were fabricated, such as silicon

nanowires. When the surfaces are exposed to air, an amorphous silica layer forms at

the surface. This layer may significantly affect the thermal properties of the wires.

Therefore, understanding the heat transport mechanisms in a-SiO2 is also important

to interpret the observed thermal conductivity reduction in silicon nanowire with

respect to bulk Si.
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Table 4.4.1: Experimental measured values of the thermal conductivity κ of amor-
phous silica at room temperature. tf denotes the thickness of the film for which the
measurement was performed

κ(W/mK) tf(µm) density (g/cm3) Ref.
0.8∼1 32∼190nm 2.1 [119]
1.25 511 nm [120]
1.1∼1.2 1 µm [121]
1.23 bulk 2.2 [122]
1.35 bulk [123]

Thermal transport in a-SiO2 has been studied by several experiments, and the

measured values of the thermal conductivity are in good agreement with each other

(see Tab. 4.4.1), and they appear to weakly depend on the thickness of the film.

There are a few theoretical results for κ of a-SiO2 [117, 118, 70]. In all previous

theoretical studies, the thermal conductivity of a-SiO2 was predicted by using non-

equilibrium molecular dynamics. This study reports, for the first time, a series of

equilibrium molecular dynamics and lattice dynamics calculations of the thermal

transport properties in amorphous silica, aimed at understanding thermal transport

in a-SiO2 at the microscopic level.

All a-SiO2 samples were independently generated by quenching from the melt

following the same procedure as for amorphous silicon. We heated bulk crystalline

α-cristobalite up to 6000K. The calculated mean square displacement showed that

the systems have become completely liquid. We first cooled down the molten state

to 1500K, and annealed it at this temperature for 30 ns. We then sequentially cooled

the system down to room temperature, with a cooling rate of ∼ 1012 K/s (experimen-

tal quenching rate for amorphous material is typically 103−8 K/s). The calculated

density of our generated amorphous silica (a-SiO2) is 2.28 g/cm3, which is similar to
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Figure 4.4.1: Computed bond angle distribution functions, Si-O-Si (black) and O-
Si-O (red), for an amorphous silica sample generated in a MD simulation with 4116
atoms in the cell.

that of experimental samples (2.2 g/cm3) [122]. To investigate the structure of the

generated amorphous samples, we calculated bond angle distributions, partial radial

distribution functions and coordination numbers, as shown in Fig. 4.4.1, Fig 4.4.2

and Fig. 4.4.3, respectively for a sample with 4116 atoms. All computed data are in

good agreement with previous studies [124, 125, 126]. The structure factor computed

from the Fourier transform of the full radial distribution function is in accord with

experiment [127] (see Fig. 4.4.4).

The κ of a-SiO2 was calculated using the Green-Kubo formula [35] (Eq. 2.2.22)

and fast Fourier transforms. The heat current was computed via EMD simulation in

the LAMMPS code and a parameterized Tersoff potential [77]. Periodic boundary

conditions were applied in all three directions. The chosen time step is 0.2fs. Each

sample has been first equilibrated at 300K for 500ps in the NVE ensemble. After

equilibration, the computation of heat current was started using Eq. 2.2.28. The
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ulation with 4116 atoms(black line). The experimental S(k) (D. L. Price and J. M.
Carpenter, Journal of Non-Crystalline Solids, 92 (1987) 153-174) is shown by the red
curve.
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Table 4.4.2: Computed thermal conductivity of amorphous silica from equilibrium
molecular dynamics (MD) as a function of the number of atoms in the simulation
supercells at room temperature. For each cell size we carried out five independent
runs, each 10ns long. All values of the thermal conductivity are calculated using
integration of the heat current autocorrelation function (Green-Kubo formula) with
10 ps truncation time. The density of all samples is 2.3 g/cm3. n1, n2 and n3 denote
the number of times a unit cell is repeated along the x, y, z direction, respectively.

Number of
atoms in MD
cells

κ (W/mK) n1 × n2 × n3

768 0.93±0.04 4 × 4 × 4
4116 1.01±0.01 7 × 7 × 7
8748 1.05±0.04 9 × 9 × 9
20736 1.03±0.02 12 × 12 × 12
49152 1.04±0.03 16 × 16 × 16
96000 1.05±0.01 20 × 20 × 20

convergence of κ as a function of the simulation time was carefully tested. The

results show that 5 ns are sufficient to obtain a converged value of κ for amorphous

silica. All MD simulations for a-SiO2 were run for 5ns.

Fig. 4.4.5 shows a normalized heat current autocorrelation function (HCACF),

and the integrated κ for an a-SiO2 sample with 4116 atoms. The time dependence

of HCACF is similar to the one found in amorphous silicon, but shows stronger

oscillations. The integral of HCACF converges very fast (1 ps) with respect to that

of a-Si (10ps). The calculated κ as a function of the number of atoms (N) shows that,

unlike a-Si, κ of a-SiO2 is nearly size-independent for N > 4116 (see Fig. 4.4.6).

To analyze the physical origin of the small value of κ obtained in EMD and

the reasons for the observed thickness-independence, lattice dynamics (LD) calcula-

tions were carried out by using a system with N=4116 atoms. The elements of the

3N × 3N dynamical matrix were obtained by computing the derivatives of atomic



100

0 2 4
t (ps)

0

1

2

κ 
(W

/m
K

)
0.001 0.01 0.1 1 10

t (ps)

-0.2

0

0.2

0.4

0.6

0.8

1

<J
(t)

.J(
0)

>/
<J

(0
).J

(0
)>
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Figure 4.4.6: Thermal conductivity of amorphous silica as a function of the number
of atoms in the MD cell (N = 768, 4116, 8748, 20736, 49152, 96000) at 300 K.
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Figure 4.4.7: Calculated magnitude of the group velocities of vibrational modes as
a function of frequency for amorphous silica samples with 768 atoms (a) and 4116
atoms (b), respectively.

forces by finite differences, and eigenvectors and eigenvalues were computed by direct

diagonalization, following the same procedure as used for ordered solids and for a-Si.

We find that the frequency spectra calculated from two independent methods (MD

and LD) are consistent with each other. Fig. 4.4.10 shows the vibrational density

of states (DoS) of our a-SiO2 sample with 4116 atoms obtained by MD, which is in

good agreement with experiment.

Fig. 4.4.7 shows the computed effective group velocities vg for two systems with

768 atoms and 4116 atoms. Unlike a-Si where the computed vg of the low frequency

modes are strongly dependent on the size of systems, the vg at the low frequencies

in a-SiO2 appear to be size-independent. A similar behavior was found for lifetime

distributions (see Fig. 4.4.8) and effective mean free paths (see Fig. 4.4.9). We find

that in the sample with 4116 atoms, the maximum mean free path at low frequencies is

smaller than 1 nanometer. Therefore, the κ of a-SiO2 computed by EMD simulations
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J. M. Carpenter, Journal of Non-Crystalline Solids, 92 (1987) 153-174.
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is size-independent. This is consistent with our previous finding for a-Si, which

shows that the propagating modes with long mean free path at low frequencies are

responsible for the convergence behavior of κ. In addition, the κ of a-SiO2 computed

using NEMD simulations with very small cells (L=2.1nm) by Jund and Jullien [117]

is in agreement with experiments. This may also indicate that there are no or very

few propagating modes in a-SiO2.

To understand these non-propagating modes in a-SiO2, and to estimate how much

they contribute to the heat transport, we calculated the κ of a-SiO2 using the har-

monic diffusive model proposed by Allen and Feldman [97] (Eq. 2.3.45). Fig. 4.4.11

shows that the computed κ very much depends on the chosen value of the Lorentzian

width. This result was also reported by Shenogin et al. [128]. By using a width

exceeding the mean energy-level spacing in Ref. 128, they obtained a value of κ which

is underestimated by a factor of about 2 with respect to experiments. Based on their

studies on several inorganic and polymeric glasses, these authors concluded that the

AF model works well for amorphous materials with one atomic species and identical

interaction potentials between all atoms, but not for complex compositions like the

one of amorphous silica or of organic polymer glass.

Our previous study of amorphous silicon showed that the AF model is very sen-

sitive to whether the system is fully disordered or not. To verify if the generated

a-SiO2 is fully disordered, we computed the phase quotient (Qi) of phonon modes,

which can be used to distinguish between ordered and disordered systems: [129]:

Qi =

∑

n,m

∑

α unα,iumα,i
∑

n,m |
∑

α unα,iumα,i|
(4.4.1)

where, unα,i is the component of the polarization vector (ei), the displacement of atom

n from its equilibrium position at α direction. n and m are nearest neighbors. The



105

0 0.2 0.4 0.6 0.8 1
Lorentzian width (THz)

0.5

1

1.5

2

κ(
W

/m
K

)

Figure 4.4.11: Thermal conductivity calculated using the Allen-Feldman model, as
a function of the Lorentzian width used in the calculation of the diffusivity, for an
amorphous silica sample with 4116 atoms.

calculated phase quotient displayed in Fig. 4.4.12 shows that the generated a-SiO2

is fully disordered similar to the fully disordered amorphous silicon sample generated

by a melting-annealing procedure in Chapter 4.2. Therefore, we conclude that the

width-dependent found in the calculation of the diffusivities is not caused by the

type of disorder in the systems, but due to the existing different species in the a-SiO2

samples.

Previous numerical studies showed that 3% of modes at high frequencies are lo-

calized in amorphous silicon [129]. To study whether localized vibrational states are

present in amorphous silica, two quantities were calculated: the inverse participation

ratio and the spatial decay of vibrational states. The inverse participation is defined
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Figure 4.4.12: Phase quotient as a function of frequency for an amorphous silica
sample with 4116 atoms.

as:

p−1
i = N

∑

n

(
∑

α

u∗
nα,iunα,i) (4.4.2)

where, unα,i is the component of the polarization vector (ei), the displacement of

atom n from its equilibrium position at α direction. If the vibrations were localized

on a single atom, p−1
i will be 1, whereas if the vibration were equally distributed on

all atoms, the result will be 1/N .

The spatial decay of vibrational states is defined as :

|εi(R)| ∝ exp(−|R − R0|/ξi) (4.4.3)

Fig. 4.4.13 shows the spatial decay of vibrational eigenvectors for selected modes.

For each mode i the atom with the largest displacement was located, and taken as
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the origin (R0). The averaged displacement (ε) over spherical shells with width=0.2Å

around the origin (R0) was then calculated as a function of distance (R) to the origin.

We did not find any localized states at low frequencies in a-SiO2. The decay of high

frequency modes is similar to that of high frequency localized modes in amorphous

silicon [129]. In Fig. 4.4.14, the calculated inverse participation ratio shows that

localized states are present in two frequency ranges: one for 25 THz < ω <30 THz,

the other one for ω > 35 THz. This result is consistent with our finding about the

spatial decay of vibrational eigenvectors for the modes with ω = 28 THz and ω =39

THz. However, a sharp boundary between these localized modes and extended modes

can not be easily defined.
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Chapter 5

Heat transport in nanostructured

bulk materials

5.1 Background and objectives

As mentioned in the introduction (Chapter 1), Thermoelectric materials which

can both generate electricity from waste heat and use electricity for solid-state Peltier

cooling [130, 131] are to date inefficient, compared to conventional generators and

refrigerators. To have an efficiency superior to that of conventional generators and

refrigerators, thermoelectric materials should have ZT ≥ 3. One way to obtain sys-

tems with improved efficiency is to engineer nanostructured semiconductors, so as

to reduce the thermal conductivity of the crystalline material, while preserving its

electronic properties. Such a strategy has been recently applied to Si, an earth abun-

dant, cheap and non toxic material, and promising results have been obtained for

Si nanowires and thin films of nanoporous Si (np-Si),i.e. nanomeshes. Si wires have

been fabricated [20, 132, 107, 133] that have κ up to 100 times smaller than that of



110

c-Si (κc−Si), and ZT ' 0.6. The thermal conductivity of nanomeshes has been made

even smaller than that of nanowires for specific choices of the pore size and spacing,

without degrading the electronic properties of c-Si. Both the thermal conductivity

reduction reported in np-Si and the preservation of bulk Si electronic properties have

been predicted by atomistic and electronic structure calculations reported in the lit-

erature few years ago, though the surface to volume ratio studied theoretically was

higher than that obtained experimentally [134, 135], and the microscopic origin of

the reduction of κ has not yet been addressed.

In addition to nanostructuring, mass disorder may help to decrease the thermal

conductivity of Si based materials. For example, Silicon Germanium (SiGe) alloys

have long been used to convert heat into electricity, e.g. in thermocouples employed

in several of NASA space missions [109, 110].Although very reliable and long-lasting,

such thermocouples are inefficient, especially at room temperature. Recent experi-

mental and theoretical studies have shown that a promising way of improving ZT of

SiGe alloys is through reduction of κ at the nanoscale, and encouraging results have

been reported for nanograined [136, 131] and nanoporous SiGe [137], SiGe superlat-

tices [138], and SiGe thin wires [139]. However, as in the case of np-Si the microscopic

mechanisms leading to such reductions are not fully understood; in addition the de-

pendence of κ on morphology and temperature, and the interplay between structural

disorder, mass disorder and nanostructuring are still open questions. In the following

we report our investigations of np-Si and np-SiGe and the understanding we gained,

at the microscopic level, of the heat transport mechanisms in these systems.
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5.2 Thermal transport in nanoporous silicon

We carried out molecular and lattice dynamics calculations of the thermal con-

ductivity of nanoporous silicon (np-Si) and established the role of and the inter-

play between several effects contributing to thermal transport, including film thick-

ness, porosity, surface-to-volume ratio, and the presence of amorphous surface layers.

np-Si samples were considered with porosity similar to that of recently engineered

nanomeshes [21], and the results show that the presence of nano-meter sized holes

may lead to values of κ 10 to 20 times smaller than in c-Si, depending on the degree

of order at their surfaces. Additional reduction of about one order magnitude is ob-

tained in thin (20 nm) nanoporous films, in agreement with experiment. The results

also show that by combining mesoscopic (presence of pores) and atomic scale disor-

der at surfaces, one may engineer a nanostructured Si material with much reduced

thermal conductivity in both the direction perpendicular and parallel to the pores.

The thermal conductivity of np-Si (κnp−Si) was computed by using EMD and

the empirical potential proposed by Tersoff [30] (see Eq. 2.2.22) in the DLPOLY

code. The calculations were carried out for systems with both ordered and disordered

surfaces, and for bulk and thin film samples.

The geometry of np-Si is described by porosity φ=πd2
p/(2dp+2ds)

2, and surface-to-

volume ratio ρ=πdp/(dp + ds)
2, where ds and dp are pore spacing and pore diameter.

Fig. 5.2.1 gives a pictorial representation of the type of systems studied here. Tab.

5.2.1 shows κc−Si

κnp−Si
for a np-Si sample with porosity of 0.07 (and pores in the 100 di-

rection), as a function of surface-to-volume ratio. The values of φ for the nanomeshes

studied experimentally [21] are 0.08 and 0.16. At fixed porosity, κ appears to depend

weakly on ρ in the range 0.16-0.07; however, it does decrease for larger values of ρ

and it is known from our previous study [134] that in the range 0.3 < ρ < 0.8 the



112

Figure 5.2.1: Representative microscopic picture of nanoporous materials investigated
in the present work. The samples with both ordered and disordered surfaces were
studied, as indicated by the insets.

Table 5.2.1: Ratio between thermal conductivity (W/mK) computed for bulk Si
(κc−Si) and for nanoporous Si (κnp−Si) with ordered surfaces (OS) and disordered
surfaces (DS), as a function of the surface-to-volume ratio (ρ) for a sample with
porosity φ=0.07. The porosity was chosen to be similar to that of recently fabricated
nanomeshes [21]. For each sample, we also give the distance (nm) between pores
(ds) and the pore diameter (dp).

ρ 1/nm κc−Si/κnp−Si(OS) κbulk/κnp(DS) ds dp

0.3 28 68 2.3 1
0.16 12 34 4.4 2.3
0.07 7 19 10 4.4
0.07 mis. 10 10 4.4
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ratio κc−Si

κnp−Si
becomes roughly constant and close to two orders of magnitude. Even

for relatively small ρ (0.07), κ is 7 times smaller than that in the bulk.

The results show that if atomistic disorder is present at the pore surfaces, the

thermal conductivity of np-Si further decreases to a value about 20 times smaller than

κc−Si. In our simulations, disorder at the pore surfaces was obtained by heating the

ordered sample up to 2800 K and then cooling it down to 300 K, while allowing a small

region close to the surface to amorphize. The values of κ for samples with disordered

surfaces correspond to 18% disordered sites in the sample, where disorder was defined

by an order parameter usually adopted for tetrahedrally bonded materials. [140, 141].

Increasing disorder from 18 to 26 % (corresponding to 6 and 8 disordered atomic

layers, respectively) lowers κ by approximately 20 to 30 %. It is interesting to note

that in the presence of disordered surfaces, the thermal conductivity is considerably

lowered also in the direction parallel to the pores. Samples with disordered surfaces

exhibit thermal conductivity in the direction parallel to the pores (κ‖) at least 10

time smaller than the corresponding ones with ordered surfaces.

Since experimental samples are likely to exhibit a certain degree of misalignment

between pores, for the system with the lowest value of ρ, a simulation with misaligned

pores was carried out. Four pores per unit cell were considered, yielding a total of

86576 atoms. Three of the pores are aligned and one is misaligned by 2nm in both

the x and y directions. Having slightly misaligned pores further decreases κ by a

factor of 3 (see Tab. 5.2.1).

To compare with experiments performed on thin films [21], the reduction of κ in a

20 nm crystalline homogeneous thin film (no pores) was first evaluated with respect to

that of the bulk. Two cases were considered: one film with smooth surfaces and one

with 1nm rough surfaces, to mimic experimental samples, which are prepared as Si
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on oxide and are expected to have a thin oxide layer at their surfaces. The reduction

factors of 3 and 7 were found, respectively; this result is consistent with experiment,

where the ratio κc−Si

κthin−film
' 7.5. Then a 20 nm thin film with the same porosity as the

bulk samples discussed above (φ = 0.07) was simulated, and the surface-to-volume

ratio of this thin film np-Si is close to experiment (ρ = 0.07). In this case, only

ordered pore surfaces and smooth thin film surfaces were considered, and a reduction

of a factor of 3 was found with respect to a crystalline thin film sample (no pores)

of the same exact thickness. The reduction found experimentally is larger (close to

9); however, including the effect of pore misalignment and disordered pore surfaces

brings the results in this work very close to the experimental ones [21].

In order to characterize, at the microscopic scale, the properties of the heat carriers

of np-Si, and to understand how they differ from those of c-Si, a series of lattice

dynamics calculations were carried out (see Chapter 2.3). A specific sample (φ =

0.07 and ρ =0.3) was focused. In np-Si with ordered surfaces np-Si(OS), due to the

presence of pores, the group velocities (vg) of modes below 3-5 THz in the direction

perpendicular to the pores are greatly decreased with respect to c-Si (most of them

by approximately one order of magnitude), particularly for acoustic modes below

3-5 THz (see Fig. 5.2.2). This change is largely responsible for the decrease of

thermal conductivity in the direction perpendicular to the pores (κ⊥) found in the

MD simulations. In contrast, a very moderate decrease of vg was observed in the

direction parallel to the pores, consistent with the small decrease of κ‖ (of the order

of 10%) with respect to c-Si.

An analysis of the polarization of vibrational modes show that in the np-Si sam-

ple a considerable amount of vibrations is no longer propagating but rather becomes

diffusive, as in a-Si (see Fig. 5.2.3),and unlike the case of c-Si, where all vibrational
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velocity as a function of frequency for c-Si (upper panel) and a-Si (lower panel).
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modes are propagating phonons. Diffusive modes exhibit a weak localization of the

Ioffe-Regel type, [142] rather than an Anderson-localization type behavior. Indeed,

an analysis of the spatial extent of the their eigenvectors (not shown) shows a poly-

nomial, rather than an exponential decay as a function of distance, similar to what

is found in a-Si. Diffusive modes are heat carriers, although much less effective than

phonons. The relative contributions of diffusive and propagating modes to the ther-

mal conductivity of np-Si can be found by describing phonons with the Boltzmann

transport equation in the single mode relaxation time approximation, and by de-

scribing diffusive modes using the theory devised for such modes in a-Si by Allen and

Feldman. The results show that 25% of the thermal conductivity of the np-Si sample

originates from propagating modes with reduced group velocities with respect to c-Si,

and the rest comes from diffusive modes. The sum of the two contributions yields

the value computed independently in our MD simulations.

Amorphization of the pore surfaces further decreases the group velocities of all

modes of np-Si, and yields an increased density of diffusive modes. Group velocities

decrease both in the direction parallel and perpendicular to the pores. While group

velocities of vibrational modes are greatly affected by both mesoscopic (i.e. presence

of pores) and atomistic disorder, lifetimes (τ , not shown) exhibit a less dramatic

variation. The existence of nano-scale pores only leads to a moderate decrease of τ

(by a factor of 2 to 3, depending on porosity), with respect to the crystal. It is the

presence of amorphized surfaces that considerably lowers the lifetimes, especially the

ones of low frequency modes. In np-Si (DS), the calculated mean free path (λ = vτ)

(see Fig. 5.2.4) may attain values of the order of the distance between pores. The

mean free paths of low frequency modes of np-Si(OS) are instead larger, on average,

with values up to 50 nm in the direction perpendicular to the pores and of the order
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the direction parallel to the pores and in the direction perpendicular to the pores,
respectively. (b) Mean free path as a function of frequency for c-Si (upper panel) and
a-Si (lower panel).

of a micron in the direction parallel to the pores.

5.3 Thermal transport in nanoporous silicon ger-

manium

We now turn to the discussion of our equilibrium molecular dynamics (EMD)

simulations of the thermal conductivity of nanoporous SiGe (np-SiGe) at stoichio-

metric composition. The results obtained in this work show that in the direction

perpendicular to the pores, the thermal conductivity (κpp) of np-SiGe may be re-

duced by a factor of approximately 3 to 16, with respect to that of crystalline bulk
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Figure 5.3.1: Schematic representation of a nanoporous silicon germanium sample
investigated in the molecular dynamics (MD) simulations. (a) Top view of the sample
along the z direction (parallel to the pores). The inset indicates the pore diameter
(dp) and the distance between pores (ds). (b) A representative supercell used in our
equilibrium MD simulations, where the shaded region indicates a cell (1064 atoms)
that was repeated ith, jth, and kth times in the X, Y and Z directions, respectively,
when performing convergence tests. (c) A representative supercell used in the equi-
librium MD simulations, where the shaded region indicates a cell (1064 atoms) whose
size along the X, Y, Z directions was systematically increased in simulations aimed
at testing the influence of pore distance with a fixed diameter of pore.

SiGe samples, depending on the chosen porosity (φ) and surface-to-volume ratio (ρ)

. For values of φ and ρ similar to those recently obtained for Si nanomeshes [21, 108],

κpp of np-SiGe is reduced by about three times with respect to that of the bulk. The

results also show that, whereas reducing the thickness of crystalline SiGe thin films

decreases their thermal conductivity (e.g. by a factor of ' 1.5 at ' 20 nm), film

thickness weakly affects κpp of np-SiGe. Likewise, the presence of atomistic disorder

at pore surfaces has little effect on the value of κpp, contrary to what was found for

the case of np-Si [108]. Finally the results of np-SiGe samples with pores of ∼ 1 nm

diameter as a function of T show that their thermal conductivity is almost constant

between 300 and 1100 K.

We carried out the EMD simulations on np-SiGe in the DLPOLY code with the

Tersoff empirical potential [30] and periodic boundary conditions. Several np-SiGe

samples were considered at stoichiometric composition, as a function of porosity (φ)

and surface-to-volume ratio (ρ), defined as φ=πd2
p/(2dp + 2ds)

2, and ρ=πdp/(dp +
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ds)
2, respectively, where ds and dp are the pore spacing and pore diameter (see Fig.

5.3.1). The thermal conductivity in the direction perpendicular to the pores (κpp) was

calculated using the Green-Kubo (GK) formula (see Eq. 2.2.22). The heat current

was computed based on the Eq. 2.2.27 in DLPOLY.

The convergence of the thermal conductivity with respect to the truncation time

(ttr) was tested for a specific sample (with porosity 0.07 and surface-to-volume ratio

0.27 nm−1) composed of 1064 atoms (see Fig. 5.3.3). The results show that ttr = 5

ps yields well converged values of κpp. Extensive convergence tests as a function of

system size were also carried out. Five simulations were performed for each size,and

each simulation has randomly chosen mass disorder distributions. Within statistical

error bars the same value of κpp for all sizes considered here was found (see Fig. 5.3.2

(a)). This behavior is in stark contrast with that obtained for bulk SiGe, for which

millions of atoms are necessary in equilibrium MD (EMD) simulations to properly

converge the value of the thermal conductivity, as shown in Fig. 5.3.2 (b). The value

of κ for bulk SiGe obtained by EMD is ∼6.0 W/mK (see Chapter 4). The reason

for the difference in convergence between bulk SiGe and np-SiGe stems from the

type of carriers contributing to the thermal conductivity and from their mean free

path. Anharmonic lattice dynamics calculations [112], as well as the MD simulations

in this work, show that in bulk SiGe low frequency carriers, with frequency smaller

than ∼ 3 THz, have mean free paths of the order of a micron and these carriers yield

a substantial contribution to κ. The results show below that in the case of np-SiGe,

the presence of pores reduces the mean free paths of the low frequency carriers to

nanometers, in the direction perpendicular to the pores.

Tab. 5.3.1 shows the computed results of κpp for np-SiGe as a function of porosity

and surface-to-volume ratio, comparing with those obtained for np-Si in Fig. 5.3.4.
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Figure 5.3.2: (a)Thermal conductivity of nanoporous SiGe at stoichiometric compo-
sition as a function of the number of atoms in the MD cell (N), at room temperature.
The dimensions of the MD cells (Lx, Ly, Lz) in nm, the number of pores (n) and the
pore radius (r) in nm for the samples with N atoms used in our simulations are the
following: N=1064, (3.4, 3.4, 2.3), n=1, r=0.5; N=1596, (3.4, 3.4, 3.4), n=1, r=0.5;
N=2128, (3.4, 3.4, 4.5), n=1, r=0.5; N=4256, (6.8, 6.8, 2.3), n=4, r=0.5; N=8512,
(6.8, 6.8, 4.5), n=4, r=0.5. All samples have the same porosity (φ=0.07) and the same
surface-to-volume ratio (ρ=0.27 nm−1), (See also Fig. 1). (b) Thermal conductivity
of bulk Si0.5Ge0.5 as a function of the length L of the molecular dynamics cell used in
our simulations; the number of atoms (N) in the cell is given in the upper axis. The
largest cell used for bulk SiGe contains 1.728 million atoms. The simulations were
carried out at room temperature.
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porosity φ of the sample is 0.07 and the surface-to-volume ratio (ρ) is 0.27 1/nm.
The inset shows the calculated thermal conductivity as a function of the truncation
time (ttr)

Table 5.3.1: Thermal conductivity computed for nanoporous SiGe samples (κpp) in
the plane perpendicular to the pores, as a function of porosity (φ) and surface-to-
volume ratio (ρ). The surface-to-volume ratio of 0.07 is the same as previously
studied in np-Si [108]. For each sample, the distance between pores (ds), and the
pore diameter(dp) are also given. All systems represent bulk samples except the one
for which the film thickness (20 nm) is explicitly given.

φ ρ nm−1 κpp W/mK ds nm dp nm
0.27 1.09 0.36±0.03 0.70 1.00
0.15 0.62 0.56±0.04 1.26 1.00
0.10 0.39 0.74±0.05 1.83 1.00
0.07 0.27 1.08±0.16 2.40 1.00
0.07(rough surfaces) 0.27 0.98±0.15 2.40 1.00
0.07 0.07 1.78±0.36 10.00 4.40
0.07(20nm film) 0.07 1.89±0.46 10.00 4.40
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Figure 5.3.4: Thermal conductivity of nanoporous Si (np-Si) and nanoporous SiGe
(np-SiGe) in the direction perpendicular to the pores, as a function of pore distance
(ds). The pore diameter is constant and equal to 1 nm.

For fixed pore diameter, the variation of κpp as a function of pore spacing is much

weaker than in the case of np-Si [108], consistent with results obtained for much

larger pores (dp = 1∼ 10 micrometer) by Mingo et al.[137], using mesoscopic Monte

Carlo simulations of phonon transport. In addition, all values of κpp obtained for

np-SiGe are smaller than the corresponding ones computed for np-Si. The ratio

( κbulk−SiGe/κpp) varies between 3 and 16. In particular, for porosities similar to

those investigated in Si nanomeshes [21, 108], the thermal conductivity is reduced

by a factor of 3 with respect to the bulk. These results indicate that one may

significantly reduce the thermal conductivity of bulk SiGe by nanostructuring, and

that morphological constraints on pore size and spacing are less stringent than in the

case of pure Si.

This work also investigated the effect on thermal transport of film thickness and

of atomistic disorder at the pore surfaces. In the MD simulations, disorder at pore

surfaces was obtained by heating an ordered sample to 2800 K for 50ps and then
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Figure 5.3.5: Mean free paths of vibrational modes as a function of frequency for
a stoichiometric np-SiGe sample (1064 atoms) with φ=0.07 and ρ=0.27 nm−1. (a)
np-SiGe with ordered pore surfaces; (b) np-SiGe with disordered pore surfaces.

cooling it for 30 ns to 300 K while allowing a small region close to the surface to

amorphize. The disordered surface of the samples shown in Tab. 5.3.1 contains

19% non-crystalline sites, where disorder was characterized with an order parameter

typically adopted for tetrahedrally bonded materials [108, 141]. Contrary to the case

of np-Si, the κpp of np-SiGe shows hardly any change in the presence of atomistic

disorder at the pore surfaces (see Tab. 5.3.1).

In order to understand this result, the effective mean free paths of carriers as a

function of frequency were computed for two samples that differ only by the amount

of disorder at the pore surfaces: in one case samples have perfectly ordered surfaces,

and in the other case samples have atomistic disorder over two layers close to surfaces.

The effective mean free path of mode i is given by λi = vg
i τi, where effective group

velocities vg
i were obtained by diagonalizing the dynamical matrix of the system, and

lifetimes τi were computed by MD simulations from the normalized autocorrelation

function of the energy (E) of each vibrational mode i (Eq. 2.3.27). As shown by
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Figure 5.3.6: Calculated amplitudes of the group velocities of vibrational modes as a
function of frequency for a stoichiometric np-SiGe sample with porosity φ=0.07 and
surface-to-volume ratio ρ=0.27 1/nm at 300K. (a) with ordered pore surfaces, (b)
with disordered pore surfaces.

comparing Fig. 5.3.5 (a) and (b), the presence of atomistic disorder leads to small

changes in λ for most modes, with changes up to a factor of 8 to 10 only for a very

small fraction of low frequency modes. An analysis of the group velocities (see Fig.

5.3.6) and lifetimes (see Fig. 5.3.7) show that at low frequency, vg
i and τi are both

reduced by the presence of atomistic disorder, in a fashion similar to what was found

for np-Si [108]. However, the overall changes in vg
i and τi are much smaller than

in the case of np-Si, and so turns out to be the overall small change in κpp of np-

SiGe. Therefore in the presence of mass disorder, atomistic surface disorder plays a

negligible role in determining the value of the thermal conductivity in the direction

perpendicular to the pores.

Likewise, reducing the film thickness of np-SiGe to 20nm appears little effect on

its thermal conductivity. As shown in Tab. 5.3.1, for the same ρ and φ, the values of

the conductivity of a bulk sample and of a thin film with thickness equal to 20 nm are
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Figure 5.3.7: Calculated lifetimes of vibrational modes as a function of frequency for
a stoichiometric np-SiGe sample with porosity φ=0.07 and ρ =0.27 1/nm at 300K.
(a)with ordered pore surfaces, (b)with disordered pore surfaces.

quite similar. This result may be explained again by overall small changes in vg
i and

τi upon thickness reduction, as in the case of disordered pore surfaces. However, this

conclusion holds in the case of the nanoporous material where mean free paths are at

most of the order of a nanometer, but it does not hold for bulk crystalline samples.

Indeed, the simulations for crystalline SiGe thin films (with thickness equal to 20

nm) yield a decrease of ∼ 30% of κ, with respect to the bulk sample: in this case

thickness reduction does affect the mean free paths of low frequency modes, which

may be of the order of several microns in the bulk. Similar results as a function of

thickness were obtained in the case of amorphous Si [143]. An additional decrease of

κ of crystalline SiGe may be obtained by allowing atomistic disorder at the thin film

surfaces, as in the case of Si thin films [108].

This work also investigated the behavior of κpp as a function of temperature T.

The results are reported in Fig. 5.3.8 (a) for a representative sample of np-SiGe

with φ=0.07 and ρ=0.27 nm−1, where it is shown that κpp is essentially constant
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between 300 and 1100 K. The sample was again chosen to be similar, in terms of

porosity, to a np-Si sample previously studied [108]. The behavior of κpp(T ) shown in

Fig. 5.3.8 (a) can be understood by analyzing the nature of the heat carriers in the

direction perpendicular to the pores with anharmonic lattice dynamics calculations.

As mentioned earlier, the low frequency modes of np-SiGe are “greatly slowed down”

compared to the low frequency modes of bulk SiGe (whose mean free paths are of

the order of microns). In addition, most of the computed group velocities (shown

as Fig. 5.3.6 ) turned out to be between 10 and 100 m/sec, that is about 1/500

to 1/50 of the sound velocity in bulk SiGe. As a consequence, the mode effective

mean free path, computed as λi = vg
i τi, is less than or equal to inter-atomic distances

for frequencies ν > 4 ∼5 THz (see Fig. 5.3.5). Therefore, if one computes κ from

the formula κBTE=
∑

i civ
2
i τi (ci is the specific heat per unit volume of vibrational

mode i) – that is by using an approximate solution of the Boltzmann Transport

Equation (BTE) that accounts only for propagating vibrations with mean free path

substantially larger than the average interatomic distance–, one finds a value of the

thermal conductivity much smaller than the one obtained in MD simulations (see Fig.

5.3.8 (b)). The results show that κBTE amounts to only 5% of the total value of κpp

computed by EMD. This indicates that the largest contribution to κpp comes from

modes with mean free path of the order of Angstrom, which are not accounted for

by the approximate formula of κBTE . The behavior of κpp(T ) is dominated by the T

dependence of modes with short (∼ Angstrom) mean free paths, whose contribution

to thermal transport hardly changes in a wide T range, as found in the case of Si

nanowires with disordered surfaces [107].
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Figure 5.3.8: (a) Thermal conductivity of stoichiometric np-SiGe in the direction
perpendicular to the pores for samples with φ=0.07 and ρ=0.27 nm−1, as a func-
tion of temperature. (b) Thermal conductivity at 300K computed from the formula
∑∞

mfp civiλi, as a function of the maximum mean free path (mfp), included in the
summation: the index i denotes vibrational modes. By using this formula ( that
accounts only for propagating modes with mean free paths much larger than inter-
atomic distances) one accounts only for 5% of the total value of κpp obtained in our
MD.
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Chapter 6

Conclusions

In this dissertation we have presented a detailed atomistic study of heat trans-

port in silicon based crystalline, amorphous and nanostructured materials. We have

focused on Si, SiGe alloys and SiO2, and we have carried out a series of calcula-

tions using equilibrium molecular dynamics, non-equilibrium molecular dynamics,

the Boltzmann transport equation (BTE) and the Allen-Feldman (AF) theory. In all

cases inter-atomic interactions were described by empirical potentials of the Tersoff

type [30].

We first analyzed the numerical and theoretical approximations underlying the

MD techniques used to compute the heat current, and we compared results obtained

using MD simulations and approximate solutions of the BTE for crystalline systems.

Although these approaches had been previously used in the literature to study heat

transport in Si and Ge, their limit of validity had not been thoroughly investigated.

Contrary to earlier reports [56, 57], we found that MD cells with several hundred

thousands of atoms are necessary to converge calculations of the thermal conductivity

of crystalline Si, due to the long mean free paths of the low frequency modes. Similar

results were found for SiGe alloys where simulations with millions of atoms were
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carried out, to obtain values of the thermal conductivity close to convergence. We

used anharmonic lattice dynamics calculations to interpret our MD results and to

build approximate solutions of the BTE, and we showed that the MD and BTE

approaches may give consistent results, if compared for same size systems.

Our lattice dynamic calculations allowed us to distinguish between propagating

and quasi-stationary modes in amorphous and nanostructured materials and to study

their relative contributions to heat transport. In particular, in the case of a-Si we have

shown that both types of heat carriers are present and give substantial contributions

to the thermal conductivity. Therefore, the widely used concept of majority heat

carriers with a well-defined mean free path and a simple kinetic model cannot be

applied to describe thermal transport in a-Si at 300 K. We also showed how the

mean free path of long-wavelength modes may be substantially decreased either in

thin a-Si films or by etching holes in the glass, and we have investigated the effect of

order at the mesoscopic scale on the thermal conductivity of a-Si.

Etching holes in crystalline Si modifies the propagation of vibrations and leads

to a decrease of its thermal conductivity. We have shown that the presence of pores

has two main effects on heat carriers: (i) appearance of non-propagating, diffusive

modes and (ii) reduction of the group velocity of propagating modes, or phonons.

The relative proportions of diffusive and propagating modes and the extent to which

the group velocity (and thus the mean free path) of low-frequency propagating modes

is reduced depend on pore spacing and distance. We found that effect (i) is enhanced

by the presence of disorder at the pore surfaces; effect (ii) is enhanced by decreasing

film thickness. Overall, our findings are consistent with those obtained for two and

threedimensional model porous system (e.g., Lennard-Jones Ar) and for nonporous

thin films.
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Another effect leading to a decrease of the thermal conductivity in semiconductors

is the presence of mass disorder (e.g.the conductivity of stoichiometric SiGe alloys

is 15-20 times smaller than that of Si). However mass disorder does not completely

suppress the existence of propagating modes. Our MD simulations showed that a

substantial contribution to the thermal conductivity of bulk SiGe arises from a small

portion of low frequency modes with mean free path of several micrometers. Etching

holes in bulk SiGe dramatically hampers the contribution of these low-frequency

propagating modes to heat transport, by reducing both group velocities and lifetimes,

and thus their mean free paths. Such reductions lead to a substantial decrease of the

thermal conductivity. Additional morphological changes to the material, for example,

atomistic disorder at the pore surfaces and thickness of the film, have a negligible

effect on the thermal conductivity in the direction perpendicular to the pores. The

thermal conductivity is also found to be basically independent of T in the range 300-

1100 K for pores of dimensions of about 1 nm, indicating that thermal conduction is

dominated by mass and boundary scattering. These results suggest that the reduction

of the thermal conductivity of SiGe alloys by nanoscale modifications is subject to

much less stringent fabrication constraints than in the case of pure crystalline Si.

Our findings also show that np-SiGe may be a good thermoelectric material over a

wide T range, unlike bulk SiGe that is currently limited to high-T applications.

Finally our study of crystalline and amorphous silica showed that in the amor-

phous system, contrary to Si, propagating modes are basically absent giving rise to a

thermal conductivity which is almost temperature independent and also weakly sensi-

tive to cell sizes in MD simulations. The results on silica will be used to build models

of realistic nanostructured semiconducting materials, inclusive of oxidized surfaces.
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